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PREFACE 


Tho prpBont volume contains the more advanced parts of the 
difforontial and integial calonhis, dealing mainly ivith fimotions 
of several variables As m Volume I have sought to make 
definitions and methods follow naturally from intuitive ideas 
and to emphasize their physical interpretations—aims which 
are not at all incompatible with rigour, 

I would impress on readers new to tho subject, oven more 
than I did in tho preface to Volume I, that they are not oxpeoted 
to read a book like this consecutively Tlioso who wish to got a 
rapid giip of tho most essential matters should begin ivith 
Chapter II, and next pass on to Chapter IV, only then sliould 
they fill hi the gaps by reading Chapter III and the appendices 
to the various chapters. It is by no moans ncoossary that they 
should study Chapter I systomatioally in advance. 

The English edition differs from tho Gorman in many details, 
and contains a good deal of additional matter. In particular, 
the chapter on diflorontial equations has been greatly oxtondod. 
Chapters on tho oaloulus of variations and on functions of a 
complex variable have been added, as well as a supplement on 
real numbers 

I have again to express my very coidinl thanks to my Gorman 
publislicr, Julius Springer, for his generous attitude m con¬ 
senting to tho publication of tho English edition. I have also 
to thank Blaclno & Son, Ltd, and tlioir stall, pspooially Miss 
W M. Deans, for co-opoiating with mo and my assistants and 
relieving mo of a considerable amount of proof reading. Einally, 
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PREFACE 


I must) express my gratitude to tlie fi lends and colleagiioa 
who have assisted me in preparing the maniiacript for the pi ess, 
reading the proofs, and collecting the examples, m tlio first place 
to Dr Fritz John, now of the University of Kentucky, and to 
Miss Margaret Kennedy, Nownham College, Cambiidgc, and also 
bo Dr. Sohoiiberg, Swaitlimore College, Swaithmorc, Pa 

R OOUJRANT. 


New RooheMjI), New York, 
March, loss. 
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CHAPTER I 


Prelimiiiaiy Remarks on Analytical 
Geometiy and Vector Analysis 

In tho inlorpiotation and ai)i)lioal/ion of fcbo matliomatioal faotg wliioh 
form tho mam subjoofc of this aocond volurao it is often oonvonienb to iiso 
tho sunplo fimdamontal concopta of analylioal geometry and vector 
analysis Ilonoo, oven tliongli many roadois will alioady Iiavo a oertam 
Imowledgo of these Buhjoots, it sooms advisablo to smnmaiizo thou olomcnb^ 
m a bnof mtiodnotory ohaptou This 
oimptoi, howovoi, need not ho studied 
boforo tho rest of tho book is road; tho 
roadoi is advised to refer to tho facts 
oollcolcd boro only when bo finds tho 
need of thorn m studying the lator pai ts / 

of tho hook 

I 

1 Reotangulab Co-ordinates [ / 

AND Vectors i / 

I 4 

1. Oo-ordluato Axes* 

To fix a point m a piano or m spaoe, 
as la well known, wo gonorally make uso 
of aiootangulai oo ordinato syatom In 
tho piano wo take t^vo poipoiuliouloji 
linos, tho X axis and tho ^-axisj m spaoo Idg i —Co ordinnto axes lu space 
wo iako threo mutually poipondioular 

Imos, tho a! axis, tho y axis, and tho z axis Taking tho same unit of 
length on oaoh axis, wo iissign to oaoh point of tho piano an x oo ordinato 
and a y 00 ordinato hi tho usual way, or to oaoh point in spaoo an 
X 00 ordmato, a y-oo ordinato, and a is? oo oidinato (fig. 1) Convoisoly, 
to every sot of values {x, y) or {x, y, z) thoro ooirosponds just ono point 
of tho piano, or of spaoo, as tho oaso may ho, a point is oomplotoly 
dotoi mined by its co oidiimtos 

Using tho thooiom of Pythagoras wo find that ike distance hekoeen two 
poxnla (%, yi) and (x^y y^) is given by 

»•=“ Vc#*!-».)* +(t/i-y.)’, 
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while the diatanoo between the points with oo oidiiiatos Vi, and 

(ajj, yj, sij) 18 

r = -v/(®i “ a!a)* + (yt - + (*i - «a)** 

In setting up a system of icotangular axes wo must pay attoniion to 
the onmtaiion of tho oo ordmato system 

In Voh I, Chap V, § 2 268) wo diatmtriushed hotwcon posiUvo and 



Fig ? —RjBht-handed Bystem of axc^ Tig 3 --Left-lianded syatont of axes 


negative souses of rotation in tlio plane The rotation through 00'" wliicll 
brings the fositxve x axis of a piano oo-ordinate system into tho position of 
tho 'positive y axis in tho shortest way defines a sonao of rotation Aoooidmg 
as this sense of rotation is positive or negative, wo say that tho system of 
axes IS Tight liundcd or left-handed (of figs, 2 aud 3), It impossible to 
change a right handed system mto a left handed system by a iigid motion 
confined to the piano, A similar distmotion occurs with 00 ordinate systems 


Fig 4-^Right-handed screw Fig 5,-^Left-handed ecrow 

in space, JTor if one imagmos oneself standing on the a^f-plane with one’s 
head in tho direction of tho positive i? axis, it is possible to distinguish 
two types of co ordmate system by means of the apparent orientation of 
tho 00 ordinate system in the a^-plane If tins system is right handed the 
system m space is also said to bo right handed, otherwise left handed 
(of figs 4 and 6) A right-handed system oorresponda to an ordnuiiy light 
handed sorewj for if we make the jw/-plano rotate about tho !s axis (in the 
sense preaoiibed by its orientation) and simultaneously give it a motion 
of translation along the positive z axis* the oombmed motion is obviously 
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that of a right haiifled soiow Similarly, a left handed system coircsponds 
to a loft handed soioiv. No rigid motion m three dmionsions can tianstorm 
A left handed eystom into a light handed system 

111 what follows wo shall always use light handed systems of a\es 
Wo may also assign an oiioiitatioii to a system of thieo aibitrary axes 
passing through one point, provided those axes do not all lie m one piano, 
just as wo liavo dono horo for a system of lootangulai axes 


2 Directions and Vectors. Formulre for Transforming Axes. 

An oriented lino / m spaoo oi in a piano, that is, a lino travoisod in a 
dofimto soiiso, lopresonls a (hreciion, ovory ouentod line that can ho made 
to ooiiiQido witli tho lino I in position 
and sonso by displaoomont parallel to 
itself ropiosonta tho samo ducefcion It 
IS customary to speoify a dnootion rola-’ 
tivo to a CO oidinato systom by diawing 
an oriented Iiali line m tho given diiec- 
tion, staitmg from tho oiigin of tho 
CO ordinate system, and on tins half- 
lino taltmg tho point with co ordmates 
(a, p, y) whiol) is at unit distanoo from 
tho oiighi The numbois «, p, y aro 
called tho direction cosinea of tlio diicotion 'llioy aio tho cosmos of the 
three angles ^ 2 , Sq whieh tlio 01 ion ted lino I makes with the positive 
axis, y axis, and z axis ♦ (of fig fl), by tho distanoo foimiila, they 
satisfy tho lolation 

<^fl pa ^ 

If wo rostiiot ouisolvos to tho ay piano, a cliicotlon can bo specified by 
tlio angles S 2 wlnoli tlio oiionlcd lino I having this direotlon and 
passing tluough tho oiigm foims with tlio posdivo a axis and jz-axis, or 
by tho direction ooslnoa « 00 s § 1 , p 00 s $ 2 » which satisfy tho equation 

oc^ pa 1 



1 IK 6 —^Thc niiflles which n Btnifsht 
lino mn](C8 with tho nxea 


A lino segment of given length and given dnootion wo sliall call a 
vectort more spoolfloally, a bound vector if tlio initial iiolnt is fixed in sjmoo, 
and a free vector if tho position of the initial point is imnmtonal In the 
following pages, and indo(‘d tluoughout most of tlio book, wo shall omit 
tho adjootivos fico and hound, and if nothing is said to tho oontraiy wo 
shall always take tho vootom to bo freo vootois. Wo donolo vectors by 
Iieavy typo, 0 g a, 6, o, x, A, Two fioo vootors aio said to bo equal if 
ono of thorn can ho maclo to ooincido with tho otbor by displaoomont 
paiallol to itself Wo somotimcs oall tho length of a vootor its ahsoluto 
valuo and donoto it by [ a | 

*Tho nnglo which ono orlonlod lino forma with miolhor may always ho 
taken ns being hotwcon 0 and w, for in what follows only tho ooslnos of such 
angles will bo coiisldorod 
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If from tho initial and final points of a vector v wo drop porpon* 
dioiiJai*fl on an onontcd Imo wo obtain an oriented segment on I corro- 
sponding to the vcotor* If the oiiontation of this segment is tho samo as 
that of I, WG call its length tho component of v tn the difec/ton of I, if tho 
orientations are opposite, wo call tho nogativo 
of tho length of tho segment tho component of v 
m the diieUion of I Tho component of v m tho 
dircotion of I we donoto by If § is tho nnglo 
between the direction of v and that of I (of. 
hg 7), wo always havo 

1 .,- \v\COi cf—H ^ = i » [ oos 8 . 



rig 7 —Projection of a vector ^ veotor V of length 118 called a unit vector. 
Its component in a direction I is equal to tho 
cosmo of tho angle between I and v, Tho components of a vector v m tho 
directions of the three axes of a co ordmato system are denoted by 
Vit Vq, If wo transfer the initial point of v to tho origin, wo seo tJiat 


I *» |« W + v/ + *<s“. 


If a, (3, Y are the direction cosines of tho direction of v, then 

I |«, ^2 = I w IP, Va =* I ^ Iy* 

A freo veotor is completely dotermmed by its components Vg, 1 / 3 . 
An equation 

t;=3 XV 


between two vectors is thoreforo equivalent to the three ordinary equations 

Vx = tOif 

W2, 

There are two different reasons why the nao of vectors ia natural and 




Fia S --Commutntivc law of vector Tig g — Associative law of vector 

addition addition 


advantageous Spratly, many geometrical concepts, and a still greater 
numbor of physical oonoepts, such as force, velocity, acceleration, &o., 
immediately reveal themselves as vectors mdependent of the parLioiilar 
oo-ordinate system. Secondly, wo can sot up simple rules for oaloulating 
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I] 

With veotorfl analogoiie to the rulca foi oaloulaiing with oidmary nxnnljors, 
by meana of theso many aigumonta can bo dovolopod in a aimplo way, 
mdopendontly of tlio pailioular co oidmato systom olioson* 

Wo bogm by defining ilio sum of tho two veotois a and b, For thia 
purpoao wo diaplaoo tho vector b paiallol to itsolf until ita initial point 
oomoides Avitb tho final point of a Tlion tho initial point of a and tho 
final point of b dotoimmo n now veotoi c (aeo fig. 8 ) whoso initial point 
IS tho initial point of a and wlioao final point la tho final point of b. Wo 
call c tho sum of a and b and write 

a + 6 = (?. 


For this additivo piooess tho coimmiiatwe law 
a + b^ b-I- a 

and tho amciativQ law 

a + + A) -h c « d- 6 + o 

obviously hold, as a glanco at figs 8 and 0 ahowa, 

Fiom tho doflniUon of vector addition wo at onco obtain tho ** piojoo- 
tion ihcorom ”♦ ihc compmicnt of the s\m of tivo or more vecima m a thiectio^i 
I id equal to the aum of the mnponenla of the tndtvulml vectors xn that iUrce- 
txon, that is, 

(a + b)i ^ a, + &,»] 


Jn pailioular, tho oompononts of a ~|- b In tlio diiootions of tho oo ordlnato 
axes aio ay + K + K + K 

To form tlio sum of two vcotois wo acooidingly have tho following 
simple rulo, The components of the sum are equal to the sums of the corre- 
spoiuling components of the summands. 

Every point P with oo ordinaios (^, y, z) may bo dotormined by tho 
poaitxon vector from tho oiigiii to P, whoso oom]K)nonts in tho dhcotlona of 
tho axea aio just tho oo ordumloa of tho point P, Wo tako tluoo unit 
vectors in tho direotiona of tho tlnco axes, Oy m tho z diicotion, o, in tho 
y direction, O 5 m tho z diroetion. If tlio vector v haa tho oompononts 
I'll Vg, O 3 , then 

V Xsa VyOy + VgOg + 


Wo call Vy « VyOyf Wg Vg *« VgOg tlio vccloT components of v* 

Uamg tlio piojcotion thcoiom stated above, wo cosily obtain tho trans¬ 
formation formulce which dotormmo [x\ y't z% tho 00 ordmatos of a givon 
point P with lospeot to tho axoa Oy\ Oz\ in terms of (a;, y, z), its 00 - 
ordnmtoa with rospoot to anothor sot * of axoa Ot?, Oy, Oz which lias tho 
samo oiigm as tho first sot and may bo obtained fiom It by lotation, Tho 
tin 00 new axes Xoim angles with tho thioo old axes whoso oosines may bo 

♦It is to bo noted that In aooordaiioo with tho oonvontloii adopted on 
p. 8 both systems of axes aro to bo right handod. 
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expressed by the following sohomo, whore for example Yi w the oosmo of 
the angle between the ic'-axis and the z axis* 



» 1 y 

I* 

a/ 1 

O'!! Pi 

1 Yi 

Y\ 

1 Pa 1 

1 Y2 

z'\ 

O'* 1 Pa 

Y3 


TProm P wo drop porpoudioulais to the axes 0^, Oy, Oz, thou feet being 
^ai (of % L P* 1) The veotor from 0 to P is tlion equal to 
the sum of the veotois from 0 to Pj, from 0 to p 2 > ^^^d from O to P^, Tlio 
diroofcion cosines of the ao^ axis relative to the axes Ox, 0\i, Oz aro aj, Yi» 
those of the y* axis P 2 » Y 2 » those of the 2 j'-axis «a, Pa» Y^i 
projection theoiem we know that x\ wliioh is the oomponont of the vootor 

OP m the direotion of the OJ'-axia, must be equal to the sum of the oom- 

ponents of OP|, OP^, OP^ m the direction of the oY axis, so that 

«' + ^iij + yiZ, 

for ai^ IS the component of » m the direction of the ai'-axis, and so on* 
0 arr 3 ang out similar arguments for y' and z', we obtain the iransfomalton 
fonmltB 

«^ *=«!'« + Pi^/ + Yx« 
y* ^ + Pal/ + Yj^ 

^ aa^ + p32/ + 

and conversely 

«3 ss ajO?' + tfgy' + 

y py + py 

85 Y^ + w' + Ya^'^ 

Smeo the components of a bound veotoi z/ m the directions of the axes 
arc expressed by the formula) 

Vi^oc^ — tx^ 

Va ya “ Vi 

Zyt 

m wluoh (»i, Vx, arc the oo ordinates of the initial point and (a? 2 , y^^ Zz) 
the 00 ordmates of the final point of v, it follows that the &ama trans¬ 
formation formula) bold for the oomponents of the vector as for the 
oo-ordUnates; 

ti/ ^ 0£it/| H- piVa + Yi^3 

aaVi+ Pa^^-f Y2% 

V==«8Vi+ P 8 V 2 +Y8^3* 

3* Scalar Multiplication of Vectors 

Following conventions like those for the addition of vectors, wo now 
define the product of a veotor z/ by a number a ii v has the components 
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Va Va, tlion ov la tho vector with components gv^ cv^ This cle 
fimtion agrees with that of vector addition, for -I- z; 2 w, v v v 
s=; Sv, and so on If o > 0 , cv has tho aamo dncotion na v, and is of length 
c\v\i if c < 0 , tho diiootion of gv ia opposite to tho ducotion of v, and its 
length la (—o) I zi I If c — 0 , wo see that cv is tlio zero veotor with tho 
components 0 , 0 , 0 » 

Wo oan also dodno tho product of two veotoia u and v^ where this "mulM- 
phcatiou of veotois satisfies rules of caloulation which aro in part similar 
to those of ordinary multiplioation» Thoro aro two dtfioiont kinds of 
vector miiltiplioation Wo begin with scalar mnUiphcaiton, whioh is tho 
simpler and tho more impoitant for our piupoacs, 

By the scalar product ^ uv of the veetois u and v we mean the pioditct 
of thev ahsoluta values and tho cosme of Ihc angle S between llmr dtreclioiia* 

uv^\tt\\v\ cosS. 

Tho soalar product, thoioforo, la simply tho component of ono of tho 
vectors in tlio diieoiion of tho othoi multiplied by tlio length of tho second 
vector* 

Dorn tho projection theoiom tho dulnhnhve law for multiplioation, 

(U + V)W » UW -|- VWf 

followa at onoo, whilo tho commiitaitve law, 

UV 8= vu, 

is an immediate oonseqiionoo of tho dofimtion 

On tho othoi hand, thoro la an casontial diltoronoo between tlio scalar 
product of two voofcois and tho ordinaiy pioduot of two numbois, for the 
prodAict can vanish alihough neither factor vamahes 

If the lengths of u and v are not zero, the product uv vanishes if, and 
only if, the two vectors u and vaie perpcmluyidai to oiie another* 

In Older to oxpiosa tho scalar prodiiot in toims of tho oompononts of 
tlio two vootoi'S, wo tako both tho veotors u and v with initial points at 
tho oiigm Wo donoto thoir vootoi oompononts by Ui, and 

rospootivoly, so that w d- Wg + Hq and u 4 . 

In tho equation uv » (ui -|- Uz + “b wo can expand tlio 

pioduot on tho light m aooordanoo with tho rules of caloulation which 
wo havo just oabablislicdj if wonotico that Iho produeta UiV^, u^v^, 
^n^d vaniah booaiiso tho faotora aro porpondioular to 0110 
another, wo obtain uv*^ UiV^-l u^^v^ -J- Now tho factors on tho 

light havo tho aamo diicoUon, so that by cloflmtion &o,, 

whoro Uy, Wg, and Vy, v^, V 3 aro tlio oompononta of u and v lospootivoly. 
Ilonoo 

uv ^ nyVx + nz% + 


^Ubis equation could havo boon taken as tho dofimtion of tlio soalor produefc, 
and is an important rule for oaloulating tho scalar product of two vcolora 


* Often called tho inner product* 
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given m terms of their components In partionlnr, if wo talco u and v as 
fimb VGotois with direction cosmos o(i, a, and pa lespeotivoly, 

the scalar product is equal to tho oo'iino of the anglo botwcon u and v, 
winch IS accordingly given by tho foimula 

003$==: ajpi-l aaPfi+<^8p8' 

Tho phystcal moaning of the scalar product is exemplified by tho faot, 
proved m olcraentary physics, that a force/winch moves a portiolo of unit 
moaa through tho directed distance v does work amounting tojTv 

4 The Equations of the Straight Line and of the Plane. 

liet a straight line m the rry-plane or a plane in ii>yz space bo given. 
In order to find their equations wo oreot a perpendicular to tho hne (or 



the plane) and specify a definite ” positive direction along tho normal ”, 
perpendicular to tho Imo (or plane); it does not matter which of tJio two 
possible directions is taken os positive (of fig 10) Tho veotor with unit 
length and the direction of the positive normal wo denote by n, Tho points 
of tho lino (or piano) are oliarnotorized by the property that tho position 
vector X from tho ongm to them has a constant projootion p on the direc¬ 
tion of the normal, in other words, tho scalar product of this position 
veotor and tho normal vector n is constant If a, p (or a, P, y) 
direction ooainos of tho positive direction of the normal, that is, tho oom- 
ponents of n, thou 

o^x+ Py — jP = 0 

(or ax + yz-- 0) 

is the required equation of the Imo (or plane). Here p has tho following 
meaning* the absolute value | p | of ;p is tho distance of the Ime (or piano) 
from the origin Moreover, p is positive if the hue (or piano) does not 
pass through tho origin and w is m tho direction of the porpondioulor 
front tho ongm to the Ime (or piano), p is negative if tho lino (or plane) 

does not pass through the ongm and n has the opposite duootion, p la 

zero if the hue (or piano) passes tlirough the origin Convorsoly, if a, p 
(or a, p, y) Erection oosmes, this equation represents a Imo (or plane) 
at a distance p from the origin, whose normal has theso direction cosmos. 
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rj 

Tho expression oca? + py — (or aa? -j- p^/ yz p) on tlio loft hand 
Bido of thia BO oallocl normtl or canonical form of t)io O(|ntition of tho 
straight lino (oi piano) also has a goomotiioal meaning for any point P 
(a;, y) nob lying on the lino (oi piano) Sinoo aa? -|- (or t/aj + py + 
tho piojeotion of tho position vootoi fiom 0 to P on tho noimal, wo sea 
at onoo that Ihc expression wx + Py ^ P (or ax -h Py -h yz p) 
perpendiculai distance of the point V from the line (or plane) and is positive 
for points on one side of the line or plane (namelyt iliat mi ivUxch the normal 
iS positive) and negative for points on the oilier side* 

I?iom tiio oanonioal foiin of tho equation wo obtain other forms of 
equation for tho stiaigat Imo (oi piano) by multiplying by nn aibiUaiy 
non-vanishing factor, Convoisoly, nn aibitiaiy Imcai equation 

+ Py D = 0 (or Ax + ^^11 + ^25 -|- JD =3 0) 

roprosonts a straight lino (or piano) provulod tho coolTioionts At B (or 
Ai Bt 0) aro not all 7oro,* In tho sooond of these equations, for example, 
we may divide by V A^ + 0^ and put 

_ A __ B 

_ 0 ___ _ D 

■s/a' -f- m + o»’ ^ ” \/A» -I- /i» -I- 0^’ 

In this way wo obtain an equation which Is booh to lopiosont a piano at 
a distanoo p from the oiigm, whoso noimal Jms the diiooilon onames 
«, p, Y Couoflponding romaiks hold for tho equation of tho fitiaight hno* 
A straight lino in spaoo may bo dotoimmod by any two pianos passing 
through tho Imo, ITor a lino m spaoo wo thus obtain two huoar equations 

AjX “h B^y + OjZ 4 * /)| «» 0, 

A^-\‘‘ B^y *1“ 0^ -|~ -Oa =» 0, 

whloli are satisflod by (i?, y, z)t tho co oirlmatos of any point on tho lino, 
Siiico an iniinilo niimhor of pianos pass tluough a given Imo, tins ropro 
Bonlation of a hno m spaoo is not unique, 

I^cquoutly it is moio oonvomont to represent a lino nnalvl.ionlly in 
paramelno form by moans of a paramotor t* If wo oonsidoi tluroo Lmoar 
funolions of t, 

(C 5=3 -p hftf 

y ^ c(ij *-p 

« aa “h 

whole tho h*s nio not nil 7010, then as t tiavorsos tho niimhor axis tho point 
(x, y, z) doRorihcs a stiaiglit lino 'riiis wo soo at onoo by oliminatmg i 
hotwoon each pair of equations, whoioby wo obtain two lmoar equations 
foi Xt y* z 

* If A «* 7? 0 (or A « i? « 0 «* 0), D must also bo zero, and any point 

of Iho piano (01 of spaoo) satisllos tho equation, 

(BDI2) 


29 
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Tho direction cosines a, (3, y paramofcrio form arc 

propoitional to tho oooilioionts ftj, hg, 63 * Eor these dueotion cosines aio 



FJg* ii»»—PurAinetnc representation of a attaJght line pissing thiough two points 


proportional (of fig 11) to tho diHoionoos of tlio 

00 ordmatos of two pomta Pj* Pg ^^ilh co ordmatos 

(Pi ^ -f- Vi^ ^s^ij Zi^ 

and 

a?2 (Ti + &j 4, + + &a^a 

Honoe _ 

PjPg 003 83 ^ === a;a — a?! 

oos §2 « 2/2 - y, === &a(4 - ^ 1)1 
TiPa oos 8g =53 ssg — ijj =a= ■“ t|), 

wboio PjPj denotes tho length of the segment PjPg Consequently 

a phi, p » pha, Y P^s ^M-^horo p 5=3 

Smo© tho sum of tho sqiiaies of tho direotion cosines is umty, it follows that 




P- 


iVV + V+V’ *" ±V'V+*»a‘+6a»’ ^ iW + V + V* 


whoT© tho double sign of tho sqtiare root oorroapotids to the fact tliat wo 
can choose either of tho two possible senses on tho lmo» 

By moans of tho direction oosmes wo can easily bring the poramotrio 
representation of tho lino into the form 

* = 

y 2/0 + pT, 

Yt, 


where (A?o, ^0, Zq) 13 a fixed point on tho Ime, tho now parameter r is con 
UGOted with the previous poramotor t by tho equation 

Xa-} av « 
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Prom tlio fuot iliat -j~ ~ I follow<i that 

IIoiico tho absoluio valuo of r is tlio diBtanco bolwcon (ao, and 

(a, 1 /, z) Tlio aigu of t indicaios whofclior tho dircoiion of tlio Inio is from tho 
point ('Uq, jjq) to tlio point (r, y, z)^ or vioo voraa, in tho flist onso t la 
positive, in tho scoond negative 

Prom this wo obtain a useful oxpicssion foi (a*, y, z), tho oo oidniatos 
of a point P on tho segment joining the points i^o( V Vq* ^o) Vi* 

nainoly, 

a == ^Qao V “ “ 1 “ \Vi* z — -h 

where Xq and X^ aio positive and Xq -I- X^ =« 1, If t and denote tho dm- 
tancoa fiom Pq of tlio points P and Pi laspcolivoly, wo find that Xos= 1 — 1, 

T , 

and Xi Poi xf wo oalonlato </, say, fiom aj» -h aT'n and sub- 

'^1 

stituto tins valuo, a *==» (aj a 0 )/T|, in tho equation a; = ^o + wo obtain 
tho expression given above 

Lot a Btiaight lino bo given by 

OJ« ao -h <y'^t 
Vo + pT, 
ij ;=, J^o -h 

Wo now seek to find tho oquation of tho piano which passes through tho point 
(a'oi Voi peipondioulav to this lino, Sinoo tho duootion cosinoa of 

tlio noimal to this piano aro oc, pi y> oanonioal foim of tho xequued 
ocpiation 18 

oca + py 0, 

and since tho point (a*o, yo» ^o) plane 

p - ato -h Pf/o + Y«o» 

Tho equation of tho piano through (a^, 2/o> ^o) porpondioular to the lino 
with diicotion cosines a, p, y thoiefoio 

(/(•r - u:^) + P(V ^o) + y(« ““ ^o) 0, 

In tho same way, tho equation of a straight lino m tho xy piano wliioli 
pasBoa tluoiigh tho point (ro, y^) and m porpondioular to tlio lino with 
dhcotion cosines «> P is 

a(x — a?o) + P(V Vq) *==» 0. 

Later wo shall need a formula for S, tho angle hclween two planes given 
by tho oquatlona 

aa -I- py -h yz --p ^0, 

<ifo6 + PV -h Yz — «*» 0, 
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SincG the angle between the planes is equal to the angle botweou llu ijf 
nojimal vectors, the scalar produot of these vcotois is coaS, sn that 

ooa S *= aa' H- PP'+ y^. 

In the samo way, for the angle S between the two stiaight Unos 
a'iJ + py — p ^ 0 and a^x + — P* 

in tho 0 ^ piano wo have 

oos 8 =5 ««'+ pp't 
Examples 

1, Prove that the quantities «i, oca* * • • f Y« (P* ^)> defining a rotatlini 
of axoa, satisfy the relations 

ttiKa + PiPa + YiYs ^ + Pi** + I> 

« 2 as + P 2 P 3 + Y 2 Y 8 ^ «3^ + Pa^ + Y3® L 

«a«i + PaPi + YaYn « <^ 3 ® + Pa^ + Ys® I* 

2 If o and b are two vectors with initial point 0 and final points A and 
Bi thon tho veotoi with 0 as initial point and tho point dividing in tlio 
ratio 0 1 — 0 as final point is given by 

(1 - 0)a + 06. 

The centre of mass of the vortices of a totrahodron PQBS may )m 
defined aa tho point dividing 31S in tho ratio 1 ♦ 3, whole M is tho contro 
of mass of tiio tuanglo PQIt Show that this definition is independent of 
the ordor m which tho vertices are taken and that it agrees with tJio general 
dofinitioii of the centre of moss (VoJ I, p 283). 

4. If in tho totralicdron PQPS tho centres of tho edges PQ, PB, 
QS, PSt QR aro denoted by A, A', B, B\ (7, 0* rospeotively, thon tho Ilnca 
AA'i BB\ CO* all pass through the contio of mass and bwoot one another 
there 

6, Lot Pj, . , * , P„ bo arbitrary partioJes in space, with masses 
» nii, nia, • ♦ # icspootivoly, Let 0 bo tlioir coiitro of mass and lot 
• 9 denote the veotora with initial pomt G and final points 
Pi,. •. , Prove that 

+ nti^i + ... + w„3&„ =» 0. 

2 Thb Area of a Triangle, the Volume oe a Tetrahedron, 
THE Vector Multiplication oe Vectors 

1. The Area of a Triangle. 

In Older 6o oaloulato tho area of a tnanglo in the 'ey piano we imagine 
it moved paiallol to itnoif until ouo of it» vortices la at tho origin; let tlie 
other two voitioos bo yi) and .Pjiaia. Vi) (ef. fig 12) We imto down 
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the eq^uation of tho Imo joining Pj to tho oiigiii in ita oaiiomoal form 

y = 0} 

VV + y? V^i’* + yi“ 

hoiloo for tho diatanoo h of tho point from this Imo wo liavo (oxcopt 
perhaps for sign) tho oxiiiesiion 


j-7^ s- I "^lya 

\/ -I- yi“ V 


gmoo tho length of the Bogmont OP^ la -y/-|- y^, wo find that twioo tho 




Fig 11 —To illustrftto tho method fof 
Ending the nrcti of n trlnngle 


13 —DctermmiUlon of tho sign of the 
fticA of (I tiJunglo 


area of (he (nangle, Avhioh is tho piodnot of tlio “haso" OPj and tho 
ftltiludo IS given (oxoopt poiJiaps for sign) by tho oxpxossioa 

2A »=* 

This oxproflflion can bo oitlior positive or nogativoj it oliaiigoa sign if 
wo intorohaiigo Py niul Pg* Wo now mako tho folloAving asaoitlon The 
expression A has a positive or negative value according as the sense in which 
the vertices OPiPg travel sed (he same as the sense of (he roialion 

associated with the co ordinate axes, or not Instead of pioving tho fact by 
more detailed invostigatlon of tho argumont glvon above, wliloh Is quite 
foosiblo, wo prefer to piovo it by tho following methods Wo rotate tlio tri¬ 
angle OP^Pj about tlio oijgin 0 until Pi lioa on tho positivo x axis, (Tho 
ooso m whioh 0, Pp P 9 lio on a Imo, so that A » 4(v/a ^a^i) ==“ he 

omittod ) This rotation loaves tho valuo of A unaltored, Aftor tho rotation 
Pi has tho 00 ordiimlea oj/ > 0 , j// 0 , and tho 00 oidinatofl of tho now 

Pt are a?/ and y/, Tho area of tho tiianglo is now 

vl 1 Xx'ljf, 

and thoroforo has tlio same sign os yf '^’ho sign of yf, howovor, is tho 
samo ns tho sign of tho sonso in which tho voiUoos OPjP^ oro travoraod 
(of. fig. 18), Our statomonb ia tlnis proved. 
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Por the expiession which gives twice the area with its 

proper sign, it is customary to mtrodiioo the symholio notation 

mn 

which we call a ^itJo rowed detenninanl, oi deteimimnt of (he scmid ode). 
If no vorfco\ of the tiianglo is at the oiigm of the co oidmato systom, 
G g, if the tiireo voitioes are (Ho, yo), (aij, hy moving the axes 

paroUol to tliomaclves wo obtain tho formula 

for tho area of tho triangle, 

2 Veotor Multiplication of two Vectors. 

In addition to the scalar product of two vectois wo have tho Impoitant 

oonoopt of tho a^ec^or product * Tho 
veotor pioduot [ab] of tho veotois a 
and b is defined as follows (of fig 14)* 
Wo measure off a and b from a 
pomt 0 Then a and b aio two sides 
of a paiallologram m space The vootor 
product [abl^r^ c la a veotor whoso 
length is numoiically eq^iial to tho area 
of tho parallologiam and whoso direo 
tion is perpondjoular to tho plane of tho 
poiallelogram, tho sense of duootion 
being Buoh that tho rotation from a to 
b and c = [a6] is right-handed (That 
IS, if wo look at the piano from the 

Fte t4 -Vector product of two 800 tho 

vectors a and b shortest rotation fiom the dueotion of a 

to that of 6 as a positive rotation ) If 
a and 6 lie in tho same straight Imo, wo must have [a 6] ==? 0, smoo tho 
area of the parallologiam is zero. 

Rnles of Calculation for the Vector Ftoduct 

(1) If a 0 and 6 4= 0, then [a^] — 0 if, and only if, a and b have tho 
same direction or opposite directions. 

For then, and only then, the area of tho parallologiam Mth a and b 
06 sides IB equal to zeio. 

(2) The equation 

[ab] = -[ba] 

holds, 

* Often oallod tho outer product, other notations in use for it are a x b, 

a A 
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Tins foiling rf at onco fiom llio dofuntion of 
(8) If ct and h aio real mimboia, then 

[aahb} — ah\ab\^ 




Ifor the paxallologiam ^Ylth eidoa aa and hb haa an area ah times m 
gloat as that of iho paiallologiam with sides a and b and lies m tlio same 
piano as tho latter 

(4) Tho diakibntivQ law holda^ 

[a{b + c)] == [ab] [acl [{b c)a\ == [ba] + [cal 


Wo ffhall prove tho fir^t of tlicso formulco, tho second follows from it 
whon iLilo (2) IB applied* 

Wo shall now give a gcomotnoal oomtruotion for tho vector pro 
duet [abl whioli will demonstrate tho tiiith of tho distiibiitivo law 
directly* 

Lot ^ bo tho piano porpondiculai to a through tho point 0* Wo project 



Fig IS—To bIiqw that [/i6] 


h orthogonally on lij, thus obtaining a vootor b* (of, fig 16). Then {ab*} 
= for m tho fiiat placo tho paiallologram with sides a and b lias tlio 
samo baso aiid tho same altitudo as tho parallelogram witli Bidoa a and 
b*\ and m tho second placo tho dircolions of [ab*] and aro tho same, 
Binoo 05, bt b* lio in ono piano and iho sonso of rotation fiom a to b* Jb iho 
same os that fiom a to b» SInoo tho vcotoia a and b aio eidoa of a loofc 
atiglo, tho length of [ah'] == [ab] is tho pioduot \ a\\b*\. If, thoioforo, 
wo ineiooso tho length of b* in tho ratio | a | } 1, wo obtain a vootor b** 
which has tho samo length aa [ab*l But [ab] ^ [ab*] Is porpon^ 
dioular to both a and b, so that wo obtain [ab] ra [ab*] fiom b** by a 
lotation through 00® about tho lino a. Tlio sonso of tlna lotation must bo 
positive whon looked at from tho final point of a, Siioli a lotation wo shall 
call a ^osiim rolalxon about the vector a as (I'nis* 

Wo can thoioforo fouu [ab] in tho following way project b orthogon 
ally on iho piano 75, longthon it m tho ratio | a | s 1, and rotate it posiUvoly 
through 90® about tho vootor a 

To inovo tliat [a{b d- <?)] “H [ao] wo proooed os followBS t 

and o aro tho sidos OBt 00 of n parallologiam OBDOy whoso diagonal OJj 
ia tho sum b + c Wo now poifoim tho tbroo opoiatlous of projooblon, 
longtiionmg, and rotation on thowholo paiallologram OBDO instead of on 
tho individual vcotois o, 6 + o, wo thus obtain a parallologiam 
whoso sides 013^ 00^ aio tho vootora [ab] and [ac] and whoso 
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diagonal la tho product [a(b + c)] ITrom this the oquatiou [a6] + [ac] 
*= la{ b o)J c]earl;j^ follows (of fig. 16). 



FJff 16 —Distributive law for the vector product of two vectors n nnd b 


(6) Lot a and b be given by tlieir components along tlio axes, at, a®, 
tuid bu ^ 2 » ^3 rospcotivoly. What ja the expression for the vector product 
{abl in teiins of the vector oompononta? 

Wo express a by the sum of its vector oompononta in the directions oi 
the axes If Cj, eg, are the unit vootois in the directions of the axes, 
then 

Ctr KC ^2^8 “f” 

and similarly 

b sss ^ ^a®a» 

By the distributive law wo obtain 

[abl = f(a,ei)(6i«i)] + Ka,0i) (648,)] + [(aiOi) (6,ea)] 

+ (i’i«i)] + [{«a«s) (*>ae 2 )] + [(“jea) (&3«9)] 

+ [(»s®o)(^i^i)] + [(**8®.) (^a^a)] "f [('*3®.) (^a®8)]i 

which by rules (1) and (3) may also be written 

[a6] =3 a,6j[aioJ + Oj63[0iej] + aA[ejoJ 
H- ®a&sr®2«3] + aa6i[®aej + ®8^a[03«2]* 


NTow from the doflmtion of vector product it follows that 

*=* [^3^3] — *== [^S^i] =*= [^1^2!« —[Oafl|]r 

Hence 

lab] ^ (agJa - a^2)&\ + («8&i + (^^2 »2^i)^8 

The components of the vector product [ab]^ c are therefore 
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(In 




Ca-= 


«i 


^2 


In pliyaioa wo mo tlio vector piocluot of two vectors to roprenont a 
moment A force/aolhig at tlio final point of Uio position vector x Ims the 
moment [/ac] about tho oiigm 


3 The Volume of a Tetrahofiron. 

Wo conBiclor a totialiedion (of fig 17) whoso voiticoa aro ilio origin 
and tlueo other pomts Pj, l\y 1\ with oo ordinatca (aji, ijn Zi)f (^a* f/a» %)» 



FJg 17 —^Determinrttion of tho vohimo of n totmlicdron 


(i®8» ^a) roapeotivoly. To expiosa tho volume of this totrahodion in torma 

of the co-oidinatoa of lie voilioos we piooood no follows. Tho vootors 
Xi « OPi nnd x^ =a 02\ aio sides of a tuanglo wlioao area is ImU tho 
length of the vector pioduot [A?|ArJ, 'J’his vector pioduot has tho dlreotioii 
of tlio poipondioular fiom Pg to tho piano of tho triangle OPiP^i h, tho 
length of this peipondiciilar (tho altitude of tho tetrahedron), la ihoroforo 
given by tlio scalar product of tho voolor ^ OP^ and tho unit vootor 
in tliG direotion of [XiXz]\ for h is equal to tho componoiit of OPg la tho 
ducotion of [ Sinoo tho abaohito value of [XiX,t] Is twioo tho aiea A 

of tho tuanglo OP^P^, and bhico tho vohimo V of tho tetrahedron is equal 
to ^Ahi wo liavo 

y Ksi 

Or, sinoo Iho oompononta of given by 


Vi 


*1 

Xt 

Vi 

Vi 

* 

*, «, ’ 

^2 

Vi 
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WQ can wiito 



+ Va 

Zx Xx 

“f Zz 

H 

^>1). 

1 V* 


^2 «'2 


'^8 

Vi J 


Tins also holds foi Uio case m wliioli 0 , Pj, Pg lio on a sfciaight bno; in 
this oas0, it 18 true, tho direotion of [aTiAtJ is mdoterminato, so that h can 
no longer ho regarded as tho component of OP3 in tho diieotion of 
but novorfcheloss ^ 0» so that F = 0, and this follows also from tho abovo 

e^rosaiou for 7 , since m this oaso nil tho components of [x^Xz'] vaniflh 
Here again tho volume of tho tetrahedron is given ■with a definite sign, 
as tho area of tho triangle was on p 13 , and wo can show that tho sign 
18 positive if the three axes OPx, OP^ taken m that order form a system 
of tho same type (right-handed or left handed, as the oaso may bo) as tho 
co-ordinato axes, and negative if the two systems are of opposite typo 
Top m the first case tho angle 3 between [XiX^] and Xj^ lies m tho interval 


O ^ S ^ ^ I'lio second cose in the mteival ^ g S ^ tt, os follows 

immediately from the dofimtion of [x^x^, and V is oq[ual to 
\[XiXz]\ I^ValcosS. 


The expression 


Vi 

Vz 





+.a 


Vi 

Vz 


occurring in our formnloe may bo expressed moro briefly by the symbol 

Vl 

^2 Vz ^2 * 

2/3 


which we call a three romd determmanti or deiermtmnt of the third order* 
Writing out tho two rowed determinants in full, we see that 


Vz ^2 

V 9 


+ ^ 22 / 3 ^ - + »iW8 •“ «a2/i«8 


Just OS in tlie case of the triangle, we find that tho volume of the tetra¬ 
hedron with vortiooB (»o, 2/o» Vi* «i), Vz* (a7a, y^, z^} is 


V 


I 

6 


«8 ^*'*0 


2/1-2/0 

Vz-Vo 

2/s“7o 


Zi — Zq 
Z2-Z0 * 


Examples* 

1. What is tho distance of the pomt P(aJo, yo> ^o) the straight line 
I given by 


x^ at+b, y^ct~{-d, z=!^ 

♦Tho moro diflioult examples are indioaWd by an astonsk 
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2* Find tliQ ahoitcat dislanco botweon two straight lines I and V m 
space, given by the equations 

x^ai-\-h a!t -h 

y s=* ci + d and y = dt -h eZ' 


3» Show that tho piano through tho thieo points {xi, Zi), y 2 > h)i 
('«8» V 3 > ^ given by 


Xi*— X 
^2 — » 


vi-y 

v^-y 

y^-y 





4 In a unifoim lotation lot («, p, y) ducotion co^imos of the axis 
of rotation, wlnoh passes tluough tho oiigin, and w the angulai volooityi 
Fmd tho velocity of tho pomt (a?, y, z) 

6. Provo Lagraugo*s identity 


[xyf ^ I a: pi 31 P - {xy)\ 


6 Tho area of a convex polygon with tlio voitieos Pi{ai, yi), Pa(a?a, y^), 
«• <, P,*(art, y„) 18 given by half tlio absolute value of 


ay ^2 



•I” * . * -j- 

®fi-i 


X„ Vi 

Vi 2/a 


2/8 2/0 


2/«-i 2/n 


Vn yJ' 


3. SiMPM Tukohems on Dktbhminants of the Second 
AND TniRt) Obdeu 

L Laws of Formation and Principal Properties. 

The dotoimmants of tho sooond and thud 01 dor ooouiTing in tho oal 
oulation of tho aioa of a triangle and tho volumo of a tolraliedion, togothor 
with thou gonoiahzation, Iho detmixnantof iliQ niU order, or n roiaed deier- 
mxnanl^ ato voiy impoitant in that they onablo formal oaloiilations in all 
branches of malhoinatios to bo oxpieased in a oompaot foim, IIoio wo 
shall develop tho proportios of dotornuiiants of tho second and thud Older, 
those of lughoi 01 dor wo shall need but seldom It may, however, bo 
pointed out that all tho piinoipal thooioms may bo gonoialiKcd at onoo 
for determinants with any numbor of lows. For tho theory of tlioao wo 
must refer tho loadoi to boolcs on algobia and dotoimlnants.* 

By thou* deflintions (pp, 14, 18) tho dotorminanfiS 


\a h 

and 

\a h 0 
\d e f 

|c d 


\g h h 


* Of, o g II, W TurnbiiU, The Theory of DdmmnmiiBt Mairim, and Jn 
varianta (BTaoldo & Son, Ltd, 1020). 
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aro oxpiossiona formed jn a definite way from tlioir elements a, 6, c, d and 
a, hf c, d, e, /, g, A, I respectively The lion^ontal lines of olomonta (suob 
as d, Cj / in oiii example) are called fom and the vertical linos (such as 
0 , /, A) arc called columM, 

Wo need not spend any tune in disoussmg the formation of the two 
rowed doterminant 

— Ad. 

For the three-rowed determinant we give the “diagonal rule“ which 
©xhibifcfl the symmetrical way m winch the determinant is formed. 


a 

6 d 



Wo repeat the first two columns after the thud and then foim the 
product of each tiiad of numbers m the diagonal Imea, multiply the pro¬ 
ducts associated with lines slanting doivnwaids and to the right by +1/ 
the others by —1, and add In this way we obtain 

ael + hfg cdh 
•—ceg — afh — hdJc* 


a h 0 
d e / 
g h h 


Wo shall now prove several theoroins on determinants. 

(1) i/ the rows and columns oj a deiemmani are xiUerchanged^ the value 
oj the deleminani \s unaltered. That is> 


a h _ a 0 
0 d ~ J> d* 


a h 0 
d e f 
g h I 


a d g 
h e h 
0 f h 


This follows immediately from the above oxpiossions for the determinants. 

(2) If two rows (or two columns) of a determinant are inierchangedt the 
Sign of the determinant is alteiedf that is, the determinant is multiplied by 
- 1 . 

In virtue of (I) this need only be proved for the columns, and it oan 
ho Tonfied at once by the law of formation of the determinant given above. 
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( 3 ) In aeotion 2 (p 18 ) wo nitroduocd three rowed dotormmanta by tho 
cquationa 


'»! Vi H 


Vx ^x 


'h 

-|-*3 

i»l 2/1 

^a 2 /a 

2 /a J^ai 


2/2 

"V 2 /a 


1 ^2 2/2 


Uaing ( 2 ), wo write tliiB m tho form 


Vx 

era f/a 

2/3 «3 




Vi h. 
2/a ^2 


‘ 2/3 


+ Zi 


Vx 

^2 2/2 


then m tho detoimmanta on tho right tho olomonis aio in tho samo order 
as on tlio loft If wo iiitorohango tho last two lowa and thou write do^vn 
tho eamo equation, using ( 2 ), we obtam 


Vi H 
% 2 /a H 
2 /a H 



«3 


+ 2/a 


»i 

^3 





Vx 

2 /a 


and similarly 


Vx h 
2 /a 

2 /a ^^a 


2 /a 

2/8 



^8 






2 /a 

2/8 


We call thoso three oquatlona tho expanaton tn imna of Hit tUmenia of tho 
third low, tho second row, and tho fiist row rcapootivoly By intoiohangmg 
columns and rows, which aooordlng to ( 1 ) docs not alior tho valuo of tho 
(lotorminant, wo obtain tho expansiou by columns, 


«1 

2/1 



2/2 



2 /a 


«i 

Vx 


a?2 

2 /a 

Z2 


2/3 



2/1 

^x 

»2 

2/2 



2 /a 



\Vz 

«a 


Vx 

^1 

+ *a 

Vt 


\vt 

^a 

“dj 

2/8 


2/a 




■\'Vt 

i 

a?i 


~V» 

aJi 



«8 



^a 



2/2 

1 


2/1 



2/1 


2/a 


2/8 



2/a * 


An immediate oonsoquonoo of this is tho following thooioms 
( 4 ) // all the eltmenia of ont row {or column) are muUtplted a nvmbtf 
p, the value of the detmmmni ta rmlUplied by p 
li^om ( 2 ) and ( 4 ) wo deduce tho following 

( 6 ) // Ike clemeiita of Iwo roios {or two columns) are propoiltonalt that is, 
if every olomont of one row (or column) is tho product of tho oouoaponding 
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elomont m tho othei low (or column) and tbe samo factor p, Him Hie de 
/<?? mtnani is equal io ^ero, 

3?or according to (4) wo can write tho factor outside tho determinant 
If we then mtoioliango tho equal rows, the value of tho dotorminanb la 
unchanged, but by (2) it should change sign Ilonco its value is zero 

In partioular, a dotormmant m which one row or column consists 
entirely of zeros has the value zero, as also follows from tho doflmtion 
of a determinant. 

(6) The sum of iw determtnani3f having the same mmher of rows, luhch 
differ onhj in the elements of one roto (or cohimn) is equal to the dcteiimnant 
whch coincides mih them tn the rows (or columns) common to the two de 
iemtnants and in the one remiining row (or column) has the sums of the 
corresponding elements of the two non-tdeniical roios (or columns) 

For example 

a h 0 a m 0 a&H-mc 

d e f + d n f ^ d e + n f 

g h h g P h g h+p h 

For if wo expand m terms of the rows (or columns) m question, which 
m our example consist of the elements &, e, h and m, n, p lespeotivoly, and 
add, we obtain tho oxpiossion 

^ ^ +(« + ») “ I +(-h~-2}) 

wluoh clearly is 3 u 8 t the expansion of the determinant 

a h + m 0 
d e ^ n f 
g p h 

m terms of the column 6 + w, e + % h^p This proves the state 
mont. 

Similar statements hold for two rowed dotermmants. 

(7) If to each dement of a row (or column) of a deteiminani toe add the 
same multiple of the corresponding element of another row (or cohimn), the 
value of the determinant is unchanged 

By (6) tho now determinant is tho sum of the original determinant and 
a determinant which has two proportional rows (or oohimna)j by (6) 
this second doteiminont is zero,* 


a 0 
d 


* Tho rule for expansion in terms of rows or columns may be extondod to 
define determinants of the fourth and higher order Given a system of sixteen 
numbers 


Wj Cj di 

Oj da 

dg 6a Cg dj, 

.^4 64 64 d4 


for example, wo define a determinant of tho fourth order by the oxprosslori 



DETERMINANTS 


I] 




Tlio followmg examples lUuslrato how the above thcoioma ore apphed 
to the evaluation of dotorminauts Wo have 


a 0 
0 e 
0 0 


I ach 


ao wo can prove by the cbagonal rule A delmmnmii tn which ihe 
elemcnia in the so calkd pi meipal diagonal alone differ from zero w egml 
to the prodxict of time dements 


Evaluation of a dotorminant. 


1 

1 

-1 

2 

1 

-^1 


1 

1 

0 

1 


2 

1 • 
-I 

-1 

1 


(aoGond row added to the dr8t)i 


(expansion m teims of the fust row) 


Ilonoo 


1 1 
1 -1 
1 




Another example is 


1 

a? 

9? 


1 




1 

X 

a® 

1 

V 



0 

y — a? y* — 05® 


0 

y — a 


1 

z 



1 

z 



0 

« — a? 



If wo now expand this m toims of the flist oolumn wo obtain 


V-oi 

J5—a, 


2* — 


~(y~x) (*-») 


V-\'X 

zA-x 


»(y - a) (« - a) {% - y), 


2t AppUoaiion to Linear Equatlous. 

Dotoi’mliianta are of fundamental impoitanoo in the thcoiy of linear 
eq^iiations* In oidoi to solve the two equations 

ax + hy A, 

+ dy J7, 

for X and y, wo multiply the Ikst equation by c and the second by a, and 



Cg dg 


ag Og dg 


ag 6g dg 


flg fig Cf^ 


Ofl dg 
64 Cl di 

-b, 

dg Cg do 
^4 C 4 di 


ag frg dfl 

a^ &4 d4 

-^1 

«a 

fl4 ^4 Oj 


and slmilaily wo can inlioduco (lohninlnants of the fifth, nlxih,, , will otdor 

ill suoooHslon It turns out that in all ossoutial piopoitios thoso agree with tho 
(lotormJimnts of two or tliroo rows, Dotoinihmnis of more than tliroo lowe, 
however, oanuot be expanded by the ” diagonal rule Wo shall not consider 
fmthor details boro. 
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aubtraob tho Becond from tho first, then wo multiply tlio fiist equation by 
d and the second by h and subtiaot We thus obtain 

(Jo — ad)ii ^ Ah-- Ba 
(ad — he)% ^ Ad — ^6, 


or 


a h 
0 d 


A h 
B d 


V 


a b 

I c d 


A 

B * 


If we assume that the detorininanfc 


a h 
6 d 


ia different from zero, these equations at once give tho solution 




A 

h 


a 

A 

B 

d 


c 

B 

a 

b\ 


a 

b 

6 

A 


0 

d 


which can be verified by substitution If, however, tho determinant 
ah 

^ ^ vanishes, tho equations 


a h 

A 

h 


ah a 

A 

0 d 

“ B 

d 

f V 

|o fl! “ 0 

B 


would lead to a contradiction if either of the dotermmants 
A h\ 


B d 


and 


woio diffoient fiom zero If, however, 

A h\^ a A 
B dl’^ 0 B 


0 , 


our formuloQ tell us nothing about tho solution 

We tboiofore obtain tho fact, which is particularly important for our 
purposes, that a system of equahoiis of the above form, whose determtnani is 
different from zero, always has a unique solution 

If our system of equations is Imiogeneous, that is, if J5 ===» 0, our 

a 1> I 

ofvloulations lead to the solution a? =» 0, y 0, provided that , 

c a 

For three equations with throe unknowns, 

ax+hy + cz^A, 
dx+ ey+fz == J3, 
gx + hy ^ hz^ Of 

a elmilar discussion loads to a similar oonoliision Wo multiply tho first 


equation by 


« / 
h k 


L the second by — 


h c 
h I 


L the third by 


h 0 

^ / 


, and 


add, thus obtaining 
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as 




+ 2^|& 

z -^0 


« f\ 

h l\ 

f\ 
h fcl 

I" ^ 

\h i 


-S 


h 0 
h h 

h c 
h I 

h 0 
h h 


H- (7 
^ h 
+ h 


h c 

e f 
h 

/ 


1 } 

;|} 




h 0 

+ 0 

h c 

« // 

h h 

U V 


e f 


But by our founulco for tho oxpaiiBion of a dotoimmant m iorma of tho 
olomonta of a column, tins equation onn bo \Yntton in tho form 


a b e 


h h 0 


oho 


A h 0 

d e / 
g h k 

+ y 

e e f 
h h h 

+ z 

f c f 
h h 1 

e=: 

n e / 
\o hi 


By rule (4) the ooeflloionts of y and z vanieb, so that 


If tho determinant 


a 

h 

0 


A 

1 

0 

d 

e 

/ 


B 

e 

f 

0 

h 

h 


0 

h 

h 

^0 tho equations 



a 

h 

0 


a 

A 

0 

(1 

e 

f 

=: 

d 

B 

f 

0 

h 

h 


U 

0 

1 

a 

h 

0 


a 

h 

A 

d 

e 

f 


d 

e 

B 

0 

h 

k 


0 

h 

0 



a 

h 

c 





d 

e 

J 





0 

h 

1 




la not zero, tho lost throo oqiiationa give iia tho vaUio o! tho unlcnoivnfli 
Providod that this dotoimmant la not /oro, tho oquationa can bo aolvod 
uniquely for a?, y^ z* If tho dotorminant ia 2 : 010 , it follo^Ya that tho right- 
hand eidoB of tho above oquationa immt alao bo 7010 , and tho oquationa 
theroforo cannot bo aolvod unloas j4, B, 0 aatiafy tlio apooial conditions 
which aro oxproaaod by tho vanishing of every dotorminant on the 
right. 

If, in particular, tho system of equations is homogeneous, so timt 
5 =: JS S3 0 « 0, and if its dotorminant is dliToronb from zero, it again 
follows that {» car 2? 33 0. 

In addition to tho oases above, in which the mtmber of equations Is 
equal to tho numbor of unknowns, wo shall occasionally moot with 
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ayfltoma of two (Iiomogoneous) equation^ with tlireo unknowna, og, 

ax hy -\- cz ^ 0, 
dx ey -[- fz ^ 0 . 

If the three determinants 

A-1* ”J. B.-t “I. 0.-1“ M 


are not all zero, if* for example, D 3 0 , oiir equations can Hrat bo aolvcd 
fora; and this gives 

zD. zDi 

*=A’ 

or 

Dj jDg Dg. 

Geometrically this has the following meanings wo are given two vectors 
u and V with the oompoiionts a, 6 , c and d, c, f respectively Wo seek a 
vector X which is porpondioiilai to tt and v, that is, which aatiaflos the 
equations 

HX « 0 , vx^ 0, 

Thus X is m the direction of [uv] 


ExAi^irnrs 

1 Show that the determinant 

a h c 
d e f 
0 h k 

con always be reduced to the form 

a 0 0 

0 p 0 

0 0 Y 

merely by repeated application of the following processes* ( 1 ) Intoroliang- 
mg two rows or two columns, ( 2 ) adding a multiple of one row (or oolunm) 
to another low (or column)* 

2 . If the three determinants 

Cl Ca Oi Ojj 

do nob all vanish, then the necessary and sufficient condition for the 
exiflfconoe of a solution of the three equations 

Uix +a^—d 
hjOJ + 52^=6 
Ci<» +02 ^=“/ 
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»7 


la 




02 d 
hx &2 e 
^2 / 


0. 


3 State tlio condition that tho two stiaighfc Iiiiqh 

» ait + ~ Git “|- di 

y ajr + &2 and y = cj, -h (h 

c^i -h da 

oifchor intoreoot or aro paralloL 

d*. Provo tho propoitios (1) to (7)> given on pp 20-22, for doLor 
minanta of tho fourth ordoi' (defined on p 22 (footnoto)) 

Provo tliat tlio voluino of a totiahcdion with vortioos (a?j, Zj), 
(% V%> « 2 )i (»a. « 3 ). (a' 4 » Vi^ ^\) la given by 




'I'l Vi h 1 

ag ya JTa 1 

'ta 1 

a*! V\ H 1 


L Amim Teansformations and the Multipijoation 
OF Determinants 

Wo shall oonoliido tlioso prolimniaiy romaika by disoiissing tho einiplost 
facts lolatmg to tho so oaUcd aJUlne ItansfmmUms, at tho sumo luno 
wo shall obtain an Important theorem on dotorminants, 

1, Affine Transformations of the Plano and of Space. 

By a mapping or Uansfonnation of a poition of space (or of a piano) 
wo moan a law by whioh oaoh point has asalgnod to it another point of 
space (or point of tho piano) as mage point, tho point itsolf wo call tho 
original point, or somotlmos the model (lu antithesis to tho image) Wo 
obtain a physical expression of tho coneopt of mapping by imagining tliat 
the portion of spaoo (or of tho piano) in quostion is ocoupiccl by eome 
deformable aiibstanoo and that our tronsfoimatlon ropicsonts a dofoimation 
h which every point of tho substanoo moves from its orlgmal position 
to a oortain final position. 

Using a lootangular systom of oo ordinates, wo take {x, y, z) aa tho oo 
ordinates of tho original point and (a/, y\ a') as those of tho oorrosponding 
image point. 

Tho transformations wliioh nro not only tho simplest and most easily 
understood, but aro also of fimclamontal importanoo for tho gonoral oaso, 
are the affine iranaformaltom^ An afflno transformation is ono in whioh 
the 00 oidinalos (»', y\ z') (or m tho piano {x\ y')) of tho imago point aio 
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expressed Imoaily m ioims of thoso of the origuial point, Suoh a tionfl* 
foimation m tlioroforo given by the tlireo equationa 

scf^ax +by+ cz + m 
y't=;dic+ey+fz + n 
z* =3 gx liy ■\‘hz + Pp 


or m tbo piano by tbo two oquationa 


x'^ (too + by + nt 
y'—cifi-j-dy-\-n, 


with constant ooelhoionts a, &, » , Thcso assign an imago point to every 
point of space (or of the plane) The question at onoe arises whether wo 
can mtoroliango the relation of imago point and origmnl point, that is, 
whether ovoiy point of space (or of the plane) has an origmal point oorro- 
sponding to iti The neoessary and sufiioient condition for this is that the 
equations 


aic +by 

(hi + ey + Jz ^ y* --n or 
gx + hy —p 


0® + » a/ — w 

CX+ dy=^ y' — n 


shall ho capable of being solved for the unknowns ai, y, z (or a?, y), no 
matter what the values of a/, y\ z' aro By sootion 3 (p 24) an affmo 
transformation haa an inverse, and in faot a unique mvoiso,* provided 
that its dcfcormmont 


A ^ 


a 

d 

9 


h c 
h h 


or A*= 


a h 
c d 




IB difleienb from zero. Wo shall oonfino our attention to affine trans¬ 
formations of this typo, and shall not disousa what happens when 
A » 0 

By mtroduoing an intormodlato pomt ({»", wo oan rosolvo the 

general aflino transformation mto the transfoimations 


and 


x'' ^ a(Xi+ by+ CZ 
y*^ ^ d^ey fz 
^ 


aoj + by 

^ (m ^-d/y 


V* ^ y" + n 

z* -\-p 


jjj' a?" 4- m 

2^ == y" + n. 


Here (ic, z) is mapped fiiat on (x*\ y", z*^) and then z'O ns mapped 

on (yfp y\ zf). Since the iBOOond transformation is meiely a paiallol translation 
of the spaoe (or of the plane) as a whole and is therefore quite easily imdor 


* That ifl, every imago point has one and only one origmal point. 
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stood, wo may roafcriot oxirsolvofl to tlio study of tho fiist Wo sball thoro- 
foro only coiiHidoi aflino tiansforinations of tho foim 


a?' ^ hj oz 
2 /' = dx -h H- or 
»' = + hy + hz 


x' ^ ax + hy 
y' — crtJ + dy 


\\rith non vanishing dotorminants, 

Xho xesults of section 3 (p 26) for Imoar equations onahlo iis to express 
the inverse transformation by tho formula) 


(T s=a aV + h^y* -h 

dV+cy+ /V or 
z= (/ixf d" 


X a*x* + Vy^ 
y ^ o'y + dy, 


in whioh a', 6', * ore oortom expressions formed from tho ooofTioionta 

a, &, ♦ * , Because of tho uniqueness of tho solution, tho oiignial equations 
also follow fiom these latter. In particular, from ^:^y=^^^s=^0lt follows 
that a/ = y' s= =: 0, and conversely 

Tho oharaoteristio geomotrioal propeities of nlHno transformations oio 
stated m tho following theorems 

(1) In space the image of a plane is a plane; and m the plaiie the mage 
of a stiaighi Ivne is a straight line, 

For by sootion 1 (p 9) wo can write tho equation of the piano (or tho 
Imo) m the foim 

4aj + By + + D =a 0 


(or -da? + By + B =5 0). 


Tho numbers -4, B, 0 {ox A^ B) are not all zero Tho co ordmatos of the 
unage points of tho plane (or of the Ime) satisfy tho equation 

A(a'y + 6'y' -f- oV) + B(dV + ey + /V) 

+ % V + hY + W) + B «= 0 


(or A{yy + hY) + B(oV -h dy) + B = 0) 


Honoo tho image points thomsolves ho on a piano (or a Imo), for tho 00 
©fficionts 


A' - a'A + d'B + g*0 
B' ^ b'A + e'B + h'O 
+f'B + l'0 


/ A'^yA + c^B\ 
\ B'^ VA + d'B/ 


of the CO ordinates a?', y\ z* (or a/, 
equations ^ 

6'^ + e'B + //(7^0 


y') cannot all bo zero, otherwise tho 


or 


a*A + c'B = 0^ 


would hold, and tlieso wo may regard as equations in tho unlmowns A, B, 0 
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(or A, B) Bui wo have sliown abovo that fiom thoso equations it follows 
iha^A^B^O^Oioi A:^ li^O) 

( 2 ) CVfic nmgB of a shaigJil line, m since is a slmight line^ 

Thia follows immediately from tlio fact that a stiaight lino may bo 
regarded as tbo mtorscotion of iwo pianos, by (1) its imago is also tlio mtor^ 
scotion of two planes and is thcioforo a straight Imo 

(3) The images of two parallel planes of space {or of tivo parallel hues of 
the plane) are parallel, 

3?or if tliQ images had pomts of intorseotion tlio origmals would liave 
to intersect m the oiigmal pomts of these intorsootiona, 

(4) The images of two parallel lines in space aie two parallel lines 

For os the two lines ho m a plane and do not intorscot ono another, 
the same is true for thou images, by (1) and (2) Tho images aro tlioiofoio 
parallel 

TJio image of a vcolor w is of oouiso a vector v' leading from tho unago 
of tho initial pomt of to tho imago of the final point of v Sinoe the 
components of tho vector aro tho difforenooa of tho corresponding oo- 
ordmates of tho initial and final points, under tho most general afiino 
transformation they aro transfoimcd according to tho equations 

V — avx + hv^ + cvfl 

V ™ + /^8 

V 


2 Tho Combination of Affine Transformations and the Resolntion 
of the General Affine Transformation 

Ji wo map a point (oj, y, z) on an imago pomt {x\ y\ z*) by moans of tho 
tiansforiuation 

ax A’^y + cz 
y't=^dx+ey+ fz 
gx+ hy + hz 

and then map (a?', zf) on a pomt (a/', y*^^ z*') hy moans of a second affino 
transformaUou 

a/' Ojx' + bp/ + Ciz' 

y" ^ djo/+ ex/+ fxz' 

5=5 gpd “h hp/ 

then we loadily see that (a;, y, z) and (x", /\ z^') are also related by an RfiPmo 
transformation and m fact 

x" ^ ape + bp/+ o^z 
/* ^ dpx -h epy + Asf 
» g^po -h Ihy + 

where tho oooffioionts aro given by the equations 
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OjCt + hid + CiO, &2 = afi -h hiC H- UiC H- 6^/ + 

efjj =K3 -|- e^d! + /j{7, -j- Cj^cj -1- H- e^/ *|- file, 

I/a = I7i« + hU* h — l/i^ + V h — 0i<^ + “1^ 

We say that tliis laat tianefoimation Is tlio comhinaiim or lesullajit of the 
Jdiafc two If the determinants of the first two transformations aro diffoiont 
from zero, their inverses can bo foimed, lionoo the compound tiansfoiina 
tion also lias an inverse Tho ooofiioionts of tUo oompoimd tiansforination 
are obtained from those of tho oiigmal tiansformation by mnltiplymg 
oorrespondmg olomonfcs of a column of tho first transfoimation and of a 
row of tho second, adding tho tbieo pioduota thus obtained, and using tins 
**product’* of column and row as tho ooofiioiont which stands m tho 
column with tho same mimboi as tho column used and in tho low ivith 
tho samo number as tho row used. 

In tho samo way, oombinaiion of tho transfoimations 

« oa? + % a/' =3 ay'xf + hiv" 

ca? H- Ay — Ciju' + dyy* 

gives tho now transformation 

^ {oya + + (ayh -j- l)id)y 

t=a (cjfls “h diC)9i -j- (Oj^ -f* d^)y* 


By a prhmtm tiansfoimation wo moan ono in wluoli two (or ono) 
of tlie thieo (01 two) 00 oidinates of tho imago aio tho samo as tho oono 
eponduig 00 ordinates of tho ougmal points Bliysioally wo may think of 
a primitive tiansfoimation as ono in which tho Bpaoo (01 piano) iindorgoos 
a strelohing m ono ducotion only (tho strotohing of oourao varying from 
place to place) so that all tho points aro simply moved along a family of 
parallel Imos A piimitivo affino tiansfoimation lu which tho motion takes 
place parallel to tho a axis js analytically ropiosonlcd by formulco of tho 
typo 


aj' =3 (w; -h ^1/ d' GZ 

y'^y 

z* 


or 


c=a a% hy 

y'^y^ 


The general ajjiiie transfomalto7i hi the planet 

a,' n=5 cwj hy 

y' ^cx + Ay, 

with a iion-vamshtng Aetcrmimni, can he ohlatiicd hy^ a comlxnaixon of 
pnmiiive ifanaJmmtiQna 

In tho proof we may assume * that a 4> 0. Wo Introdiioo an Intormodiato 


* If a «=• 0, then b -H 0, and wo can return to the case a tp 0 by Interchanging 
X and y, Suoh an intoiohanco, loxnosontcd by tlio tiansformation X^y, 
F a?, fe Itself offootod by tho throe Bucoesaivo primitive tinnafoimations 






{i 

ti 1 »?i ■ 


X - - fa I y;, 
X ^ 


y 
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point (§, Tj) by the promitivo transfoimation 
5 — oW' + %» Tg ^ 

whoso dotorminont a is different from 2010 . h’rom 5 i >) obtain a/, ^ 
by a second primitive transformation 

, j. , c tr , ad-- be 

« 5. 2/ - 5 +-0 

a a 

with tlio dotoimmant 

(id^ bc^l a h 
a a 0 d 

Tins gives the requiied losolution into primitive transformations* 

In a similar way the affine tiansformaiton tn space 

a?' oa + &y + 02 

^ c2a ^2/ + 

ffa H- hy + 

With a non mimhvng detenmtnani, can he resolved into prmtitve tiansforfna^ 
itons. 

Of the thieo determinants 


a 

h la 

c 

h 

6 

d 

e ’ d 

/’ 

e 

f 


at least one must bo different from zoio, othoiwiao, as the expansion in 
terms of tho olomonts of the lost row sho'ws, wo should have 

a h 0 
d e f ^ 0 
g k 

As in tho previous oaso, wo oan then assume without loss of gonoraliby 

(1) that K ^ ^0, and (2) that a 4= 0 Tho first mtormediato point 

|a 6 

(5> >)» K) IS given by means of tho equations 

ax’}-hy + cz 

y 

z. 

The determinant of this piinntive transformation is a, whioh is not zero 
For the second tiansfoimation to r)', wo wish to put =3 5 , =r=; i;, 

and also to have yf ^y' Ono primitive transfoimation then romaina. If 
m tho equation yf ^ y' ^ dx+ ey-}-/z we introduce the quantities v), Z 
instead of x, y, 2 , we obtain tho second primitive transformation m the 
form 
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a a 


a J) 

d 6 


^ + 


l\a c\ 


a\d /I 


C 




Tho dotorminanfc of this transformation is - 
formation must then bo ^ 

a;' - 


a h 
d e 


4: 0 Tho iliird trans-^ 



d 

e 


a 

b 


d e 




h 



h 

o' + 

e 

h 

't 


a 

h 

S r 

a 

h 


a h 



d 



d 

t 



d c 



a h 0 


r:. 


3 The Geomotdoal Meaning of tho Determinant of Transforma¬ 
tion, and the Multiplioation Theorem* 


From the oonsidoiatiom of tho piovious eootiou wo can find tho 
goometrioal moaning of tho dotoiminant of an affine tiaiisformatiou and 
at tho aamo iimo an algobraio thooiom on tho mnltiplioation of 
dotorminonts 

Wo oonsidor a piano tiianglo with voiUcos (0, 0), («?|, 2/2), whoso 

area is given (section 2, p 14) by ilio foimula 


A 


Vi 


y% 


Wo shall mvostigato tho lelaiion hotwoon A and the aroa A* of Its 
imago obtamed by moans of a piimitivo afTino tiansformation 

txf ^ ax •\-hy 

y'^y* 


Tho veibiooa of tho imago tiianglo havo tho 00 oidlnaios (0, 0), 
4 62/1, Vx)i Vz)* thoiofore 

11 cw?x + hyi d- hy^ I 

M vi yz r 


A' 


Vi Vi 


Tbia doterminant, however, oan be transformed by tho thoororas of section 3 
(p 22) m tho followng way: 


ax^ + hji 

a*, + by. 

1 

axi 

ax^ 

a 

% 

a?a 

Vt 

Vt 

■2 

Vx 

Vz 

“2 

yx 

yz 


that is, 


(B012) 


A '« aA^ 


3 
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If we had taken tho primitive tiansfoimation 

a/ = » 

+ dijy 

we should have found in the aamo way that 

A'^U 

Wo seoj thorofoio^ that a primitive alTine transformation has tho effect 
of multiplying the area of a tuanglo by a constant independent of tho tn 
angle * Since tho general affino transformation can bo formed by oom- 
bining pumitive tiansformation% the statement romams tiuo for any 
affino transformation In Hit case of an affine iransfommtion the mlto of 
the area of an timge U tangle to the area of the o) tgtnal Inangle is constant 
and independent of the choice of triangle, depending only on the coefficients of 
the iranaformation In ordor to find this constant ratio wo conaidei m 
particular tho triangle with vertices (0, 0), (I, 0) and (0,1), whoso area A 
la Since tho image of this triangle acooiding to tho transfoimation 

^ ax + by 
if ^cx^dy 

haa tho vertices (0, 0), (o, o), (b, d) its area la 

1 la ^ I ^ ^ & 

2 |o d\ c d* 

and wo thus see that the constant ratio of area A'/A for an affine trans¬ 
formation 13 the detemnnani of the iransfiyi'inaUon 

For tranafoimationa in apace we can piocccd m exactly tho sumo way 
If wo consider tho tetrahcdion with tho vortices (0, 0, 0), 

Vv ^ 2 )f 2/a» subject it to the primitive transfoimation 

a/ oi ax + by + cz 
ffi ^ y 

tho imago totrahodron has tho vertices (0, 0, 0), (ax^ + + <^* Vv ^i)> 

{ax^ d- hy 2 + czzt ^g), {ax^ + Ve* h)» so that its volume V' is 

axi + 6^1 + 0 ?! ax^ + by^ + CZ 2 0 X 3 + l>I/a + 

Vi U 2 Ve 

^ ^ 

^ ^ ^8 
Pi P2 Va ^ 

^ ^3 

♦ If no vertex of tho trmuglo hes at tho origin, the same fact holds, m virtue 
of the general formula for tho area given on p 14, 
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where 7 is fcho voluino of tho oii^iiml tofciahccliou For tho volume of the 
imago given by tho piimitivo trnnsfoimation 

x' — x 

1/ ^ (h H- + fz 


wo Bimilaily find tliat 


r-eF, 


and foi tho prnnitivo Uanaformniion 


we find that 


z* ^ f/r -I- hj + ^ 


From this it follows that an arbitiaiy alTino iransforitiaiion ha'i tho oITcot 
of multiplying tho volume of a toUahcdron by a coiifliaut^* In older to 
find this constant for tho transfoimation 

a/ t=, ew; -b hj + o« 

v' ^ <1'^ + ey + 

2 ' « g% + Ay “h A 2 


we oonsidor tho totiahcdion with tho voiticos (0, 0, 0), (1, 0, 0), 
(0, 1, 0), (0, 0, 1), whoso imago has tho vortioos (0, 0, 0), («, d, (/), 
(6, et A), ( 0 , /, k) For tho volumes V' and V of tho imago and tho 
original wo tlieroforo have 


V' 


a h 0 
d e f 
g h I 


V » 


1 


honoo tho dotorminant 


a 

d 

0 


h 

e 

h 


f 

I 


IS tho constant Bought, 


Tho sign of tho dotoiminant also has a gcomoUloal moaning For from 
what wo have soon in section 2 (p 18) on tlio ooimoxion hotwcon tho sonso 
of rotation and tho volume of tho totiahcdion or area of tho tiianglo, it 
fo^o^vB at onoo that a tmiisfomiation mlU a 'poailive dHtrmxnant ^Ymm$ 
iliB semt of roiaiionj wUU a iransfonnalion wxih a ncgaiiv6 dclmninani 
reveraia xL 


no voitox of tho totrahodion oolnoidcs with tho oiJgin, this tliooiom 
follows from tho general formula for tho volume of a totrahodron (p, 18) 
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Wo now con^iclor tlio combination of two tranafoimationfl 

ixfa!)t, ■\-hy ^ m ji/' “ a^oif + 

ey-\-fz + e^y' 

« (/iu + hy -I- Jcz z" = gix' + hiy' + ljz\ 

s= (a^a + hid + Cig)x + (ai6 + + cji)y + (aiO -\- 6i/ + Cil)z 

i/' ^ {dia + Cyd fig)v + {djh + e^e + /j% + (d^o -h ej + fiL)z 

^ {0iO> + M + hu)^ + (Pi6 + M ^ ^1% + iOiO + hf+ 

A« wo pa^s from », y,«to y*, %* tlio volume of a totrahodron la multiplied 

by 

a, h 6 
d e f , 
g h h 

oa wo paas from 'c', y*, %* to y'\ by 

% hi Oj 

/i » 

9 i K 

and by direct oliango from a?, y, z to y*\ it is multiplied by 

OiOf + hid + Cig afi + H- cji %c + 6j/+ Cih 

diO, + Old + fig dfb + Cje + fji diO + Ci/+ fji , 

j/ia + hid + kig gfi + + hji giO + hjf+ hih 

Tliis gives uB the following relation, known as the theorem for the 
multiplication of determinants 


«1 

h 

<5l 

«a 

h 

^2 

dl 

«i 

/, 

d2 

ea 

/a 

9i 

h 

^il m 

h 

Ms 


Oid^ + hid2 + Cjg2 “b ^1*^2 "I' A 

= + ^1^2 + Si9% ^1^2 + + SJH diC2 -f- ei /a + • 

+ M2 + ^(/a + M + Pa<5a+^^1/2+Ma 

As before, we coll the elements of the detormmant on the right the pro 


% 

h 

Oi 

1 02 

6a 


duota of the rows of di 


ft 

and the columns of 

«a 

/a : 

ffi 

K 

h 

(72 

^a 

^ia 


the mtorseotion of the % th row and the k th column of the product of 
the determinants there stands the expression formed from the t-th row of 
^1 ^1 ^ 

di 61 fi and the i[^th ooliimn of dg /a Since rows and 

9x ^ K ?2 ^2 ^2 

columns are interchangeable, the product of tlia determinants can also 
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bo obtained by combining columns and rows, columns and columns, or 
rows and rows 

For two-ro^vod dotoimmants the corresponding thooiem of ooiuse 
holds, namely 


a^ l>j 


(*2 


ai“a + hh 


0l 


^2 ^ 


CjOj -j- 

CiCg + djidj 


(oombmmg lows and rows, &o.)* 


BXAMPLHfl 


1 Evaluato tbo following doteiminants 



3 4 6 


1 1 1 


111 


1 ae x” 

{«) 

4 6 0 

6 0 7 

. (b) 

1 2 4 

1 3 9 

. (0) 

2 3 4 

3-17 

. w 

1 1 / //“ 
1 » »» 


2 » Fmd the relation wluoh must exist between a, &, c m older that the 
system of equations 

St? + 42/ -h “ a 

ix + By + 

Bx + By c 

may have a solution. 


8 *, (a) Piovo the Incquabty 




a h 0 
it! V o' 
q!* b" o" 


g + 0^ + c®) d** {a"^ + o"^), 


(fi) When docs tho equably sign hold? 

4. What oonditions must bo satisfied in older that tho aiUno trans¬ 
formation 

o/ KSi ax + by, y* ^cx-^dy 


may leave tho distance between any two points imolmngcd? 

(>4 Piovo that in an alhno tiansformation tho imago of a quadiio 
ax^ 4* ^ + dxiy d- cxz fyz -b 0^ * 1 ** ^* 2 / - 1 - j «= 0 


IS another quaduo 

fl*. Prove that tho alllno tiansfoimation 

x! ^ ax + by + ez 

y' ^ (lx + 

z! ^ Qx -H by d- bz 

leaves at least one diiootlon unaltorod 

7. Givo tho formula) for a lotatioii thiougli tho angle 9 about tho axis 
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« y,!3c=l'0 —1 such that the rotation of the piano x=^ z iB positive 
when looked nt from tho point (—1, 0, 1) 

8, Prove that an alfino transformation transforms tho ooiitro of mass 
of a system of particles into tho centre of mass of tho imago portiolos 

0. If « Ya <Iettote the qiiiantities on p 6, doflimig a rotation of 

axes, thou 

«i Pi Y> 

«» Ps Y» == il. 

“8 Pa Ya 



CHAPTER IT 

Functions of Several Variables and 
their Derivatives 

Wo have already become acquamlod with functions of sovoral 
variables iU' Chapter X of Vol I, and thoio learned enough to 
appreciate their importance and usefulnosa Wo are now about 
to enter on a more thorough study of these functions, discussing 
properties wluoh wore not touched upon in the previous volume 
and proving theorems which there wore moiely made plausible. 
No proof in this volume will involve piovious knowledge of any 
proof developed m Chapter X of Vo! I. Yet the student is 
recommended to read that chapter, as tho intuitive discussion 
given there will assist him in foiming mental images of matters 
which are perhaps somewhat abstiact. 

As a rule a theorem which can bo proved for functions of two 
variables can bo extended to functions of moio than two variables 
without any essential change in tho argument In what follows, 
thei'cfoie, wo shall usually coniine oursolvos to functions of two 
variables, and shall only discuss functions of throe or more 
variables when some spooial pomt is involved 

1. Tnia Concept oe Fonotion in tub Cash oe 
Sevbbal VABiAnnES 

1, Functions and their Ranges of Roflultion. • 

Equations of tho form 

tt y, M = aiV) u— Iog(l —• ai® ~ y*) 

assign a fmdional value w to a pair of values {id, y). In tho 
first two of those examples a value of u is assigned to every pair 
of values (x, y), while in tho third tho oorrespondonco has a 

St) 
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meaumg only lor those pairs of values (oj, y) for which tho 
inequality < 1 is true. 

In these cases we say that u is th function of tho tndependeni 
variables co and y This expression wo use in general whonovor 
aomolaw assigns a value of u as dependent mnahle^ corresponding to 
each pair of values (a?, ij) belonging to a certain specified sot. Simi¬ 
larly, we say that u is a function of tho n variables • * * * 
if for every set of values O/g, , belonging to a certain 
specified set there exists a corresponding value of u 

Thue, for oxamplo, tho volume u “ xyz of a reoiangiilar parallelepiped 
IS a funotion of tho lengths of the three sides a;, y, z, the magnotio do- 
clination is a funotion of the latitude, tho longitude, and the time; tho 
sum + aia + ♦ . + la a funotion of the n terms x^, . , 

In the case of functions of two vanablos we repicsont the pair 
of values {x, y) by a pomt m a two-dimensional rectangular co¬ 
ordinate system with the co-ordmates x and y, and we occasionally 
call this pomt the argument point of the function. In the case of 
the functions u^x-Yy and u = x^y"^ this argument point can 
range over the whole of the ccy-plano, and we say that those 
functions are defined in tho whole try-plane, In the ease of tho 
funotion u ~ log(l — — y% the pomt must remain within the 

eirolo function is defined only for points 

inflido this oirolo. 



Fig, 1,—A simply-connected region Fig a,—A triply connected region 


As m the case of functions of a smgle variable, tho arguments 
in the ease of functions of several vanables may be either dis¬ 
continuous or continuous Thus the average population per 
state of tho United States depends on the number of states and 
on the number of inhabitants, both of which are integers On 
the other hand, lengths, weights, &c, are examples of continuous 
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variables In the future wo shall deal almost oxchxsivoly with 
parrs of continuously variable aigumonts, the point (», y) will 
bo allowed to vary in a dofimto “ region ” (or “ domain ”) of 
the a;y-pIano, corresponding to the “interval” in tho case of 
functions of one variable This region may consist of tho whole 
a;y-plauo; or it may consist of a poiiion of tho piano bounded by 
a single closed curve 0 which does not inteisoct itself (a “ simply- 
connected region ”, of fig 1), or it may bo bounded by several 
closed curves. In tho last case it is saiA to bo a “ multiply- 
connected region ”, tho number of tho boundary curves giving 
the so-called “ connectivity ”, fig 2, for example, shows a 
tiifly-oonnected region, 



Hff 3 —A rcctflngulnr region I 4 —circular legion 


The boundary emvos, and in fact ovoiy curve ooiisidorcd in 
this volume, will bo assumed to bo scctionaUy smooth * That is, 
wo assume onoo and for all that ovoiy such cinvo consists of a 
fimto number of arcs, each ono of which has a continuously- 
turning tangent at each of its points up to and including tho ond 
points Such curves, thoicforo, can at most have a fimto luimbor 
of coiners or cusps 

Tho moat impoiLant typos of region, which rcour over and 
over again in tho study of functions of sovoral vaiiabloe, aro (I) 
tho rectangular region (fig. 3), defined by inequalities of tho form 

o^y^.d, 

in which each of tho independont vaiiubles is restiicted to a 
dofimto mtcrval, and tho aigument point vaiios m a roctanglo. 




a» 


(b012) 


Gor. Btilchmse gUtU, 
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and (2) the ci'icular region (fig 4), defined by an rncquality of Uio 
form 

{x-a)^+{y^p)^^r% 

m which the argument pomt varies in a oirclo with lachns 7 
and centre (a, j8) 

A point P which belongs to a region R is said to bo an vnterior 
point of R if we can find a circle with its centie at P lying ontnoly 
within P* If P IS an mterior point of P, we also say that R is 
a neighbourhood of P Thus any neighbourhood of P will contain 
a sufficiently small circle with P as centre 

We may briefly remark that conespondmg statements hold 
m the case of functions of more than two independent variables, 
e>g of three variables a;, y, z In this ease the argument point 
voiles m a three-dimensional region instead of m a plane region, 
In particular, this region may bo a rectangular region^ defined 
by inequalities of the form 

a^x^h^ c^y^dy 

or a aphmeal region, defined by an mequahty of the form 
(aj — af -f (y — j8)^ + y)® ^ 

In oonolueion, wo shall mention a 6uor dlatmoiion, which, whilo scorcoly 
essontml for the purposes of tlus book, la noverfeheless of rniporfcanco ui 
more advanced study Wo sometimes have to consider regions whioh do 
not oontam tlioir boundary points, that is, tho pomts of the curves bound¬ 
ing them. Such regions ore called o^icn regtom (of tho Appendix to this 
chapter, p 08)* Thus, for example, tho region < 1 is bounded by 

tho onole 1, which does not belong to tho region; tho region 

is therefore open If, on the other hand, the boundary pomts do belong 
to the region, as will be the case m most of tho examples wbioh wo shall 
discuss, we say that tho region jb closed^ 

When wo are dealing with more than three indopondont 
variables, say a?, y, z, w, our intuition fails to provide a geometrical 
interpretation of tho set of mdependent variables Still, wo 
shall occasionally make use of geometrical termmology, speaking 
of a system of n numbers as a point m n-dimonsional space. 
By rectangular regions and spherical regions m such a space wo 
naturally mean systems of pomts whose co-ordinates satisfy 
inequalities of tho foim 
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or (a — af -|- (ly -- fi)^ -|- (z — y)® -|- (w — 8)® -\- 
respectively 

We can now give prooiso expicssion to our clofinitioii of tlio 
concept of function in the following woitls IfUtsa legion in 
which the independent va) tables x, y, ,« may vai y, and if a dcfimte 
vahie u is assigned to each point (x, y, .) ofths icgion accoiding 
to some laWy then u ^ f(x, y, , * ) ts said to be a function of the 
continuous indejyendent vai tables x, y, 

It IS to bo noted that, ]U8t as in ibo caao of functions of ono 
variable, a functional oonnspoiidonco associates a unique value of 
u witli the system of inclepcncleut variables a?, y, ,, Thus if the 
functional value is assigned by an analytical expicssion which 

V 

is multiple-valued, such as aiotan-, tins oxpicssion does not 

determine the funotion completely, On the contiary, wo have still 
to specify which of the several possible values of the expicssion 
IS to bo used; m the case mentioned, wo have still to state that wo 

aro to take tlio value ol aio tan - winch lies between ~ - and 

SB 2 

IT 

+ jT, or the value between 0 and w, or wo must make eomo other 
A 

Similar spcoifioatioii. In such a case we say that the expression 
defines soveial difCoront singlo-valuod handles of the function 
(of, Vol I, p, 17), If wo wish to consider all those bianohos at 
once, without giving any ono of them proforonco, wo may regard 
them as together forming a muUipU-mlucd function, In this 
book, however, wo shall make uso of this idea in Chap. VIII only, 

2, The Simplest Typos of Functions. 

Just as in tho oaso of funolions of ono vaiiablo, tho simplost fiinotionB 
are tho rational iniepal funotione or polynomtah, Tlio most gonoial 
polynomial of tho fust dogieo {linear fimoUon) is of tho form 

cw + hy+ 0 , 

whoro &, and o nxo constants Tho gonoial polynomial of tho sooond 
degroo lias tho form 

«oa® -h h%y + a/ + dx + eij + /. 

Tho general polynomial of any dogico is a sum of toims of tho form Vi 
whoro tho constants are arbitrary. 
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Mahonal padtiml funofciona aro quotionts of polyiiomiala, to i\m olfiaa 
belongs e g tbo linear fractional fimotion 

ax+hy+o ^ 
a'x + h'y + 6** 

By extraotion of roots wo pass from tho rational funotioufl to certain 
algebraic functions,* o g 



In the constniction of more complicated functions of several varmhloa 
we almost always fall back on the well known functions of ono variable,f 
®g 

u = 8m(a are oosy) or u =* logj^^, 

3. Geometrioal Representation of Functions, 

In Chapter X of Vol* I wo discussed tho two pimoipal mothocls for 
representmg a function of two mdopondont variables, namely (1) by 
means of the surface u «= /(a:, i/) in xyu space, dosoribed by tho point with 
CO oidmates (a;, y^ «) aa (a:, y) ranges over the region of definition of tho 
function u, and (2) by means of tho curves (contour bnos) in tho a:j/-plano 
along which ^4 has a definite fixed value L Wo shall nob repeat this dis¬ 
cussion here, If the student is not already porfeotly familiar witli tboso 
methods of geometneal representation, ho would be well advised to turn 
to tho previous volume and read the discussion given there (p 4C0 et 

% OoNTINinTY 

L Beflmtiou. 

The reader who is acquainted with tho theory of functions of 
a smgle variable and has seen what an important part is played 
in it by the concept of contmuity will naturally expect tliat a 
corresponding concept will figure prominently m tho theory of 
functions of more than one vaiiable Moreover, ho will Icnow in 
advance that the statement that tho function u=sf(x, y) ia 
continuous at the pomt (*, y) will moan, roughly speakmg, that 
for all points (^, rj) near (x, y) the valm of the function f(^, ij) 
vnU differ but hulefrom f(x, y). This idea we shall express more 
precisely as follows 

The function f(x, y), defneA m the region E, m continuous at 
the point (^, 7}) o/E, provided that for every positive number e it is 
possible to find a positive number 8 = S(e) (w general depending on 

♦Por an aoonrate doflnition of the term “ algohralo function ” boo p. 110. 

T Uf also the section on compound functions (p» (J9)» 
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€ and tending to 0 with e) such that for all potwis’*' of the legion 
whose d/istance from (f, ij) is less than 8 {that is, for which 

|/{®. y) 1?) I ^ s. 

Or, in otlior woids, tho relation. 

\f{^+h,r) + ^-mr})\^€ 

18 to hold for all pans of values (Ji, 1) siioli that + It? ^ 8® and 
the point (^ + /», ij -|- h) bolonga to tho icgioii R. 

If a function is continuous at every point of a region R, wo 
say that it is continuous in R 

In tho definition of continuity wo can rcplnco tho distance 
condition h^ + A* ^ 8^ by tho followuig equivalent condition 

To every e > 0 there shaU conespond two positive numbers 
8i and Sj such that 

|/(^ -h ■>? + 1) —/(^> I ^ « 

whenever | h | ^ 8^ and [ k j ^ Sj. 

Tho two conditions aro equivalent. For if tho original con¬ 
dition IS fulfilled, so is the second 
if wo take 8^ = 8j = 8/-\/2, and 
convorsoly, if tho second con¬ 
dition is fulfilled, so is tho first y 
if for 8 wo take tho smaller of tho 
two mimbors Sj and Sj. 

Tho followmg facts aro almost 
obvious' 

The sum, difference, and pro¬ 
duct of continuous functions are o ~ 
also continuous. The quotient of Hg. s.—noun(inry point 
continuous functions is continuous 

except where the denominator vanishes. Continuous functions of 
continuous functions are themselves continuous (of section 6, No, 1, 
p. 70). In particular, all polynomials are continuous, and all 
rational fractional functions are also continuous except where the 
denominator vanishes,'\ 

* I?ig, 6 niuBtraioB tho oobo whoro (f, Hoa on tho boundaiy of It 

t Another obvious fiiet, which, liowovor, Is woith stating, is ns follows, 
\f a funcUo7h f(x, y) ts contmuoue a regton It and iff dijfereni from zero al fwi 
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A funotion of several vanablea may Iiave disooniiiuiities of a muob 
moro eomphoated typo than a funotion of a smglo variablo For oxamplo, 
(lisoonfcmuitiea may ooour along whole arcs of omvcg, as in tho case of tlio 
funotion u ^ y/vt whioh is disoontmuous along tho whole Imo a; 0 
Moreover, a function f(x, y) may be continuous in x for each fixed value 
of y and continuous in y for each fixed value of x and yot be a discontinuous 

2't V 

funotion of a? and y* This is exemplified by tho funotion f{x, y) = , 

-f- y^ 

^(0, 0) 0 If we take any fixed non zero value of y, this funotion 

18 obviously continuous as a funotion of x, as tho denominator onnuot 
vanish If i/ ^ 0, we have J(x, 0) 0, whioh is a oontmuoua func¬ 

tion of X, Similaily, /(ic, y) la oontmuoua m y for each fixed value of 
X, But at every pomt on the line y=^x, except the point x^ y^ 0, 
wo have f{x, y) =» 1, and there are points of tins line arbitrarily oloao 
to tho origin Hence the function is disoontmuous at tlio pomt 
= y 0» 

Other examples of disoontmuous functions will ho found m Vol I 
(p 404) 

2 The Conoept of Limit in the Case of Several Variables. 

Tho concept of the bioit of a function of two variables is 
closely related to the concept of continuity Let ua suppose that 
the function/(a?, y) is defined in a region JB, and that (^, 17) is a 
point either within R or on its boundary. Then the statemont 
that tho limit of f{Xy y) as x tends to | and y tends to 17 is i is 
to be understood as having the following moaning; for every 
c > 0 thene a 8 > 0 such that 

ftyr aU points {x, y) Ufor which the inequality 

holds It IS to bo noted that, just as in the case of functions of 
one variable, the pomt (a:, y) ns required to be distmot from tho 
point (^, rj) 

We symbolize the existence of the limit I by writmg 
to /(», y) = i!, or/(!c, y)-^la,a (», y) (^, t)). 

y^T} 

^7tter^or pomt V of the region, it poaeible to mar hi off about P a neighbourhood, 
aay a circle, belonging entirely to R, in whch f(x, y) la nowhere equal to zero, 
For if tho value of the function at P is a, we can mark off about P a cirolo so 
small that the value of tho funotion m the oirolo differs from a by loss tlian 
fl/2 and tliorofore is certainly not zero 
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For emphasis this is sometimes read “the double limit as x 
tends to ^ and y tends to ij oif{x, y) is I ” 

Using the language of limits, we can say that a fimotion 
f{tx, y) 18 continuous at a point (^, r/) if, and only if, 

hm f(x, y) —fit ij). 
y->v 


Wo can SCO tlio matter in a now light if we consider sequences 
of points Wo shall say that a sequence of points (aii, y^), 

• • • > (*flj !/n). • • tends to a limit point it v) tlio distance 
V{i^n— iVn— ’?)*} tends to 0 as n inoieasea Wo can then 
show at once (of. Vol I, p 47 ) that if/(a, y)~-flas («, y) ^ ij), 
then lim /(®„, y„) — I for every sequence of points (®,„ y„) m R 

n->oo 

which tends to it i?) The converse is also true; if lim/(a!„, y„) 

exists and is equal to I for every sequence (*„, y„) of pomts in R 
tending to {t fj), then the double limit of/(», y) as ®->- ^ and 
y-> 7 ) exists and is equal to I We omit tho pioof of this 
In our definition of lumt wo liavo allowed tlio point {», y) to 
vary in the legion R If wo so desire, however, wo can impose 
restrictions on tho point {a, y) For example, we may require it 
to ho m a sub-region R' of R, or on a curve G, or in a set of points 
M in R. In this case wo say that/{!e, y) tends to I as {x, y) tends 
to it rj) m R' (or on G, or in M) It is of course understood that 
R' (or 0 , or M) must contain points arbitrarily close to it tj) in 
order that tho definition may bo applicable 

Our defimtion of oontimuty then implies tho two following 
requirements’ (1) as (x, y) tends to (^, ij) in R the function 
f(x, y) must possess a limit J, and (2) this limit I must coincide 
until the value of the function at the point it v) 

It is obvious that wo could dofino continuity of a function, 
not only m a region R but also, for example, along a curve 0 , 
m tho same way. 


3, The Order to which a Fnnotlon Vanishes.* 

If tho function/(», y) is continuous at tho point (|, tj), the 
dilloronco/(», y) — fit 'q) tends to zoio as ai tends to ^ and y 
tends to tj. By introducing tho now variables h — x — ^ and 


♦ Tins Bub Bootion mivy bo omtllod on iv flrst rondjUR. 
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2 / oj W 6 can expioss this as follows* tho function ^{hf h) 
V 'h i) v) variables h and Jc tends to 0 

as h and h tend to 0 

Wg shall fiequently meet with functions such as 0 (A, lo) 
which tend to zero as li and h do, As in tho case of one in¬ 
dependent variable, for many purposes it is nacfiil to describe 
tho behaviour of ^(A, t) as A -^0 and A “>0 more precisely 
by distinguishing between different orders of vanishing or 
orders of magnitude ** of 1) For this purpose wo base 
our comparisons on the distance 

p V/i® + F (y -- 


of the point with co-ordinates a? = ^ + A and y =5 77 + A from 
tho point with co-ordinates ^ and tj, and make the following 
statement* 

A functi.m (i|i(h, k) vamshes as p-^0 to the same order cts 
p =s Vh^ + k^j or, more predsely, to at least the same order as />, 
fromded that there %$ a constant C, %ndej}endent of h and k, 
swcA that the tneqmhtij 


P 


^0 


holds for all suffimently mall vahes of p, or, more precisely, when 
there is a 8 > 0 such that the inequality holds for all values 
of A and h such that 0 < < 8 , Further, wo say that 

P 


<^(A, h) mmshes to a hgher order t than p if the quotient 


tends 0 cw p 0 This is sometimes expressed by tho sym¬ 
bolical notation J ^( 7 ^, h) o(p), 


* In tho older literature tho expressions ^(A, Xj) becomes infinitely small 
aa A and ^ do ” or “ 1) is infinitesimal" are also found These statomonfcs 

havo a porfeoHy definite moaning if wo regard them simply as another way of 
saying ^ M, A) tends to 0 as A and A do ”, Wo nevertholeas prefer to avoid 
tho misleading expression “ infinitely small ” ontiroly 

In order to avoid confusion, wo would oxproaaly point out that a higher 
order of vanishing (or p^O Implies smaller values in tho neighbourhood of 
«s 0, for oxam^e, p> vanishos to a higher order than p, and p* la smaller 
than p, when p is nearly 2 ero 

J Tho letter 0 is of course chosen hcoause it is the first letter of the word 
cw^fer If wn wish to express tho statement that i^(A, 1) vanishes to at least the 
flame order as pi but not necessarily to a higher order, wo use the letter 0 instead 
of 0 , writing ^(A, h )« 0(p), In this book, however, we shall not use this 
symbol, 
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Lot UB now oonsKlor a fow o\amploB* Sinco 

1^1 ^ I 1^1 ^ t 

tho oompononts h and h of tho distanco p m tlio directions of tho x- and 
y axoa vanish to at least tho samo oidor as tho distanoo itself Tho samo 
IB tniG for a linear homogoncons funotion a/i+W(j with constants a and h, 

or for tho funotion p sini. For fixed valiioa of a greater than 1 tho power 

p“ of the distanco vanishes to a higher oidor than pj symbolioally, 
p*r=5o(p) for a > 1» iSnmlaily, a homogoncous <xua<lratio polynomial 
-h hhk 4- ok^ in tho variables h and k vamshes to a higher oidor than 
p oa p “> 0. 

ah^ + hhJc 4 o(p)* 

Moro generally, the following dofimiion is used. If tlio 
eomparison function w(h, Jc) is defined for all noii-zoio values 
of (7t, A) in a sufficiently small circle about tlio oiigm, and 
IS not equal to zero, then </>(/{, Jc) mmsJies to at least the samo 
ordet as uiQi, Jc) as p -> 0 if for aorao suitably chosen constant 0 
the relation 

’ Ehl !}\<0 

o){Ji,Jc) - 

holds, and similarly, ^(h, Jc) vamsJies to a JngJter mder than co(7i, 7c), 
or 0(7i, Jc) — o(w(7i, 7c)), if 0 when p -> 0, 

/C) 

For oxamplo, tho homogoncous polynomial ah^ 4 4 cifc® ia at least 

of tho same order as p®, sinoo 

1 aft® 4 4 c/cM ^ (I «I + J I M + I 01) 

Also p (P i<^gp) ^ (Vol I, p. 106). 

\ [log P [ / /I —>. 0 

Examples 

1« Llsouss tho behaviour of tho fimotions 
(a) 

(&) + y* 

m tho noJghboiuhood of tho ougin, 

2 How many constants docs tho general form of a polynomial P(a?, y) 
of dogroo n contain? 
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3 Provo that the expression 

at^ + hxy^ + ca^y + dy^ 

vanishes at jw = y = 0 to at least tho same order as p® — 

4, Find the condition that the polynomial 

P s=: aa,® + + cy^ 

fB of exactly tho same older as m the noighboiuhood of a? 0, y *== 0 
P p® 

(i 0 , both — and — aro hounded)* 

p i 

6* Aro tho followmg funotions contmiioiis at a; ^ = 0? 


+ 2rtj + 

+ * 


(^) <1,3 + ,/ 


a;® — 2%y -h 

(/)l»l''. (!?) 


J V “• — ^ I 

(G) e 


(A)* 12/11*1 


V(«» + 2/») 


6. I^d a 8(e) (p. 44) for those funotions of £■?, S which aro contimious 


3. The Derivatives op a Function 

1. Definition. Cieometcioal Representation. 

If in a function of several variables wo assign definite mimen- 
oal values to all but one of tbe variables and allow only that one 


r 



Flj. 6 Fig. 7 

Bectlont of « ■< /(*, ji) 


variable, say a>, to vary, tho function becomes a function of one 
variable Wo consider a function «=/(», y) of the two variables 
® and y and assign to y a definite fixed value y = ~ ® 

funotion u=f(x, y^,) of tbe single variable a> which is thus 
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formed may to roprcsontod goomotrically by lotting tto piano 
y — ya cut tho swfaco u~f{x, y) {of figs 6 and 7) 'Flio 
curvo of intoiBootion ttua formed m tlio piano is reprosenlod by 
the equation u = f{x, y^). If wo difEoiontiato this fimction m 
tho usual way at tho pomt a; = aig (wo assmno that tho donvativo 
exists), wo oWin tho partial derivative of f{x, y) with resped to x 
nt the point (»(,, According to tho usual dofimtion of tho 
donvativo, this is tho limit 

+ yo)~-/(%yo) 

;i->o h 

Qeometnoally this partial donvativo donoioa tho tangent of tho angle 
between a parallel to tho ij-axis and tho tangent lino to tho curve 
w = /(a?, y^) It is thoioforo tho slope of the mrface u «= f(x, y) %n the dircc- 
Uon of the x axis 

To ropiosont these partial derivatives several dilloront nota¬ 
tions are used, of which wo inontion tho following: 

J,.) „ 

If wo wish to emphasize that tho partial derivative is tho limit 
of a difloionoo quotient, wo denote it by 

9/ 9 r 

dx dx 

Hero we use a special round letter 9, instead of tho ordinary d 
used m tho differentiation, of funotions of one variable, m order 
to show that wo are dealing with a fiinotion of several variablos 
and diftorontiatmg with respect to one of them, 

It is sometimes oonvoniont to use Cauohy^s symbol D, mon- 
bioned on p. 90 of Vol I, and wiito 

but wo shall seldom use this symbol. 

In exactly tlio same way wo dofino tho partial dorivativo of 

♦ If (jco, Ja a pomt on tho houndary of tho region of doflnition, wo malco 
the rosfcrlotlon that in tlio passago to tho limit tho i)ofnt (aj + A, y^ must always 
remain in tho region 
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/(®, y) with respect to ^ at the point {®o> t/o) by the relation 

Tills tepresonts tile slope of tlie cuive of nitorscction of tlio BiiifaCG 
u = with tlie piano Xq porpondicular to tho tu-axis 
Let us now tMnk of the point (i» 0 , j/q)) hitherto oonsidorod 
fixed, as variable, and accordingly omit tho suflixos 0 . In other 
words, wo think of the differentiation as carried out at any point 
(», y) of the region of definition of /(a;, y) Then the two doriva 
tives are thepaselves functions of x and y, 

s ^)==/«(®. *^<1 “»(*» y )— 

JFor examplo, the funotion -{'if hoa tho pai bml dorivativoB 

2 =j 2x {m differentiation with respect to x tho toim is logaided as a 
oonatant and so has the derivative 0) and Uy ^ 2y Tho paitial donvatives 
of «. =ss are and Uy = 

We Similarly make the following definition for any number n 
of independent variables, 

df (a?i, ^ K ^9 * *) ^n) /(%> j 

dx^ /i~^o h 

^/a5i(%> * > ^n) ^ * * * > 

it being assumed that the limit exists 

Of course wo can also form higher paHial denvattves o£f{o>t y) 
by agam differentiating the partial derivatives of tho first 
order y) and fy{x^ y), with respect to ono of tho variables, 

and repeating this process* Wo indicate tho order of differentia¬ 
tion by the order of the suffixes or by the order of tlio symbols 
8 a? and dy in the denominator ”, fiom right to loft,**’ and use 
fche following symbols for the second derivatives* 



♦ In Contluental usage, on tho other hand, ^ la wrlUon 
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III 



Wo lilcowiso clcnolo the tliucl partial donvativos by 

9Y_. 

0a! 

8 m\ _ _0»/ _ 

0yV0a:V"0y0a,a 

^/0y\_ 

03! \0a!0y/ “ 8a!a0y 
and in general the n-th donvativos by 

^/0^-j/\_0’'/_ 

8a! \^"“v ”” 0a<" ”/*"» 

9/S'-yN 9y ^ 

dij \dx^-y “ 0J/0ai"-i 

In practice the porformanoo of partial diflcrontiations involves 
nothing that the student has not mot with already. For accoidmg 
to the dofimtion all the independent variables are to bo kept 
constant except the one with icspcct to winch wo arc diftorontiat- 
ing Wo therefore have merely to regard tho other variables as 
constants and carry out tho differentiation according to tho rales 
Dy which wo diHercntiato functions of a single mdepondont 
variable, Tho student may novortlieloss find it helpful to study 
tho examples of partial didoiontiation given in Chapter X of 
Vol I (p. 4G9 el seq.) 

Just as in tho case of one independent variable, tho possession 
of derivatives is a special piopoiby of a function, not enjoyed 
oven by all continuous functions,All tho same, this property 
IS possessed by all functions of practical imporlaneo, except 
perhaps at isolated exceptional points. 

*Por an explanation of tho toim difToronllahlo which InipHod more 
than that tho jmrtial dorivalivoa with rospoot to «j and y oxiat, boo p» 00 
ti 9tq, 
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2. Continuity anfl the Existence of Partial Derivatives with 
respect to x and y. 

In tlio case of functions of a emglo vaiiablo, wo know that 
the oxifitenco of tho derivative of a function at a point implies 
the continuity of the fimction at tliat point (of Vol I, p 97) 
In contrast with this, the possession of partial derivatives does 
not imply the continuity of a fimotion of two variables o g. the 


function u (», y) 




, with u (0,0) — 0, has partial doiivativcs 


03 ®—|- 

evoiywhoro, and yet we have already seen (p 46) that it is discon¬ 
tinuous at the origin Geometrically speaking, tho existence of 
partial derivatives restricts the behaviour of the function m tho 
directions of the ai- and j/-axes only, and not m other directions. 
Nevertheless tho possession of bounded partial derivatives docs 
imply continuity, as is stated by the following thooiom. 

If afunclwn f(x, y) has yartial derivatives U and fy eves ywhere 
in a region R, and these desivatives evesywhere satisfy the in¬ 
equalities 

J/) i < ^. \fv{<»> y)\<M., 


where M is independent of x and y, then f(x, y) is continuous 
everywlme m R 

To prove this we consider two points with co-oidinates (a;, y) 
and {x-\- h, y-\-h) respectively, both lying in the region K. 
We further assume that the two Ime-segments joming these 
pomts to the point (a; -\- h, y) both lie entnoly in R, this is 
certainly true if y) is a point mterior to R and tho point 
[xh, yh) lies sufficiently close to (ai, y), We then have 

/(® + A, J/ + h) —f[a, y) = {/(a; -f A, 2 / h) —f{x -f h, j/)) 

+ {/(»+/».«/)-/(«, 2/)}. 

The two terms in tho first bracket on tho right difEor only m 
those m the second bracket only in x. Wo can therefore trans¬ 
form both tho brackets on the right-hand side by moans of tho 
ordmory mean value theorem of the difEcrential calculus (Vol. I, 
p 103), regarding the first bracket as a function of y alone 
and the second as a function of x alone We thus obtam the 
relation 


fix-i-h,y + h)— /(as, y) = jfc/,(a: +hy-\- 6ft) + hffp -f- Qfi, y), 
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where 0-^ and 0^ are Wo munbois heWcon 0 and 1 In other words, 
the derivative witli respect to y is to bo formed for a point of the 
vertical Imo joining y) to (aj+7i, y+l)y and the deriva¬ 

tive with respect to x is to bo foimcd for a point of the horizontal 
line joining (a?, y) and (tc + /i, y) Since by hypothesis both 
derivatives arc less in alisolute value than M, it follows that 

t/(» + n, y -I- h) -f(x, y) I ^ M(| /i 1 -h I h I). 

Por Buffioiently small values of h and h the ngM-liand side la 
itself arbitrarily small, and the continuity of/(», y) is proved 

3. Change of the Order of DifEerontiation. 

In the examples of partial differentiation given in Vol. I it 
will bo foimd tbat/„j, =: other woi’ds, it makes no difforenoo 

■whether wo diflorentiato first with icspeot to x and then with 
respect to y, or first with lospcct to y and then with respect 
to X Tins obsoivation depends on the following important 
theorem' 

If the “ mixed ” fwilial denvattves fxy and fyx of a function 
f(x, y) are continuous in a region 11, then the equation 

fv» ” futv 

holds throughout tJui inteiior of that legion, that is, the order of 
differentiation until respect to x and to y is wimaiei lal 

The proof, liko that of the piovious aiib-sootion, is based on 
the mean value theorem of tho diflcrontial calculus Wo consider 
the four points {x, y), {x + h, y), {x, y + h), and {x -|- h, y + It), 
where /t =]= 0 and 7c =|= 0 If (», y) is an interior point of tho 
region li, and h and It are small enough, all four of those points 
belong to H. Wo now form tho expression 

A^f(x+ li, y + 7c) ~f{x H- h, y) —f{x, y -|- 7c) +f{x, y). 

By introducing tho function 

^{x) =f{x, y -f 7c) ~f{x, y) 

of the variable x and legarding tho variable y merely as a " para 
motor ”, we can write this expression in tho form 

A — fl>{x -|- h) — ^i(®). 

Transforming tho right-hand side by means of tho ordinary 
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mean value theorem of the diffeiontial calculus, wo obtam 

jd = ^ 

where d lies between 0 and 1 From the definition of how¬ 
ever, wo have 

f y+l) y)i 

and since wo have assumed that the mixed ** second partial 
derivative does exist, wo can again ajiply the mean value 
theorem and find that 

A ^ lilfyJflD + Sh, y + 07(j), 

where 6 and 0' denote two numbers between 0 and !♦ 

In exactly the same way we can start witli the fimction 

^{y) + k y) y) 

and roprosont A by means of the equation 

A — ifi(y + k)- tjiiy). 

We thus arrive at the equation 

A=hlfa^{x 6ih, y + $iJe), where 0 < < 1 and 0 < < 1, 

and if we equate the two expressions for A wo obtain the equation 

fvJp + Oh, y+ 6'k) =/w(® + Oik y H- Oi’k). 

If here wo let h and 7c tend simultaneously to 0 and recall that 
the derivatives fa„(x, y) and/„„(«, y) are continuous at the point 
(as, y), wo immediately obtam 

y) y)> 

which was to be proved.* 

* For moro rofinod mvostigationa \i is often iisoful to know that tlio thooiom 
on the roveraihiUty of the order of dilloroniiation can bo proved wifcli wcaicor 
bypotboeos It jb, in fact, Bufficiont to aasiimo that, m addition to tho ill at 
partial denvativea /q, and/y, only one mixed pailial derivative, say exisla, 
and I hoi this der native ta conltnuous at t/ie^oint in quealton^ To piovo thia, wo 
return to the above equation 

-d /(iX) + A, 2/ + ft) - /(a? + h, y) - f{x, y k ft) + f{x, y), 

divide by hi, and then let ft alone tend to 0 Then tho right hand side has a 
bnut, and tboreforo the left hand bicIo also haa a limit, and 

iim ^ y) ~y) . 

ft 
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The theorem on tho lovojsibility ol the order of diEcicntiation 
has lar-roacliing conaoqucncos In paiticuhir, wo see that tho 
miniber of distinct deiivativcs of tho second order and of higher 
orders of functions of several variables is decidedly smaller than 
we might at first have expected* If we assume that all tho 
derivatives wliicli wo are about to form aro continuous functions 
of the mdopcnclont variables in the region under considoralion, and 
if wo apply our theorem to tho functions/a;(aJ, 3/),/i/(i*J, y)yfxv{^> 2/)> 
&o, instead of to tlio function/(a;, y), wo aiuvo at tho equations 


fxxy ^ i/avca ^ fvxxi 
Saw ^ fvxy ^ fvvoii 

fxxvv ^ fxvxv ^ favvx ^ fvitxv ^ fva^voi “ fy] 


and m general wo havo tlio following losult* 

In the repeated dijferenttaiion of a funcHon of two %ndepmdeM 
lahles the order of the differ entiahons may he changed at mlli p o- 
mded only that the derivatives in question are continuoiis functions ^ 


Ihirthor, it was proved above with tho solo assumption that/^j, exists that 

In virfcuo of tho assumed coiiimwity of we find that for nrbiiraiy €> 0 
and for all suiTioiontly small values of k and h 

fyxi^* y) ® ^ ^ y 0 h) <^f y) H 

whonoo it follows that 




/i/at + 7t, y) 
n h 


:/#(*> V) 


• fv3,(«> V)> 


that is, y) ~ y), 

♦It is of funclamontal intoiost to show by monne of an oxainplo 
that in tho absoiioo of tho osHumpilon of tho oonUnuily of ttio aoooiul 
dorlvatiTO /«, or tho thoorom ncod not bo Icno, and that on tho oonliary 

oan difTor from This is exomplifiod by tho function /(a, y) - 'ey ^ y , 

/(0| 0) => 0, for whioh all tho partial dorlvativos of floooiid order exist, but aro 
not continuous. Wo find that 


w. ./I -1- feJfLjaJi -1,„ , ^ 

>0 ^ »“>o ^ 1 y 

/*(«, 0) ° lim „ 11,n a, x, 

■'*' ,/_>o y v->o ^ J/' 

and oonaoquontly 

A«(0,0)- ^land/^(0,0)- +1* 

These two expressions aro difforont, whioh by tho above thoorom can only bo 
due to the discontmuity of at tho origin 
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With, oiu: assumptions about contimiity a function of two 
variables lias three partial derivatives ol the second oidor, 

f« 06 } favi fvVi 

four partial deiivatives of tlio third order, 

fxxv> fxvv^ fvvvf 

and in general (n + 1) partial derivatives of tho n-th order, 

It IS obvious that similar statements also hold for functiona 
of more than two independent variables For wo can apply our 
proof equally well to the interchange of difEorontiations with 
respect to cc and z or with respect to y and &o, for each in¬ 
terchange of two successive differentiations involves only two 
independent variables at a time, 


Examples 

1 How many n-th deuvatives has a function of thieo vanahlos? 
2, Prove that tho function 

1 




satiafles tho equation 




3 Caloulato 


4 Prove that 




^ a+x b 0 
^ e + x f , 

g h & + 0 ? 


gs fM A(») /,(*) //(*) h'{x) /a'(r) 

Ot{y) gM = Uiiy) g/iy) . 

hM hM m ?»,'(*) h,'(z) h,\z) 


5 Considering 


a h 0 
D- d e / 
g h h 


Eis a funoiion of the nine Toriables a,h, , »it, prove that 

(a-) aX)f^ + hDf, + = D, 
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(b)* 



■£>(, 

Dc 

Da 

D, 

D, 


Dh 

Dk 


= J)». 


4 The Total Differential of a Funoiton and its 
Geometrical Meaning 

1. Tiie Concept of Diileroatialnlity. 

In the case of fimotions of one vaiiablo the oxistonoo of a 
derivative is inOunatoly conneoted with tho possibility of approxi¬ 
mating to tho function ij=/(^) m tho noighboiirliood of tho 
point« by means of a Imear function — ^(0 This linear func¬ 
tion IS defined by tho equation 

Geometrically and ij being current co-ordinates), this lopresents 
the tangent to tho curve 'r)—f{C) ^t tho point P with tho co¬ 
ordinates ^ = and ij =/(»); analytically, its characteristic 
feature is that it difleis fiom the fimction/(^) in tlio noiglibour- 
hood of P by a quantity o(/i) of higher Older than tho abscissa 
h= ^~x(of p 4.8) Ilonco 

m - <1,(0 -/(*) -a- *)/'(®) - o{k) 

or, otherwise, 

/(»-f h) —f(x) -- hf{x) — 0 (h) — eh, 

where s denotes a quantity which tends to zero as h does. The 
term hf'(x), tho " Imoar part ” of tho incroinont of /(») corre¬ 
sponding to an increment of h in tho indopondont variable, wo 
have already (Vol I, p 107) called the differential of tho function 
/(») and have denoted it by 

dy — df(x) = hy' — hf(x) 

(or also by dy == y'dao, since for tho function y = ® tho differential 
has tho value dy = dx~l X h) Wo can now say that this 
differential is a function of tho two independent variables 
X and h, and wo need not restrict the variable h in any way 
Of oomse this concept of differential is as a rule only used when 
h IS small, so that the differential hf'(x) forms an approximation 
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to tho diflcitmm h)-—f{x) wluch is accurato enougli for 
ilio particular puiposo, 

Converaely, instead of beginning with the notion, of tho don- 
vative, wo could have laid tho emphasis on tho requiromont tliat 
it should bo possiblo to appioximate to the funotion 7 } ^ f(^) 
tho neighbourhood of ilie point P by a Imear function such that 
the difierence between tho function and tho lineax approximation 
funotion vanishes to a higher order than tho increment h of tho 
independent variable. In other words, wo should require that 
for the function/(^) at tho point there should exist a 

quantity A, dependmg on x but not on h, snob that 

f(x + h) --f(x) =- Ah + oQi) ^ Ah + eh, 

whoro € tends to 0 with h This condition is equivalent to 
the requirement that/(a?) shall be diEorontiablo at tho point x\ 
the quantity A must then be taken as tbo derivative/'(a?) at the 
point oj, We see this unmodiatoly if we rewrite our condition in 
the form 

h 

and then let h tend to 0. Differentiability of a function with 
respect to a variable and the possibility of approximating to a 
function by moans of a linear funotion in this way ore thoioforo 
eqmvalent properties 

If wo notice that id + € — a(aJ, 7i) is a function of h which 
tends to A(x) as A-^0, wo arrive at tho equivalent definition: 
f{x) is said to be differentiable at tho point x if f(x + h) —/(£») 

ha{x, h), where the quantity a(aj, h) is continuous, as a funotion 
of A, at il = 0 

These ideas can bo extended in a perfectly natural way to 
functions of two and more variables. 

We say that tho funotion u^f(x, y) is d%ffe/rGniiahU at tbo 
pomt {x, y) if it can be approxunated to m tho neighbourhood of 
this point by a hnear funotion, that is, if it can be represented 
in the foim 

f(x + A, y + h) ^f{x, y) + Ah + Bk + eji + 

where A and B are mdependent of the variables h and k and 
where and cg tend to 0 as A and k do. In other words, tho 
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difference between the function /(® -J- A, y -]- h) at the point 
(« -f* y + /i-) and the fimctiou /{ic, y) -|- Ah -1- Bh winch la 
hnear m h and It must bo of the order of inagmtudo* o[p)y tliat la, 
must vanish as p ~>0 to a higher order than the distance 
P = + h^) of the point (a) + /i, ^ + h) flora the point {x, y). 

If such an approximate representation is possible, it follows 
at once that the function /(a;, y) can bo paitially difloroutintod 
with respect to » and to y at the point (», y) and that 

U~ A and/„ == B. 

For if we put /c = 0 and divide by h wo obtain the relation 

_ A I - 

r--^+*1- 

Since tends to zero with h, as wo pass to the limit 7i 0 the 
left-hand side has a hunt, and that limit is A. Similarly, wo 
obtain the equation /„(», y) — B 

Conversely, wo shall prove that a function « = /(», y) is 
difiorontiablo in the sense just defined, that is, it can be approxi¬ 
mated to by a linear function, if it possesses continuous deriva¬ 
tives of the first order at the point in question. lu fact, wo can 
write the increment 

Am == f(x -h Ji, y -I- h) —/(«, y) 

of tho function in the form 

Am = [f(x -h h, y -I- h) —/(*, y -f /d)} -|- {/(», y H- h) —f(x, j/)}. 

As before {p. 64), tho two braclcots oan bo expressed in tho form 

Am = hfj^x -I- OJi, 1/ H- A;) -f y + OJe), 

using tho ordinary moan value theorem of tho difforontial 
oalculns Since by hypotbosis the partial doiivativos f„ and 
ate continuous at the point (», j/), wo can write 

/»(® + Vi, y -1- ft) =/„(», y) -f ej 

* Tilo eqiilvalonoo of tbeso two dofliiilioiis follows finm tho following roraarUr 
tlio inequality [ cjft + | ^ | € | I h'^) always holds, whom c «• I fii | 

4- [ fa j and tends to 0 as and ca do, Honco tho sooond donniiion of dlfforontl 
aWlity follows from tho Brst Again, smeo | 1 it’) | g | c (I ft I I Ai |), 

if tho SGoond condition Is fulflUod tho diflorenco hotwcon tho funoUon and tlio 
Unoar ajiproximation is of tho form 0e(|ft| | U|), whoro H 

whence it follows that tho roquiremonla of tho Ursl doAnliioii ato also fulHllod, 
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and f^{x, y + OJ,) = Ux, y) + c^, 

where the numbers and tend to zero as h nird Je do. Wo thus 
obtain 

Am = 7t/„(a:, y) + Jcf^[x, y) -j- e^h + eji 

= y) + y) + o(-\/h^ - 1 - 1% 

and this equation is the expression of the above statomont,* 
"We shaU occasionally refer to a function with continuous 0rst 
partial derivatives as a continuously differentiable function If 
m addition all the second-order partial derivatives are continuous, 
we say that the function is twice continuously differentiable^ 
and so on, 

As in the case of functions of one variable, the definition of 
difierentiabihty can bo replaced by the following equivalent 
definition: the function/(a?, y) is said to he difterontiablo at the 
point (a?, j/) if 

fix + y + fc) - y) ^ ah + 

where a and j5 depend on Ji and h as well as on x and and are 
continuous as functions of h and h for A == 0, Z; = 0. 

No further discussion is required to show how these oonsidera- 
tiona can be extended to functions of three and more variables* 

2. Differentiation in a Given Direction. 

An important property of difforontiable functions is that they 
not only possess partial derivatives with respect to x and or, 
as wo also say, m the x- and y-direotions, but they also have 
partial derivatives m any other direction By the derivative in 
the direction a wo mean the following* 

Yfe let the point ix-\- h, yh) approach the point {x, y) in 
such a way that it is always on the straight line through (a?, y) 
which makes the constant angle a with the positive a?-axis In 
other words, h and h do not tend to 0 independently of one 
another, but satisfy the relations 

A=pcosa and ft =5 p sin a, 

where p is the distance ^/{h^ + ft^) of the point (a: + ft, y 4* 

* If wo aBSumo tho existence only, and not the continuity, of the dorivativos 
/a, and/^, tho function k not necosaarUy differentiable (of, p, 06 et seq ), 
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from tlio point (a;, y) and tonda to 0 as A and h do If as nsual 
wo tireu form tlio dilleronco /(« + y + ^ —/(»> y) mid divide 
by p, we call the limit of tlio fraction 

V) - hm 

p->0 P 

fclio derivative of tlio fmiotioii/(a5, y) at the point (a?, y) m ilie 
direction a, provided that tlio limit exists In paiticulai, wlion 
a = 0 wo have & — 0 and p, and wo obtain tho paiUal 
derivative with respect to x, when a 7 r /2 wo have 7i = 0 and 
p, and wo obtain tho paitial doiivativo with lespoot to y 
If tho function/(ai, y) is diftorontiablo, wo have 

f{x + /i, y + h) -/(tr, y) ^ hf„ + hfy + ep 

p(/« cos a -H Jy sin a + e). 


As p tends to 0, so does and/or the denvaUve in the diACOiion 
a we ohimn the expemon 

Aa)/(^) y) ^ /«^+/v 


it IS the) efore a linear function of the derivatives 4 ctnd fy in the 
X- and j-dviectionsj mth the GoejfiGients cos a and sin a This result 
always holds good, provided that tho doiivativos f^ and /y exist 
and are continuous at tho point m question 

Thus for the radius veoior r » V(a;^ + y^) horn tho origin to tho point 
(»j y) we have tho paitial dorivaiives 




oos 0 and 



y rt 
~ SinOi 

r 


wlioro 0 donotoa tlio anglo whioh tho radius vcotor makoa with tho x axis, 
Consoquontly, in tho duootion a tho fimoUon r 1ms tlio dorivativo 

D(^)r =s 003a Ty sma = oosO ooaoc + sinO sina oos(0 — a); 

in particular, in tho direction of tho ladius vootor itsolf this dorivativo has 
tho value 1, while m tho direction poipondioiilar to tho radius vcotor it 
has tho value 0 

In tho dhcotion of tho radius vootor tho function x has tho derivative 
Z)( 0 )(«) = ooaO and tho function y has tho dorivativo i5(o)(y) ==» smO, in tho 
direction porpondioular to tho ladiua vootor they have tho doiivativos 
hw/2)® = -^smO and D(^o rcapooUvoly. 


The derivative of a function /(a?, y) in tho dirootion of tho 
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radius vector is in general denoted by * Thus we have 

the convenient relation 


~=cos0 

or 0a, oy 


where any difiorentiablo function can bo written aftoi tho symbols 

111 

8r* dx dy 

It is also worth noting that we obtain tho derivativo of the 
function f{Xf y) in the direction a if, instead of allowing tho 
point Q with co-ordinates {x + /i, y + ^0 to approach the point 
P with co-ordinates (a?, y) along a straight line with tho direction 
a, wo let Q approach P along an arbitrary omwo whose tangent 
. at P has tho direction a 3?or then if tho line PQ has tho direction 
Pi wo can write p cos p sin /S, and in tho formulm used 
in tho above pioof wo have to replace a by But smeo by 
hypothesis fi tends to a as p 0, we obtain tho same expression 
for y) 

In tho same way, a diflereutiahlo function/(a?, y, z) of tliico 
independent vaiiables can bo dillerontiatod in a given direction, 
Wo suppose that the direction is specified by tho cosines of tho 
three angles which it forms with the co-ordinate axes If wo 
call these three angles a, jS, y, and if wo consider two points 
(aj, z) and {x + A, y + 7c, « +!!), whore 

h — p cos a, 
p cos jS, 

J = p cosy, 


then Just as above we obtain the expression 
oosa cos^ +/»cosy 


for tho derivative in the direction given by tho angles (a, y). 


3. Geometrical Interpretation* The Tangent Plane. 

For a function u^f{x, y) all these matters oau easily bo 
illustrated geometrically Wo recall that the paitial derivative 
with respect to x is the slope of the tangent to the curve in which 
the surface is intersected by a piano perpendicular to tho ccy-plano 
and parallel to the fiow-plane In the same way, the derivative in 
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ilio direotion a gives tho slope of tlio tangenl» to the oiu've m wEiob 
tliG surface is intoisoctccl by a plane perponrlionlai to tlic rcy-plano 
and malting tho angle a with the ic-axis Tho formula y) 

— /a, cos a-h/i /8111 a now enables us to calculate tho slopes of 
Uio tangents to all Bucli curves, that is, of all tangents to 
the siiifaco at a given point, fiom tho slopes of two such 
tangcuita 

Wo appLoximated to tho difleientiablo function 'i?) 

in tlio noighbouiliood of tho point (a?, y) by tho linear function 

/(^. rt) =/(», y) -I- (f - »)/„ + (ij - y)U 

wlioro ^ and rj nro the ennout co-oidmatos Gcomotncally this 
linear function ropiesonts a plane, which by analogy with tho 
tangent Imo to a curve wo shall call tho tangent ‘plane to tho sur¬ 
face Tho difEoronco botwcon this linear function and the function 
-g) tends to zero as $—■ x—Ji and g — y—h do, and in 
fact vanishes to a highoi order than /c®) By tho defi¬ 

nition of tho tangent to a plane ourvo, however, this states 
that tho intorsootion of tho tangent plane with any plane por- 
pondioular to tho ay-plane is tho tangent to tho corresponding 
curve of mtorBcction, Wo thus see that all time tangent h'nes to 
the surface at the point (x, y, u) he in one plane, the tangent 
plane 

This property is tho gooinotrical oxpiossioii of the diftoion- 
tiability of tho function at tho point (a, y, u =/(:», y)). If 
{^1 gi 0 nro ouiront co-oidmatos, tho equation of the tangent 
piano at tho point (a, y, u = /(a, y)) is 

S - « = (f ~ -H iv - y)U 

As has already boon shown on p CJ, tho funoUon is clifEoron** 
tiahlo at a given point provided iJuit tho paHial donvativos aro 
continuous thoro In contrast with tho case whoro tlioro is only 
one indopondont variable, tho moro existence of tho partial do-* 
rivativos/flj and/y is not sufTiciont to onsuro tho difforontiability 
of tho fimctiom If tlio donvativos aio not conLiiiuous at tho 
point in question, tho tangent piano to tho surface at this point 
may fail to oxist, or, analytically spoalnng, tho diitoioiico betwoon 
/(aj+ h y-V ^ and tho function f{x, y) -h y) + hjy[x, y) 
which is linear in h and h may fail to vanish to a higher older 
than d- ]{?), 


4 
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This la clearly Bhown by a Bimplo example* Wo wiito 

/(^» 2 /) — 0 if or y^O, 

/(r, y)=|aj| if x^y^O or x + y^O 

Between those Imca wo dofmo the funotion m snob a way that it is ropio 
sonted geometiioally by planes The Biirfaco u == /(a, y) thoiofoie oonsisti 
of Giglit triangular pieces of planes, meeting in roof-liko edges above tho 
hues y^Ot y^x and y — —a? Tins siiiface obviously has no 

tangent plane at the origin, although the douvativos f^iO, 0) and /^(O, 0) 
both exist and bavo the value 0 The deiivativoa aio not oontiiiuous at 
the origin, howovoi, m fact, aa wo readily see, they do not oven exist on 
the edges ♦ 

4 The Total Differential of a Funotion« 

As m the caso of functions of ono variable, it is often goji- 
venient to have a special name and symbol for tbo linear pari 
of the morement of a dijfforontiable funotion w = /(a7, y) Wo 
call this linear pait the ^Jfermital of tlio function, and write 

*•-■!/(«,!/) = IS +1i -1& +1■*!/. 

Tho differential, sometimes called the total dijfereniialt is a 
funotion oifouT independent variables, namely tho co-oiJinales 
X and y of the point under consideration and tho inciomonts h 

* Another example of a similar typo is given by tho funotion 
tt ~ fih !/) = if ** + J/* + 0, 

ti“0 

rf wo introduce polar oo ordinates this becomes 

u ^ ^&in2ff 

The first derivatives withrospeot to x and to y exist everywhere in tho neighbour* 
hood of the origin and have tho value 0 at tho origin itself Those dciivativcs, 
howevor, are not continuous at tho origin, for 

Z' I _ _ y^ 

Wa® + j/» V(!c» + j,«)V ” V(a:« + i/»)’ 

If we approach tho origin along tho x axis, tends to 0, whilo if wo approach 
along tho y axis, tends to 1 This function is not dillorontiablo at llio origin; 
at that point no tangent piano to tho suifaco u «/(a?, y) oxists, For tlio 
equations /JO, 0) •= /^(O, 0) 0 show that tho tangent piano would hnvo to 

coinoido witii the piano it « 0 But at tho points of the lino 0 ^ 7 r /4 wo havo 
= 1 and u = r/2, thus tho distance u of the point of tlio surface from 
tho point of tho piano does not, as must bo tho caso with a tangent plane, 
vanish to a higher ordor than 
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and I, wluoli aio iho diiteicntials of -tlio independent vaiiablee 
or independent di(fc)cnttals Wo need scarcely omphasi^e once 
moio that tins has notlnng to do with the vague concept of 
“ infinitely small quantities ” It simply moans that du appioxi- 
matos to Aw ==-/(a -|- h, y + k) —f{x, y), the increment of the 
function, witli an onoi winch is an arbitiaidy small frac¬ 
tion of (itself arbitrarily small), provided that li 

and k aio suITiciontly small quantities Incidentally, wo thus 
collect the expicssions for the dilloront partial derivatives in one 
formula. For oxamiilo, fiom the total difleicntial we obtain the 

partial derivative by putting djr = 0 and da: = 1 

Wo again emphasize that to speak of tlio total differential of 
a function/( k, y) has no moaning unless tho function is differen¬ 
tiable in the sense defined above (foi which tho continuity, but 
not tho more oxistonoo, of tho two partial derivatives suffices) 

If tho function /(a;, y) also possesses continuous partial de¬ 
rivatives of higher order, wo can form tho differential of the 
differential dj{x, y), that is, wo can multiply its partial deriva¬ 
tives with respect to » and y by /«= da; and h= dy respectively 
and then add these products In this diftcrontiation we must 
regard h and Jc as constants, ooriesponding to the fact that tho 
diflorontial df= hfg. + k/^ is a function of tho four independent 
variables », y, h, and k Wo thus obtain tho second differential * 
of tho function, 


d^f=d(df): 


3a; \3a; ' dy 


y } 











Similarly, wo can form tho higher differeMials 


* We shall later boo (p. 80 ct Bcq ) that tho difforontials of luglior order intro 
duGod formally hoio ooiiospoml exaolly to tho toiras of tho conosponding ordoi 
In tho Inoromont of tho funotion 
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^ 0a' ' da!^dij Sr^dr/ '’ 

and, as we can easily show by mdtiction, m gonoial 

dx” + (lx’'~^dy H- ... 

0a” \1/ dx’'~^dy 


+ 


/ « \ a»/ 

\ji — 1/ dxdy”"^ 


dxdy’*-^ + dy”. 


Tlie last expression can be expressed symbolically by the oq nation 


where the expression on the right is first to bo expanded formally 
by the binomial theorem, and then the oxpiossions 


dx^ ^ dx‘*^~^ dy 






are to be substituted for the products and powers ol tho quan¬ 
tities /«, ds and dy 

For calculations with differentials the rule 


holds good, this follows immediately from tho nilo for tlio 
differentiation of a pioduct 

In conclusion, we remark that the disonssion in tins sub'- 
section can immediately be extended to functions of moio than 
two independent variables 


6. Application to the Calculus of Errors, 

The practical advantage of having the difforontml df^ % + Jefy aa a 
convenient approximation to tho moiomont of tho fimotioii /(^, y), An 

Six 4- A, y), ^ yyQ pngg + Ky + /.), U oxlubitcd 

porbioularly weU in tho so called “ oaloiilus of eirors (of Vol I, p. 3^0) 
Suppose, for example, that wo wish to find the possible ori’or in tlio dotor- 
mination of tho density of a solid body ^ tho method of diaplaoomont. 
If m IS tho weight of tho body m air and m its weight in watei» by Arohi- 
medea principle tho loss of weight (m — ib the weight of tho ivator 
displaced If we are using tho ogs, system of units, tho weight of tho 
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watoi displaoed is niimorically equal to its volnmo, and honco to the 
volume of the solid The density a is thus given in ieims of the mdc- 
pondont variables m and Wi by the foimiila s = ml(m — m) Tho error 
in the mGasiiiomonfc of tho density a caused by an ciioi dm in tho meosuie 
moufcof 7/1 and an on or dm m the moiiHuiomont of m is given approximately 
by tho total diffeiontial 

da dm + ^ dm 
d^n dm 


By tho quotionfc lulo tho paitial doiivatives aio 

da m ^ da m 

d^n (w — m)® dm (m — m)® 


henoo tho cliff01 oiitial is 


da 5=3 


—+ mdm 
(m — mf 


Thus tho oil or m a la greatest if, say, dm is negative and dm is positive, 
that IS, if instead of in wo moaauro too ainnll an amount m + dm and 
matoad of 7n too largo an amount m + oxamplo, if a piece of biass 

weighs about 100 gm, m air, with a possible orroi of 6 mg, and m water 
weighs about 88 gra, with a possible eiior of 8 mg„ the donsity is given 
by our foimula to within an on01 of about 

88.6. 10 -^-I-100 8 10 -» ^ j, 

I2f‘ 

or about ono per cent. 


Functions of Functions (Compound Fdnotions) and the 
Intkoduotion of New Independent Variables 

1, Gfonoral RemarkSi The Chain Rule. 

It often happens that tho function u of tho independent 
vaiiablos o), y is stated in tho form of a compound function 

wliero tlie arguments ij, ... of the function / are themaelvea 
fimotions of x and y\ 

$ = y), f) = ^(aj, «/),.►. . 

We then say that 

»=fiL y)> '/'(»> y )>...) = y) 

is given as a compoimd function of x and y. 
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For Gxample, the fimotion 

u = e®*'flin(aj + j/) JPi'c, y) 

may bo 'wntton as a oompoimd function by moans of tho rolalions 
« = 8in») = /(5, /)). 5 = •«!/, /) = a- -f- V- 

Similarly, the function 

u == log {x^ 4* y^) aro am \/l **“ a® — 2/^ =5 F{x, y) 
can be oxniosacd m tho form 

/)arosin5 = /(5, ^), 

5 Vl — a;2 _ log(;t^ 4 t/^). 

In order to make thia concept more prooiso, wo adopt tho 
following assumption to begin with tho fiinotions f := f^(a?, y), 
== 0(a5, y)^ , aro defined m a certain region R of tho indo- 
pendent variables x, y As tho argument point {x, y) varies 
within this region, the point with tho co-ordinates (^, 17, . » 0 
always lies m a certain region S oi -space, in wliicji tho 
fiinotion w—/(^, 17, » ) IS defined Tho compound function 

u^f{<l>{x, y), ^(aj, y), *.) ^ lf(x, y) 

IS then defined in the region R, 

In many oases detailed examination of the regions R and tS will be 
quite uimeocsgory, eg m the first example given above, in wlnoh the 
argument point (a;, y) can travel so the whole of tho ajy-plauo and tho 
function ^fsmr) is defined throughout tho ^/) plane On tho oihoi 
hand, the second example shows the need for considoi mg tho regions i? 
and S m the defimtion of compound functions For tho functions 

K — and V) == log(tc^ + 2/^) 

aro defined only in the region R consisting of tho points 0 < H- g 1* 
that IS, the region consisting of the onolo with umb radius and contio tho 
origin, tho eontro being removed Withm this legion | ? | < 1, while 7) 
can have all negative values and the value 0 For tho region S of points 
(5, 17) defined by these relations the function are sm? is defined 

A continuous function of continuous fimotions is itself con- 
tmuoxis More precisely* 

If the function u = f(|, 17, . ) is continuous in the region S, 

and the functions f = ^(x, y), r) = ^;{x, y), , . are continuous 

in the region R, then the compound function u = F(x, y) is con¬ 
tinuous in R, 
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Tlio proof follows imraediatGly fiora tlio dcfinikon of con¬ 
tinuity Let (o!;,, ?/o) bo a point of R, and lot fo> ’?o> bo the 
corresponding values of i), . . . . Tlien for any positive e tbo 
difloronco 

/(^> V> ’' Vo> • •) 

IS nnmoiically less than c, provided only that tho inequalities 

U-^o|<S, h-’?o|<S, . 

are all satisfied, wlioio 8 is a suffloioiitly small positive number 
But by tlio contimnty of y), 0 (aj, y),. * tlieso last inequalities 
are all satisfied if 

I » ~ ®o I < y, \y — yo\<Y> 

where y is a suffioiontly small positive quantity Tins establishes 
tho continuity of tho compound function 

Further, wo shall prove that a differentiable function of 
differentiable functions is itself differentiable This statement is 
foimulatecl moie precisely in tho following theorem, which at the 
same time gives tho rule for the diffoieniiation of compound 
functions, or so-callod clmn rule* 

If <^(x, y), r) = t(t{Xy y), , a/re dijJerentxaUe functions 

of X and y in the region H, and f(^, tj, ♦ ) is a differentiable 

function of rj) , * in the region S, then the compound function 

u ^f{^{Xy y)y 0(0?, y)y. 0 == F{(Cy y) 

is also a differentiable function of x and y, and its partial deriva¬ 
tives are given by the formula) 

-POJ —/f0a, + + ♦ , 

oTy bnejlyy by 

Uy ^ U^^y + U^7]y + 

Thus m order to form tho partial derivative with respect to x 
wo must first diffoiontiato the compound function with respect 
to all the functions * winch depend on oj, multiply each 

of these derivatives by the derivative of the corresponding 
function with respect to a?, and then add all the products thus 
formed This is the generalization of the chain rule for 



FUNCTIONS OF SEVERAL VARIABLES [Chap. 

functions of one vaxiablo discussed in Vol I, Cliaptoi III 
(p. 163 ) 

Our statement can bo written in a jiaifciculaxly simple and 
suggestive form if we use tbo notation of diEoioniials, 
namely 

du Wfljrfa; + Uydy =: + u^dri -j- . 

===== Wf {Ldx + ^ydy) + u^i^^dx + 7)ydy) + . •. 

+ • )^ 1 / 

This equation means that the linear paxt of the iixorcmoixt of tho 
compound function t/, ») = F{x, y) can bo found by 

first wilting down tins linear paxt as if . wore the inde¬ 
pendent variables and subsequently replacing Arj^ , , by tho 
Imear parts of the increments of the functions <{>{x^ 2/), 
V =" 0 (^j y)j This fact exhibits the convomence and flexibility 
of the diffieiential notation 

In order to prove our statement wo have merely to make use 
of the assumption that the functions concerned are dillorentiablo 
From this it follows that if we denote the inoiemeiits of tho 
mdependent variables x and y by A® and Ay, tho quantities . 

change by the amounts 

A| == ^„A® + (jiyAy + eiAa? + Ay, 

Arj ^ + 0^Ay + €^^x -h y^Ay, 


where the numbers , y^, y^,. , tend to 0 as Ao? and Ay 

do, or as ^/{/^x^ + Ay^) does Moreover, if tlio quantities . 
undergo changes A^, Atj, ., the function rjy . , is 

subject to an increment of the form 

Aw = /^A| + . + 8iAf + SgA^ + ♦, ., 

where the quantities S^, 8^, , tend to 0 as A^, Atj, , . . do, or 
as V(A^^ + + ) does (and may be taken as exactly zero 

when the corresponding increments A^, A-ij vanish) 

If m the last expression w© take tho inoiements A^, At^, . . 
as those due to a change of Ax m the value of x and a change of 
Ay m the value of y, as given above, we obtain 

Aw — , ,)Ax 

+ (/^^v+/„ 0 v + . )Ay + eAx + yAy, 
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Horo tho quantiUos e and y havo tlio values 

^ + • • • + + i/j<aSg + qSi + 6282 + . .., 

Y — f^Yi + f^Yz + . « + 01/Si + i/iySg + -h yaSg + .. . 

On the right wo have a sum of products, each of whioli coiitams 
at least one of the quantities e^, q, , . , y^, yg, * > 8;i^, 82? 

Fiom this wo see that e and y also tend to 0 as Ax and Ay do 
By tho results of the pioceding section, however, this oxpiosses 
tho statement assoitod m om thcoiem 

It IS obvious that this lesult la quite iiidepondont of tho 
number of independent variables a;, y, . ♦, and remains valid c g 
if the quantities t), , depend on only one independent 

variable oj, so that tho quantity u is a compound function of tho 
single independent variable x. 

If wo wish to calculate tho liighoi partial doiivatives, wo have 
only to differentiate tho iight-haud sides of our equations with 
respect to x and y, treating . ♦ as compound functions 

Confining ourselves for tho sake of simplicity to tho case of thioo 
functions and we thus obtain 

tcx> 

Uxv=fu^Jv+fnrpla'riv+f{{LU+M^<>'^v~\-^i>n«)+MVi«M-VyQ 

+ ivU) -h/tiav -h/i,Vc!v-l~/(Lv> 

-hfr„Vv^ +/«?/ + -1- 

-hfi^vv + AVvv+Mvii 

2 Examples, 

1 Let U8 oonaidor tho fiinotion 
We put 

^ /) == 2 x 1 / smaj sm^/, ^ 

and obtain 

= 2x ain^f/, * 1 )^ = 2t/ siiii; am 2 / 4- ^^1/ cos'll einy, C-b == 0; 

= 2x^ mny GOByt Y)y 2x emiu siny + 2xy sma cos?/, 

* Wo would ompliasizo that tho following dlffoiontlatlons onu also bo oariiod 
out duootly, without using tho ohaiii rulo* 

(e912) 4>* 
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Honoo 

Ug. = + + (a smV + !/smfc sm^j + ni/ gosx am!/) 

and 

lly =S= 2e®* ^ + tr* ^^3 COST/ + X SinOJ Sin2/ 

+ X 7 J amv 0031 / -j' 1 /) 

2, In the case of the function 

u — 8m(a;^ -[- f/^) 


wo put § =s a® + and obtain 

Ufg = 2x oos(a;« -h t/^), ^ 2y cos('k3 H- y% 

+ 2/®) + 2 003 ( 0:3 ^ gin(a 3 + y®), 

itjyj, = — 4^3 8 m(a ;3 4. ^aj ^ 2 oob{x^ d- 2/®) 

3 In tho oaao of tbo function 


the substitution 
loads to 


u = arc tan (a® + + V% 

^ 5=3 Yj s=s xy^ y^ 

U + y 


*' 1 + (iK* + + ff®)*' 


S. Ohange of the Independent Variables. 

A particulaxly important application of tho facts dovoloped 
on pp 69 - 74 : occute in tho process of changing tho indopondent 
variables ]?or example, let u—f{^, ij) ho a function of tho two 
independent variables i, r), which we interpret as rectangular 
co-ordinates m the ^ij-plane If wo introduce now rectangular 
co-oidmatos x, y m that plane (of p 6) by tho transformation 

^ = ojOi + X = H- aaV> 

■»j — oaai + ^22/> y— PzV> 

the function rj) is transformed into a now function of as 

and y, 

«=/(^. v) = -^(®. V)) 

and this new tunotion is formed from/(^, tj) by a process of com¬ 
pounding such as was described on p 69 Wo then say that 
new indopondent variables x and y have been introduced into the 
lolation u—f{^, 7 }) between tho independent variables $ and ij 
and the dependent variable u 
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Tho lilies of dirtoiciitiation given on p 71 at once yield 

wliero tho symbols Uy donoio tho partial derivatives of the 
function F{x, y), and tlio symbols donoto tho partial 

doiivatives of tho funGtion/(^, r() 

Thus tho partial derivatives of any function aio tiansformed 
accoidmg to tho same law as tho mdopendoiit variablos when 
tho co-oidmato axes aro lotatod This is tiuo for rotation of the 
axes in space also 

Another impoitant typo of ohango of tho indopondont variables 
18 tho change from icctangular co-ordmatos (a?, y) to polar 
oo-oidmatcs (r, 0) which aio connected with tho rectangular 
CO- ordinates by tho equations 

a? =5 r cos 0, r — ^/{x^ -h y% 

a? y 

w = rsin(?, 0 — arc cos a ■ —5^ aic sin > .. ^ 

On introducing tlio polar oo-oidiiiatea wo havo 

M=/(». y) —fif cosd, r Bind) == F{r, 0 ), 

and tho quantity « appears as a compound function of the mdo 
pondont vaiiablos r and 0 , Ilonco by tho chain lulo wo obtain 

I A on y sm d 

««I = Uffa H- u„6„ —Ur -«0 4 = «r OOS d — -, 

A* A»« ^ 


H- Modj ~Ur-^-\-Uo^ — Ur SlU d + Wj ? ^ 

Those yield tho equation 

u^ + -j- 1 Uo\ 


COS0 


which is frequently ol uso» By tho chain rule tho higher 
dorivativos aro given by 


== Uyf COS^ 0 f 


Bin^d 


• 00 ' 




COS 081110 


•TO ■ 


+ % 


sm2 0 


, cosOsin0 

+ -. 
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a a cos 0 sin 0 , cos^ 0 — siu^ 0 
^xv ^ ^ % r cos 3 SmS — Uqo ---- + lire - -- 




sm ^3 — cos ^3 


sin 0 cos 0 


♦ gtA I 000^3 , cos 3 sm 3 , 
^rr Sin^y + ^ + ^Uro - + 


r 

008^3 


— 2 Ui 


cos 6 sm 3 


This leads us to the following formula, giving tlio expression 
appealing m the welMmown Laplace^sor ‘‘potential” equa¬ 
tion A^^ === 0 in terms of polax co-ordinates 


^U = U^„ + Uyj, Urr + 


'00 


1 , 1 1 ( d / du\ ,dhir\ 
r® r I dr V ' 


Oi tli0 formula 

^ f/ 

== ^ S' =r= cos3 -f' sin3, 

r r 

Uq ^ •—+ UyX = --UtiT sm3 + u^r cos 3, 


which express the rules lor the differentiation of a fiiiiotion/(aj, y) 
with respect to r and 3 , the fiist is tho expression for tlio 
derivative of /‘(a?, y) m tho direction of tho radius vector r winch 
we previoualy met with on p. 64 

In geneial, whenever wo are given a series of relations dofinmg 
a compoiuid function, 

u~f ), 

'n=^{x,y),... 


WO may regard it aa an introduction of now independent variables 
a;, y instead of 17, ♦ Corresponding sets of values of tho 

independent variables assign the same value to u, whether it is 
regarded as a function of , or of y 

In all cases involving tho differentiation of compound functions 


tho following point must carefully be noted Wo must distin¬ 
guish clearly between the dependent variable u and tho func¬ 
tion /(^, '7> . ) which connects u with the independent variables 
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i^rjy ,. . Tlio symbols of diffoioiitiation have ixo mean¬ 

ing until the functional connexion between u and the indepen¬ 
dent variables is specified When dealing with compound functions 
w “i?) » 0 = yh theioforo, wo really should not write 

or Uai Uyy but should instead write or Fy respec¬ 
tively. Yet for the sake of hieviiy the simploi symbols 
xi^y Uy are often used when thoio is no risk that confusion will arise 

The following examplo will sorvo to show that tho result of diffoiontiating 
a quantity doponcla on tho natuio of tho fmiotional connexion boLwcon 
it and tho indopondonb variables, that is, it dopoiuls on which of tho 
mdopondent variables aio kopt fixed during the diffcrontlation With tho 
“ identical ** transformation 5 ^ ^ V ^ho funotion 2^-1- if) 

becomes «2^ + and wo have = 2, Uy = L If, howevoi, wo 
mtroduco the now mdopondont vaimbbs ^ = a; (as before) and 5 “h '0 
we find that « = « + v, so that % 1, Uy — 1. That is, dilToiontiation 

with respect to tho samo mdopondont vaiiablo x gives difloiont results in 
tho two difioronb oases. 


ExAjrrLES 


Piovo that tho tangent piano to tho quadno 

I 

at tho pomb (a?Q, y^y Zq) is 

+ byijo + ezz^ » h 


2 . If 14 y) IS tho equation of a ooiio, then 

8 Piovo that if a function /(a) is ooiitinuoua and lias a oontmuona 
derivative, then tho douvativo of tlio fuiiobion 


I 7 (a') = 


\f{x) X 1 
H 1 
/(a?2) 1 


vanishes for a oortam vaUio between Xt and Xz* 

4 . Lot f{Xy y, z) bo a function depending only on r»« V {x^ + H" 
io. lot/(aj, y, z) = g[r). 

(а) Caloulato + fvu + Sm 

(б) Provo that if -|- fyy + = 0, it follows that / *5=a ? -j- 6 (whore 

a and h are constants), ^ 

6 If /(«?!, x^y ., i»t,) ^ M ^ OWW + aJa® + • t ‘ + oaloulato 

/wioj* 'b /fijioj, + ♦ « * "h 


(of, Ex. 2, p, 68), 



78 


FUNCTIONS OF SEVERAL VARIABLES [Chap. 

6* Find tlio expression for + fw + fzz dimonsional polar 

eo ordinates, i e. transform to tho variables ?, 0, 9 dofmed by 

^ r sinO 00S9 
y — r smO sin9 
z = r oosO 

Compare with example 4(a) 

7 Provo that the expression 

f{cca‘^ fvv 

18 unchanged by rotation of the co ordinate system* 

8 , Provo that with tho bnear transformation 
a! === a? d- 

y ==: y5 + H 

v)^ y)> fyyi^i V) ^1*® respectively transformed by tho aamo law 

as the ooefhoients a, &, c of tho polynomial 

ax^ 4 * + cy\ 

6 The Mean Value Theorem and Taylor^s Theorem for 
Functions of Several Variables 

1 Statement of the Problem, Preliminary Remarhs, 

We have already seen in Vol I {Chapter VI, p 320 et seq.) 
how a function of a single variable can bo approximated to in the 
neighbourhood of a given point with an accuracy of oidoi higher 
than the w-th, by means of a polynomial of degree n, tho Taylor 
senes, provided that the function possesses denvativcs up to tho 
(rt + l)-'th order Tho approxunation by means of tho linear 
part of tho function, as given by tho differential, is only tho first 
stop towards this closer approximation In tho case of fmiotions 
of several variables, e g of two mdepondont variables, wo may 
also seek for an approximate representation in tho neighbourhood 
of a given point by means of a polynomial of degree n. In other 
words, we wish to approximate to f{x + A, y + h) by moans of 
a Taylor expansion ” m terms of the difierences A and h 
By a very simple devioe this problem can bo reduced to what 
wo already know fiom the theory of functions of one variable 
Instead of considering the function/(a; + A, y + 7i/), we intioducc 
yet another variable t and regard tho expression 

y^-U) 


/ 
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as a function of t, keeping », y, h, and I fixed foi the moment, 
As t vanes between 0 and 1, the point with co oidmates 
(a: + hi, y + li) tiaveiscs tho line-segment joining {%, y) and 
(a: + h, y -\- 1). 

We begin by calculating tho donvativos of Jb'if) If wo assume 
that all tho derivatives of tho function/(a;, y) which wo are about 
to write down aro continuous in a region entirely containing 
tho line-SGgment, tho chain rule (sootion 5, p. 71) at once gives 


and, in general, wo find by mathomatioal induction that tho «-th 
derivative is given by tho expression 

(j)(”) 

which, as ou p 68, can bo wriiton symbolically in the form 

In this last formula tho bracket on tho right is to bo expanded by 
tho binomial theorem and then tho powers and products of tho 

quantities and ^ are to bo replaced by tho corresponding n-th 

9 ”/* 

deiivatives ^» In all those derivatives tho argii- 
ox^ 

monts X "h ht and y + Id are to bo written in place of x and y, 

% The Mean Value Theorem, 

In forming our polynomial of approximation wo start from 
a mean value theorem analogous to that which wo already know 
for functions of ono variable This theorem gives a relation 
between the difforenoe f{x H- A, y + fe) y) and tho partial 
derivatives/^ and/^ Wo expressly assume that those derivatives 
are contmuoxis. On applying tho ordinary moan value thoorom 
to the function F{i) wo obtain 

m-m_ 
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where 5 la a number between 0 and I, and from this it follows that 

/(. +fa, i> + H)-/(.,!.) ^ ^ ^ 

t 

+ + OlU, y + did). 

If wo put i =31 in this, wo obtain the lequued mean value tlieotem 
for functions of two variables in the fom 

/(as-l h,v+k)—f{x,y)^hfjx+ Oh, ij-\-Ol)-{-hfy{x+ Oh, y+ 01) 

= ¥<c{i> v)+lL{S, v) 

That IS, the difference between the values of the function at the 
points (x -f h, y -|- k) and (x, y) u equal to the dtjfeienlial at an 
intermediate point ($, p) on the line-segment joining the two points 
It IS worth noting that the same value of 0 occurs in both 
/» and/. 

The following fact, the proof of which wo leave to the roador, 
IB a simple consequence of the mean value theorem A fimotion 
/(®, y) whose paitial derivatives /„ and /, exist and have tho 
value 0 at every point of a region is a constant 

5, Taylor’s Theorem for Several Independent Variables. 

If wo apply Taylor’s formula with Lagrange’s form of tho 
tomainder (of Vol I, Chapter VI, p 324) to tho function F{t) 
and finally put t = 1, we obtain Taylor's theorem for functions of 
two mdepondent variables, 

/(® + A y + A) ==/(*, y) + y) 4- hfy{x, y)} 

+ ^1 y) + y) + F/,,(a;, y)} + . .. 

+ y) + (”)M/«'->v(». y)+. y)) 

+ -Bw 

where symbobzes the remainder term 

+ 511, y + Oh) + M, (X + 5A y + 

0 <fl<I 

The homogeneous polynomials of degree i, 2, .,. , n, n + 1, 
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mio which the increment/(»< + h, y+h) —f{x, y) is thus split 
up, apart liom the fiictois 

11 11 
II’2!” ”»!’(«+1)1’ 

aie respectively the fust, second, .., n-th dillorentials 

(¥» + JeW - 


= (¥« + + (l) ll^-^hS^-Xy + . + 


y) tlio point (ai, y) and tho [n + l)-tli differential 
at an lutomiodiato point on tlio line-segment joining (a;, y) 
and (aj A, y h). Hence Taylor’s tteorem can bo ‘written 
moio compactly as 


/(® + li, y + Ic) =/(», y) + df{x, y) +1 y) +... 

1 

+ ;n (?"/(»> 27)+ Ji«, 

wbore 


O<0<1 


In general the romamdor vaiusbos to a hgher order than the 
term d^f just before it, that is, m h-^0 and k->0 wo have 
Rn^o{V{h^ + ]c^y} 

In the case of Taylor’s thoorem for funotions of one variable 
the passage (?^ -> co) to infimte Taylor series played an im¬ 
portant part, leading ns to the expansions of many functions in 
power series* With functions of several variables such a process 
is m general too complicatod Here to an even greater degree 
than m the oase of functions of one variable we lay the stress 
rather on the fact that by means of Taylor’s theorem the incre¬ 
ment f{x+ h, h)—f{x^ y) of a fiinotion is spUt up into 
increments d/, rfy, ♦ * * of different orders* 


Bxamplths 

1 Bind tliG polynomial of the second degree which best approximates 
to the function sinoiamy m the neighbourhood of the origin* 



82 FUNCTIONS OF SEVERAL VARIABLES [Cuap, 

2 If y) 19 a. oontmuous fiinotion with conimuona fiiai and aecond 
dorivativfis, then 

uo,o)- 

A^ + 0 

3 Provo that the function oan bo expanded m a sorica of Uio 

fonn 

s 

«-o n\ •' 

whioh convorgea for all values of 'c and y and that 

(a) is a polynomial of degree n (so called Ilcrmito polynomials), 

{d) H\ - 1lxB\ + 2n/4 ^ 0 

4, Find the Taylor senes for the following fimotiona and indioato tlioir 
range of vahdity* 

nr~5 

7. The Appltoation op Vector Methods 

Many facts and relationships in the difloiential and mtogial 
calculus of several mdopendenb variables take a dooidodly 
clearer and simpler form if wo apply tlie ideas and notation of 
vector analysis. We shall accordingly conclude this chapter with 
some discussion of the matter, 

1 Vector Fields and Families of Vectors. 

The step which connects vector analysis with tho subjects 
just discussed is as follows Instead of considering a single 
vector 01 a finite number of vectors, as in Chapter I (p 3), wc 
investigate a vector rmmfold depending on one or more con¬ 
tinuously varyuig parameters 

If, for example, we consider a solid body occupying a poHion 
of space and in a state of motion, then at a given instant each 
point of the solid will have a defimto velocity, represented by a 
vector u We say that these vectors form a mcior field in tlie 
region m question, The three components of tho field vector 
then appear as three functions 
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of tlio thieo co-oidmates of position, wliioli wo hero denote by 
(iCi, ojg, * 3 ) instead of (», y, z) 

A case of a velocity field is lepi’csented in fig. 8 , which shows 



FJg 8 —^I'ho velocity field ia n rotation 

the velocity field of a solid body lotating about an axis with 
constant angular velocity 

The forces acting on the points of a moving solid body likewise 
foim a vector field As an example of a foioo field wo consider 
the attractive foico per unit mass exerted by a heavy paitiole, 
according to Newton’s law of giavitation. By Newton’s law 
all the vectors of this field of force are directed towards the 
attiaoting paiticlo, and then lengths are invoisely proportional 
to the square of the distance ftom the particle. 

If we pass to a now reotangiilar co-ordinate system by rotation 
of axes, all the vectois of the field will have new components with 
respect to the now system of axes. If the two co-ordinate systems 
are oonneolcd by equations of the foim (Chaptoi I, section 1, p, 6 ) 

— a2p0i + ^ 2 ^ 4“ ya^ 

^8 ^ "I" y3% 

or 

a?j 

^2 ^ " I " 

% = Yiii + yafa + ya^3 
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respectively'^ then the relations Letwoon tho components Uq 
witli rospoot to the aj-aystem and tko components 

^ 2 > CB)i Sq) with respect to the now ^-system are 

given by the equations of tiansformation 


a>i — H- ^ 1 % + 71% 

Wa — aa% + ^ 2 % + 7a% 

6)3 ^ agtq + ^3«2 + 78% 

and 

% == axa}i+ a^(j02 + a^o)^ 

% ^ H" ^2^2 ^3^3 

% ^ 71 *^ 1 + 72 ^ 2 + 73^3 

reBpootivoly, (Of Chap I, p 6 ) The components a)^, ^ 2 , 
m the now system thus arise fiom the introduction of tlio now 
vaiiables and tho simultaneous transformation of tho funotions 
ropresontmg tho components in the old system, 

AVlion in physical ajiplications each point of a portion of space 
has assigned to it a definite value of a function u = /(x^y ojg, iTg), 
such as tlio density at the point, and wo wish to emphasize that 
tho property is not a component of a vector, but on tho contrary 
IS a property which retains the same value although tho co¬ 
ordinate system is altered, we say that the function la a scalar 
fimclion or scalar, or, if we wish to emphasize the association 
between tho values of the function and the points of the portion 
of spaecj we speak of a scalar field. Thus foi every vector field u 
tho quantity | w |® = -f -h ' 1 / 3 ^ is a scalar, for it roprosonta 
the square of tho length of the vector and therefore retains iho 
same value indopendontly of tho co-oidmate system to which 
the components of tho vector are rofoired 

In tho examples above the veofcor field u is given us to begin 
with, and its components with respect to any system of rect¬ 
angular co-ordinates are therefore determinod. If, convoraoly, 
in a dofimto oo-ordmate eystem, say an oj-systom, tlioro are given 
throe functions at/g, ccg), x^, x^), Ug{x^, 0 ^, x^), these thi'oo 
funotions define a vector field with respect to tliat system, tho 
components of the field being given by the three functions To 
obtam the expressions for the components ccj, tog, wq m any 
otter system we have only to apply the equations of transfoi 
mation deduced above. 
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In addition to vccioi fiolcLs, wo also consider manifold a of 
vectors called families oj vectojSy wluoli do not correspond to each 
point of a legion in space, but are funetions of a parameter t Wo 
express this by wilting u — ti{t) If wo think of as a position 
vector measuied from the oiigiu of co-oidmatca in i^j^WaWg-space, 
then as t vanes the final point of this vector describes a curve 
in space given by tiuco paiamekic equations, 

«i == ’Ki), % = 'AW. «3 ~ x(0- 

Vockors which depend on a parameter t in this way can bo 
dillciontiatod with respect to f By the derivative ol a vector 
u[t) we mean the vector u'{l) which is obtained by the passage 
to the limit 

A_>0 h 


and which accordingly lias the components 


«/ 






<^2 

w 


«»' = 




Wo see at once that tlie fundamental 1 ules of dijferenliaixm 
hold for veclo/rs, Eirstly, it is obvious that if 


then 


w = u ~\- V 

w' = u' -|- v' 


Further, the product rule applied to tho scalar product 
of two vectors u and w, uv => %% -|- -\- u^^ (of, p. 7 ), 

gives 


d =3 uv' -\- u'Vt 
cU 


In the same way wo obtain tho iiilo 

d = [uv‘] + [u'v'ji 


for tho vector product. 
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2 Application to the Theory of Curves m Space. Resolution of a 
Motion into Tangential and Normal Compononts. 

We shall now make some simple applications of these ideas 
If IS a position vector m ajj^a^aiTg-spaco which depends on a 
parameter and therefore defines a curve in space, the vector 
x\t) will be m tho direotion of the tangent to the curve at the 
point corresponding to t For the vector x[t-\-h) — x{t) is m the 
direction of the Ime-segmcnt joining the points (i) and [t “h ^0 

(of, fig 9), therefor© so is the vector which difiors 

iv 

from it only m the factor 1/A As A->0 tlio dneotiou of 

this chord approaches the diiec- 
tion of the tangent If instead oi 
t we mtroduco as paxametor the 
length of the arc of the curve me as 
ured from a definite starting-point; 
and denote diftoiontiation with 
lespect to 5 by means of a dot, wc 
can piove that 

this may also bo written in the form 

rig 9 —Differentiation of the position SbX = X^ ^ 1» 

vector of a curve 

The proof follows exactly the same 
lines as the coriesponding proof for plane curves (of VoL I, 
Chap V, p 280 ). The vectoi x is therefore of umt length If 
we agam differentiate both sides of the equation :i:x = 1 with 
respect to we obtam 

XX ^ 0 

This equation states that the vector A: with components 
0^2(5), a?3(s) is perpendicular to the tangent* This vector we call the 
curvolure vector or pnnapal normal vector and its absolute valuo, 
that IS, its length 

* ~ + V + »8®)> 

P 

we call the cwmtwre of the curve at the corresponding points 
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The reciprocal p — Ijh of tlio curvaUiro wo call the radius of 
curvature^ as hofoio Tho point obtained by measuring from the 
point on the cinvo a length p in the dixoction of tho principal 
normal vector is called tho centio of cii^vatiue 

We shall show that this definition of tho curvature agioes 
with that given in Vol, I, Chap V (pp 280-3) For is a vector 
of unit length If wo think of tho vectors 
measincd fiom a fixed origin, tlion tho dilloionco p(:{s + li) — a;(s) 
will bo ropiGsentcd, as in fig. 9, by tho vector joining tho final 
points of tho vectors ^( 5 ) and + /O H la the angle botwcon 
tho vectors i:(5) and x{s + A)? length of tho vector joining 
their final points is 2 sm a/2, smeo x{s) and x{s + h) aio both of 
unit length Ilonco if we divido tho length of this vector by a 
and let h 0, the quotient tends to tho limit 1 Consequently 

lira y == hm 1 -)- h) — ^(s))^ -h {* 2(8 + h) ~ s& 2 (s)r 

+ i^{s -h h) - x^is))^}. 

Iloro tlio Imut oa ilio riglit 18 exactly + V)- 

But ajh 18 tlio ratio of tlio angle between tho diicotiona of 
the tangents at two points of tho curve and tho length of arc 
between those points, and the limit of that ratio is what wo have 
previously defined as tho curvatuio of tho omvo. 

Tho ourvatiu'o vootoi plays an important pait in moohames. 
Wo suppose that a particlo of unit mass moves along a curve 
x{t), where t is the time The velocity of tho motion is then 
given both in magnitude and m direction by tho vector x'{l), 
where the dash denotes dilleiontiation with respect to t Similarly, 
tho acceleration is given by tho vector x"(l) By the oham rule 
we have 


(where the dot denotes differentiation with respect to s), and also 



In view of what wo already know about the lengths of and 
X, this equation expresses the following facts; 

Tho “ aoooloration vector ” of tiro motion is tho sum of two 
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vectors One of these is directed along the tangent to tho curve, 

and its length is equal to — > accoloraiion of the 

dr 


point m its path (the tangential acceleration) The othoi is directed 
towards the centre of ouivaturo, and its length is equal to the 
squaiQ of tlie velocity multiplied by the ourvatin’o (tlio nor 7 nal 
acceleration). 


S. The Gradient of a Scalar* 

We now return to the consideration of vector fields and shall 
give a biiof discussion of coiijain concepts wliich tequoutly aviso 
in connexion with them, 

Let u=i floozy ^'^7 function defined in a region of 

®i® 2 ^a"Spaoo, that is, accordmg to the terminology previously 
adopted, w is a scalar quantity. We may now regard the three 
partial derivatives 

m the (D-system as forming the thieo components of a vector n 
If wo now pass to a new system of rectangular oo-oidinatos, the 
f-system, by rotation of axes, the new components of the vector 
u are given according to the formula) of p, 6 by the equations 

o>i = + YiUq 

^ ^ 3^2 *"!** Yz^^ 

On the other hand, xf we mtroduce the rectangular co-ordinates 
?i> (? 2 > ^8 new mdepondent variables in the function aJg), 

fcho chain rule gives 

Ai +/a?A + 

ftt Ai“2 +/vA +/v,y2 
A — A®3 + Aft + Ays* 

Hence 

^1 ” A> ^ A> A» 

and we thus see that in the new co-ordmato system also the 
components of the vector u are given by the partial deiivatives 
of the function / with respect to the three co-ordinates. Thus 
to every function / m three-dimensional space there corresponds 
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a dcfimto vector, wlioso components m any lectangiilar co¬ 
ordinate system are given by the tluce jiarUal dciivativcH with 
Tospect to the co-oxdinates Wo call this vector the giathmi of 
tho function, and donoto it by 


Eor a function of threo variables tho giadient is an analogue 
of the derivative for functions of one variable 

In order to form a giaphical idea of tho meaning of tlio 
gradient, we shall form tho dorivativo of tlio function m tho 
direction (a^, ag, ag), whore ai, Ug, are tho throe angles which 
this direction makes with tho axes, so that cos^ax + oos^ag 
+ cos^ag — 1 Eor this dorivativo wo have already obtained the 
expression 

• 0 ^“^ ^ /«, cos ai + cos aa + cos Ug, 

If wo think of a vector e of unit length m tho direction (oj, ag, ag), 
this vector will have components — cos a^, cos ag, C 3 — cos 
Thus for tho dorivativo of tho function in tho direction (a^, a^, a^) 
wo obtain the expression 

i)W/=ogtad/, 

the scalar product of tho giadiont and tho unit vector in tho 
direction (a^, Ug, ag), i.c* tho projection of tho gradient on that 
vector (of. Chap I, p. 7) 

It 18 tills fact that accounts for tho importanco of tho concept 
of gradient If, for oxamplo, wo wisli to hud tho diroction in 
which tho value of the function incroasos or dooroaBCs most 
rapidly, wo must choose the direction m which tho above expres¬ 
sion has tho gicatest or least value, Tins oloaily ooours when 
the direction of e is tho same as that of tho giadiont or is exactly 
opposite to it 

Thus the dvrecUon of the gradient %s the dwetton m which the 
function increases most rapidly, while the direction opposite to that 
of the gradient is that in which the function demeases most rapidly; 
the magnitude of the gradient gives the late of increase or decrease 
Wo shall rotiirn to tho geometrical interpretation of tho 
gradient in Chapter III (p 124), Wo can, however, immedi¬ 
ately give an intuitive idea of the dircctiou of tho giadiont. If 
in the first instance wo confine ourselves to vectors in two dimon- 
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aioDfi, wo have to consider the giadient of a function/(a?, y) Wo 
shall suppose that tbs function is repiosontod by its contour 
lines (or level lines) 

/(a?, y)^o 

in the ct;^“plane Then the derivative of tho function /(cc, y) in the 
direction (of, p 62) of these level lines is obviously i^eio* For it 
P and Q are two points on tho same level line, tho equation 
/{P) — /(Q) = 0 holds (the meaning of tho symbols is obvious), 
and tho equation will still hold if wc divide both sides by Ih 
distanco between P and Q, and then let h tend to 0 Tho projec¬ 
tion of tho gradient m tho direction of tho tangent to the level 
line IS therefore zero, and hence ai &oeiy foint the gradient 
perpendtc^ular to the level hne though that point An exactly 
analogous statement holds for tho gradient m tboo dimensions 
If We represent the function/(tri, a? 2 » a^a) by its level suifaoes 

f{<h> 

the gradient has the component zero in every diieotion tangent 
to a level suifaco, and is therefore perpendicular to tho level 
surface 

In applications wo fiequently meet with vector holds which 
represent the gradient of a scalar function* Tho gravitational 
field of force may he taken as an example 

If wo denoto the oo ordinates of the attracting particle by (5j, ^ 2 > 5 a)) 
those of the attracted particle by (ajj, and their masaoa by m and 

Mf, the components of the force of attraction are given by tho Gxpiossions 

0^, _§ 1 : 1 ^!_ 

VWCi - aa)* + a, - **)* + (5. - 

^ ~ SC 

- *1)’ + (i - 

Sa ^^3 

- *«)“ + + (5. - *sW' 

Here O is a constant with the value ymM, whore y tho “ gravitational 
constant”* (Thefactors 

_ gi-«i _ 

V{(5, - *,)’ + Us - + (?a ~ 

are the oosmea of the angles which the hne through the two points makes 
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With tho axes) By clilToiontiaiion wo aeo at oiico that thoae oomponents 
aro tho derivatives of tho function 

0 

+ (?» “ ^3)“} 

With loapoot to tho 00 ordmatca a.,, sjj rospootivoly. Tho foroo vector 
apftrb fiotn a constant faotor is thorofoio tho gradient of tho function 
1_ 1 
r v'{(5i - + (5a -- + a, ~ a,)’}' 

If a field ol foico is obtained from a scalar function by forming 
tho gradient, this scalar function is often called the potenttal 
funclicm of the field Wo shall consider this concept from a 
moie general point of view m tho study of work and energy 
(Chapter V, p 350, and Chapter VI, pp 416, 468-81). 


4. The Divergence and Curl of a Vector Field. 


By dillerontiation wo have assigned to ovoiy funotion or 
scalar a vector field, the gradient. Similaily, by difloiontiation 
we can assign to every vector field a certain scalar, Imown as tho 
dtVGigence of tho vector field. Given a spooifio co-ordinate system, 
tho a!-systera, wo define the diveigenco of tho vector u as tho 
function 


div u = 


I ^^2 I 


dxs' 


1 0 the sum of tho partial doiivativos of the throe components 
with respect to tho corresponding eo-oidmates Suppose now 
that wo change tho co-oidmato system to tho ^-system If tho 
divergence is really to bo a scalar funotion associated with the 
vector field and independent of the particular oo-oidmato system, 
we must have 


dcoi , dwa L 

““8fr+8f;+r 


where iOg aro tho oomponents of ^ in tho ^-system In 

fact, the truth of the equation 

9tq , 8% . 8^3 _ ^ 4 , ^3 

dxx dx^ ScCg 8^1 8^ 8^3 


can be verified immodiately by applying tho chain rule and tho 
tTOnsfoimation formulce of p 8d. 
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Here we oontont ourselves with the foimal (lofmiiion of iho 
divergence, its physico-gcomotiical intciprotation will ho dis¬ 
cussed later (Chapter V, section 6, p 388) 

We shall adopt the same piocediu'o for the so-oallcd ouri 
of a vectior jfiold Tlio ourl is itself a vector 


r — oml u 


whose components r^, aio defined by the oquationH 
9^3 9 % — r ““ — 

9a;3' 9*»3 ^ 

In order to stow ttat our defimtion actually gives a vector 
independent of the particular co-ordmato system, wo could verify 
by direct differentiation that the quantities 

_ dto^ 001 ^ _ 9^9 _ 

'^~sZ~dC 


which define the curl in terms of the new co-orcl mates, aio con¬ 
nected with the quantities r^, rg, by the equations of iraiiflfoi- 
mation for vector components Here, however, wo shall omit 
these computations, since m Chapter VI, section 6 (p, 396) wo 
shall give a physical interpretation of the ourl which oloatly 
brings out its vectoiial character 

The three concepts of gradient, divergence, and ourl can all 
be related to one another if wo use a symbolio vector with tho 
9 9 9 

components —, —, —» This symbolio vector is often called 
oxi dx^ oxs 

mbla'\ and is denoted by the symbol V The gradient of a scalar 
field/(iCi, Xq), grad /, is the product V/ of the scalar quantity 
fand the symboho vector V, that is, it is a vector with the com- 
ponentu 1 ^ 

daoi^ dx^' 9a^* 


The ourl of a vector field u{xiy x^)^ ourl is the vector product 
[V^*] of the vector u and the symbolic vector V; fi^ually, tho 
divergence is the scalar product 


div « = ^ . 

dXi dx2 Bxq 


()Uq 


* Often called rotation (with tho abhrovmtion lot), 
f After a Hebrew atrlngod instrument of similar shape 



II] VECTOR METHODS 93 

In conclusion wo mention a fow relations which constantly 
reciir The cml of a qmdxcnt in symbols 

curl giafi 0 

As wo easily seo, tins xolatiou follows frona tlio rovorsibibty of 
tUo ordor of difforontiation 

The dimgence of a cml %8 m symbols 

div ciul ^ — 0, 


This also follows directly from the reversibility of the order of 
diflcrentiation 

The dvoergence of a gradient is an oxtiomoly important expres¬ 
sion fieqnontly oconriing in analysis, notably in the well-known 
** Laplace’s” oi potential equation” It is the sum of the 
three piincipal ” sccond-ordcr partial doiivatives of a function, 
m symbols 


divgmd/=A/=£{ 


4 . 


where A/is wiitton as an abbreviation for the exinossion on the 
right * The symbol 

02 02 02 
A := 4- ^ + — 


is called tlio Laplactan operator 

Finally, we may mention that the terminology of vector 
analysis is often used m connexion with moio than three inde¬ 
pendent variables, thus a system of n functions of n independent 
variables is sometimes called a vector fiold in n-dimonsional 
space The concepts of soalai multiplication and of the gradient 
then retain their meanings, but in other lespects the state of 
ajObirs is more complicated than in the case of three dimensions- 


EXAIXPLIDS 

1, Emd the equation of the so oallcd oseulaixng plane of a ourvo 
X s= f{t)t y = g(t)t z = /i(() at tho point i^y i o, the limit of tho pianos passing 
through three points of tho ourve os these points approach tho point witli 
pnramotor 

% Show that iho oiirvaturo veotor and tho tangent vector both lie m 
tho osculating plane 


♦ Tho notation is also used 
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3* L(iix^x(a) bo an ailutiaiy cuivo m f^paoo, snoli Uio v(»<}tor 
;v(5) la Ihreo timoa oonfcmuoudy clifTorontiablo (.9 i« llio lon^lli of arc) 
J'lnd tlio oentio of Iho spboio of olosoat oontruiO Milli tlio oinvi^ at tbo 
point s 

4, E 0 18 a continuously dilfoionttablo olosecl ourvo aiul A a point 
not on Qf there is a point B on 0 wbioli baa a ehortoi distanoo fiom A 
than any other point on 0 Piovo that tho Imo AB is nuinml to tbo 
curve 

5, E a; = x{s) 19 a oitivo on a splioio of unit ladius^ tho oqiiaiion 

— x^) 

holds 

0 E A? = x{i) is any paramotrio ropresontation of a ourvo, then tho 
dJ^x 

vector — with initial point a? bos m tho osculating piano at x, 

7. Tho limit of the ratio of tho angle botwoon tho osoulating plnnca 
at two neighbouiing points of a ouivo and tho loiigth of am botwcon 
these two points, i e tho dorlvativo of tho unit noimal vootin with 
respect to tho arc {$), is called tho lomon of tlio cinvo, Lot §i(^)» ? 2 (^) 
denote the unit vectors along tho tangent and tho ouivatuio vector of tliQ 
ourvo x{$), by ? 3 («) avo moan tlio unit veotoi oitliogoiial to and 
(tho 80 called bmormal vector), which is given by Piovo li'ionct‘9 

formulae 

where 1/p ^ Aj is the ourvaturo and 1/t tho toislon of A?( 5 )i 

8 Eamg tho vectors of Ex. 7 as oo oidmato vootore, Hnd 

expiessions for (a) tho vector x, (h) tho veotoi from tho point a? to tlio 
centre of the sphere of closest ooutaot at os, 

9 Show that a ourvo of zoio toision is a piano ourvo 

10 * Provo that it y) ropiosonta tho BUifaoo formed by tlio 

tangents of an arbitrary ourvo, then {a) ovory osculating piano of tiio onivo 
is a tangent piano to tho anrfaoo, (6) w(a?, y) BatisHos iho equation 

11 Prove that 


curl curl tt ^ grad div « — Am, 
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Appendix to Chapter 11 

L Tub rniNoiPLB op raEi Point op Acoumulation in Several 
Dimensions and its Apphoations 

If wo wist to rofino the concepts of tto theory of functions 
of aaveral variatlos and to establish it on a firm basis, without 
rofcjrenco to intuition, we proceed in exactly the same way as in 
the case of funotioua of one vaiiablo. It is sufficient to discuss 
these matters in the case of two variables only, since the methods 
are essentially the same for fimotions of moie than two mde- 
pendent variables, 

1. The Principle of the Point of Aooumulatlon, 

We again base out discussion on Bolzano and Weiorstrass’s 
^jrinoiple of the point of accumulation A pair of numbois (», y) 
will be called a point P in space of two dimensions, and may be 
represented in the usual way by means of a point with the reot- 
angular co-ordinatos x and y in an fcy-plane We now consider 
a bounded infinite sot of such points P(a5, j/), that is, the set 
is to contain an infinite number of points, and all the points are 
bo lie in a bounded part of the piano, so that | a? | < 0 and | y [ < 0, 
where 0 is a constant The principle of the point of acoumulation 
can then bo stated as follows e^ery hounded infimte set of points 
has at least one point of accumulation That is, there exists a pomt 
Q with co-ordinates (^, y)) suoh that an infimto number of points 
of the given sot lio m every neighbourhood of the pomt Q, say 
Ui every region 

[aj—^[<8, ly — 7?|<8 

where 8 is any positive nmnbor. Or, in other words, out of the 
infmite set of poi^tls we can choose a sequence Pj, P^, Pa,», m such 
a way that these points approach a hmit point Q 

This principle of the point of accumulation is just as intuitively 
clear for several dimensions as it is foi one dimension It can bo 
proved analytically by the method used in the corresponding 
proof in Vol I (p, 68), merely by substituting rectangular regions 
for the intervals used there An easier proof can be construotod, 
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liowover, by using the principle of tho poinl of accninuil alien 
for one dimension. To do tins wo notice tluit by hypothesis every 
point F{Xy y) of the set has an abscissa a; for Avluoli tlii^ iiKMpiality 
1 ic 1 < 0 holds Either there is an aJ abscissa 

of an infinite number of points P (winch tlieiofoie lio veiluMlly 
above one another) or else each x belongs only to a finite luimhor 
of points P In the first case, wo ire upon and oonsidoi the 
inflnito nmnbor of valuoa of y such that (Xq^ y) belongs to our 
set These values of y have a point of accumulation by tho 
principle of the point of accumulation for one diniension Ilonce 
we can find a sequence of valuoa of y, say j/i, 

Vn ^ Vdi which it follows that the points (a 3 (j, y«) of tho sot 
lend to the hmit point {Xq^ 7 }q), which is thus a point of acoinnu- 
lation of the set, In the second case, thci o must bo an iufiiuto 
number of distinct values of x which aie tlio abstussin of points 
of tho sot, and we can choose a sequence x^ a;^, •. . of those 
ahscisaeo tending to a umquo limit ^ For each x^i lot Pni^m Vn) 
be a point of the sot with abscissa Tho numbius y^ are an 
i nfinit e bounded set of numbers, hence we can choose a sub¬ 
sequence j/n,? Vn^i * tending to a limit r) Tho oorrospoudmg 
sub-sequence of abscissso ,, still tends to the Innit honoo 

the pomts Pn^i Pn^i »* ♦ to tho limit point (f, rj) hi oithor 
case, therefore, we can find a sequence of points of tlio sot iouding 
to a hmit point, and tho theorem is proved 

A first and important consequence of tho piinoiplo of tho 
pomt of accumulation is Cauchy^s convmyence test, wluoh can bo 
expressed as follows 

A sequence of points Pg, P 3 , .. mth the co o^^dinales (x^, yi)i 
(x^, ya), (X 3 , y 3 ), , tends to a l/mit point if > and only if, for 0 V&ry 
€ > 0 there is a suffix N N(€) such that the dis laiice bctwce^i 

the pomts P^^ and P^, V (x„ — x + (Yn yii/> 

€ loJienever both n and m ore greater than N* 

% Some Concepts of the Theory of Sets of Points. 

The general concept of a limit pomt is fimdamental m many 
of the more refined mvestigations of tho foundations of analysis 
based on the theoiy of sets of pomts Although those matters 
are not essential for most of the pmpoBCS of tins boolr, we shall 
mention some of them here for the sake of completeness 

A bounded sot of pomts, consisting of an mflnito number ol 
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pointa^ ia said to "bo dosed if li conLama all its limit pomta, that 
18 , limit points of soquonces of poiuts of tho set aio again points 
of tlio sot For example, all tho points lying on. a closed enrvo 
or BUifaco foim a closed sot Foi limctions defined in closed sots 
W 0 can state tho two following fundamental tlicoioms’ 

A funct'ion winch %s continuous %n a hounded closed set of 
points assumes a greatest and a least value in that set 

A function which is continuous in a bouiided closed set is 
umfoimly continuous m that set 

The proofs of these theorems aio so like tho corresponding 
proofs for funotiona of one variable that wo shall omit them 
The least upper bound of tho distance between tho pomts 
and Pg for all pairs of points whcie both points belong to a 

set, IS called tho diameter of that sot. If the sot is closed, this 
upper bound will actually bo assumed foi a pan of pouita of the 
set. Tho student will bo able to prove this easily, remembering 
that the distance between two points is a contmuous function 
of the co-ordinates of tho points 

By usmg tho theoiem that a continuous function on a bounded 
closed set does assume its least value, wo can readily establish 
the following fact; if a point P docs not belong to a closed set K, 
a positive least dfistance fiom P to M exists, that is, a point Q of 
M exists such that no point of M lias a smaller distance from P 
than Q has. This enables us to show that the closed regions 
defined m section 1 (p 41) aro actually closed sets aooordmg 
to the delimtion hero, For let 0 be a closed curve, and let R bo 
the closed region consisting of all points interior to 0 or on G, 
wo have to show that all the limit points of R belong to IL Wo 
assume tho contrary, i o that ihoio is a point P not belongmg to 
E which 18 a bmit point of R Then, in partioulai, P does not ho 
on C; honco by tho theorem above it has a positive least distance 
from 0 {G being a closed sot) Wo can thorofoio describe a cnole 
about P as centre, so small that no point of 0 lies in the circle, 
wo have only to make tho radius of the onclo leas than tho 
least distance tom P to 0 Tho point P is outside 0, since 
otherwise it would belong to R, and since ovoiy point m tho 
small circle can bo joined to P by a llno-scgment which does 
not cross the cinvo 0, every point of tho oncle lies outside G, 
and 80 no point of tho circle belongs to R But we assumed that 
P 18 a limit point of R, which requires that the oirole should 

(BOlfi) 5 
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contain an infuuto mimboi of pomts of U Ilonco tbo aHSuniiption 
that thero is a hunt point of It which docs not itsolf belong to 
loads to a contradiction, and our asbcrtion is piovcd. Tho «\.toii8ion 
to closed regions R bounded by sovoial closed evuves is obvious. 

A useful property of closed sots is contained in the theorem 
on shnnhng sequences of closed sets'. 

If the sets Mi, M 2 , Mj, . aie all closed, and each set ts con¬ 
tained in the ffeceding one, then there is a point (^, p) which belongs 
to all the sets 

In each of the sots M„ let us choose a point P„. Tho aoqiionoo 
P„ must either contain an infinite mimboi of lopotitions of some 
one point, or else an infinite number of distinct pomts. If 
ono pomt P 18 repeated an infinite number of times, then it 
belongs to all the sets; for if is any ono of tho sots, P belongs 
to a set M„^, whore % > «, and is contamod in M„. II 
there are an infimte number of distinct pomta Pn, then by tb( 
principle of tho pomt of accumulation they posso-ss a point ol 
accumulation (^, >j). This point belongs to each M,, For when 
over w > w the pomt P^ belongs to ilf,,, since it is a iioiiit 0 
Mto wluoh is contamed m Mn Ilonco (i, ij) is a limit point 0 
points of M„, and since M„ is closed, (t> v) a point of Af,, 
Thus in either case thero exists a point common to all tho set 
Mn, and tho theorem is proved * 

A sot 18 said to be open if for every pomt of the act wo can fiiv 
a oirolo about the point as centre winch belongs completely t 
tho set An open sot is connected if every pair of points A and . 
of tho sot can be joined by a biolron (iiolygoiial) line whio 
hcB entirely in tho sot. 

The word “domain” is often used with tlio lostricle 
moamng of a oonnooted open set As examples wo have tl 
mtorior of a closed curve, or tho interior of a oiiclo with tl 
points of a radius removed. Tho points of accumulation ■ 
a domain which do not themselves belong to tho domain a 
called the boundary points. The boundary B of a domain D is 
closed set Ilore we shall sketch tho proof of this statomot 

* Tho assumption that tho sots aro olosofl is ossontmU as tho foHo^yl 
oxamplo shows Lot ho tho eot 0 < o? < Jilaoh sot Ifj contain od in ( 
prooedlngf hut no point heiongs to nil tho sots l^'or if a; •- 0 tho point holoi 
to no Bot, while if « > 0 It holonga to no sot for which i < aJ 
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A point P which is n Innit point ol B docs not belong to D, 
for every point of D lies in a ciiclo composed only of points of 
J) and hence devoid of points of B It is also a limit pomt of D, 
for arbitiarily close to P wo can find a point Q of B, and aibi' 
traiily close to Q wo can find points of Z> Hence P belongs 
to B 

If to a domain D wo add its boundary points B, wo obtain a 
closed sot Foi eveiy limit point of the combined set is either 
a limit pomt of B and belongs to B, or is a limit point of H 
and belongs cither to H or to P Such sots arc called closed 
regions, and aro parkoulaily useful for our puiposes, 

Finally, wo define a neighbourhood of a pomt P as any open 
set containing P, If wo denote the co-oidmatos of P by (|, ij), 
the two simplest examples of neighbourhoods of P are the ciioular 
neighbourhood, consistmg of all points (», y) such that 

and the square neighbourhood, consisting of all points (», y) such 
that 

I ai ~ ^ 1 < S and | y — ij) < 8. 

3. The Heine-Botol Coverine Theorem. 

A further conscquonce of the principle of the pomt of accumu¬ 
lation, which is useful m many proofs and roflnod investigations, 
is the Ileine-Borcl covering themem, which nms as follows’ 

IJ corresponding to every point of a bounded closed set M a 
neighbourhood of the point, say a square or a aicle, is assigned, 
it is possible to choose a fmile nuinbei of these neighbourhoods in 
such a way that they completely cover M. The last statement of 
course moans that every point of M belongs to at least one of 
the finite number of selected neighbourhoods. 

By an mdireot method the proof can he derived almost im¬ 
mediately from the theorem on slmnlcing closed sets. Wo supposo 
that tho thoorom is false. The sot M, bomg bounded, hos m a 
square Q. This square wo subdivide into four equal squares. 
For at least one of theso four squares, tho part of M lying in or 
on tho boundary of that square cannot ho covered by a finite 
numhor of tho noighbourhoods; for if each of tho four parts of 
M could bo covered in this way, M itself would bo covered. 
This part of M we call M^, and wo see at once that is closed. 
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Wo now Bubdivido the square containing into loui equal 
squares By the same aigument, tlio paii) ol lying lu or on 
the Boundary o{ one of theso squares cannot bo coveicd by a 
finite number of the neighbourhoods Coiitimiing the inocesa, 
we obtain a soquonco of closed sets , each, en¬ 

closed in the preceding, each of these is contained in a square 
whoso side tends to zero, and none of them can be covered by a 
finite number of the neighbourhoods By tho theorem on shrinlc- 
mg sequences of closed sets wo Icnow that there is a point (^, 
which belongs to all these sets, and hence a fortiori belongs 
to M To the point (^, 7 ;) there accoidmgly coiicsponcls ono of 
tho neighbourhoods, contaimng a small square about (^, rj) 
But since each contains (^, 7 )) and is itself contained in a 
square whoso side tends to 0 as 1/n does, each after a coitain 
n IS completely contained m the small square about (^, tj), and 
18 therefore covered by one neighborhood of tho sot The assump¬ 
tion that the theorem is false has ihoiofoie led to a contradiction, 
and the theorem is proved* 


Exajmplbs 

1 A convex region 21 may be defined as a bounded and oloaed region 
with the proporby that if A, F ore any two points belonging to i?, all 
points of the aegment AB belong to 11* Piovo the following state, 
ments* 

(a) * If A ifl a pomt not belonging to J?, tlioro ia a straight Imo 
passing through A whioh has no point m common with 21, 

(b) * Through every pomt P on the boundary of 21 thoio is a straight 
lino I (a BO called *‘line of support “) snob that all points of 2i lie on ono 
and the same side of H or on 2 itself 

( 0 ) If a pomt A lies on tho same side of ovoiy line of support as tho 
pomts of By then A is also a point of B 

(d) The centre of moss of is a point of 

(e) A closed curve forms the boundary of a convex region, provided 
that it has not more than two pomts in common with any stiaighfc lino. 

(/)* A closed curve forms tho boundary of a convex region, piovldcd 
that its curvature Jis everywhere positive (It is assumed that if tho 
whole curve is traversed the tangent makes ono complete revolution*) 

2 (a) If j8f IB an arbitrary closed and bounded set, there is ono “ looeb 
convex envelope ” i3 of ;S, 1 e a sot winch 

(1) contains all pomts of *Sf, 

(2) 16 contained m all convex seta oontammg Sy 

(3) IS oonvext 
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(&) E may also bo described in tho lollowiiig way 
A point P IS m E if, and only if, for ovoiy straight lino winch loaves 
(ill points of S on ono and tlio aamo sido* P is also on this sido» 

(o) Tho oontro of mass of *Sf is a point of E 


2 . Tim CoNOKPT 01? Limit for Funotions of 
Several Variables 

Wg sliall fincl it usofiil to lofino oui conceptions of tho various 
limiting piocGss('s connected with soveral variables and to consider 
them from a single point of view IIoio wo again restrict om- 
selves to tho typical case of two vaiiables 


1. Double SeguenoeB and tlieir Limits. 

In tho case of one variable wo began with the study of so* 
quonccs of numbers whero tho suffix n could bo any integer. 
Hero double sequences have a coircspondmg importanco These 
are sots of mimbois a^m with two siiflixcs, whoio tho suffixes m 
and n run through tho soquonco of all tho intogeis ludopondontly 
of one anothoi, so that we have o g tho numbois 

% 3 ) ^ 22 » ^ 31 ) ^ 23 ) • • 


Examples of such sequences aio tho sots of munbeis 


n+m 




1 




^nni — —:-• 


m 


Wo now make tho following sbatoment 

The double sequence converges as n -> co and m-> oo to 
a hmity or moie precisely a double hmit'*, I 'if the absolute 
difference \ ^ I arbibanly small pre-assigned 

positive number e whenever n and maie both sufficiently largCy that 
iSf whenever they me both larger than a certain numbei* N depend¬ 
ing only on e Wo then write 

hm 

H—^ CO 


Inn- 

w-|- 


0 


Ttu8, for examplo, 
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and Imi = lira (\ + i') — 0. 

mn^ „_>«> \n^ m/ 

m->-» »»->«) 

Following CaucEy, wo can deiermmo, without leferrmg to the 
limit, whether the sequence convcigca or not, by using the 
following ci’iteiion* 

The sequence a„,n converges tf, and only ^/, for &oeuj e > 0 
a number N = N(6) exists such that | a„,„ — an',„-1 < e whenever 
the four suffixes n, m, n', m' are all greater than N 

Many prohlema in analysis involving several variables depend 
on the resolution of these double limiting pioccsscs into two 
auccessive ordinary limiting processes In otliei words, instead 
of allowing n and m to increase simultaneously beyond all bounds, 
wo first attempt to keep one of the suffixes, say m, fixed, and lot 
n alouo tend to eo The bmit thus found (if it exists) will in 
general depend on «i, let us say that it has the value l„. Wo 
now lot m tend to oo The question now aiisos whether, and 
if so when, the limit of is identical with the original double 
limit, and also the question whether we obtain tho same result, 
no matter which variable we first allow to increase, that is, 
whether wo could have first formed tho limit bm and 

111—> CO 

tlion the limit Ima and still have ohtained the same icsult, 

«->-CO 

We shall hegm by gaming a gonoial idea of tlio position flora a 

few oxnmples In the ease of tho double sequonoo -> when 

n -b in 

fn IB fixed we obviously obtain tho result Inn ^ 0, and thorofoio 

lim = Oj tho same result is obtained if wo poifoim tho passages to tlio 

oo 

limit m tho reverse order For tho Bcqnenco 



tf. 

_ 1 


m 

1 1- 

however, we obtam 

lun = 

I 

and conaeq^uently 

m-->« 

= lj 


while on perfonnmg the passages to the Imilt in tlio reverse order we first 
obtain 
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and thou 


hm = 0 

hm Xrt === O 4 

11—>w 


In this case, then, tho losult of tho succossivo limiting proccsaoa \a not 
mdopondont of thoir ordoi' 

hm (hm = 1 = lira (lim 

m->co «—>■«> m—>00 

In addition, if wo lot n and m inoreaso boyond all bounds simultaneously 
wo Ond that the doublo limit fails to exist* 

Another example is givon by tho sequonoe 


«nm 


8 m?i 
m * 


Here the doublo limit Irni a^m o'^iats and has tho valuo 0, sinot? Ch» nu 

moratorof tho fraotioncan novoi oxooed 1 m absolu to valuo, while thodonoim 
nator moi eases boyond all bounds Wo obtain tho aamo limit if wo flist lot ?n 
tend to oo, WG find that lim —0, so that hm X^a=0. If, how 

ever, we wish to perform tho passages to tho limit in tho rovoisoordor, Irocping 
m fixed and lotting n moroaao beyond all bounds, wo onoounter tlio diffioulty 
that lim smn doos not exist* Honoo tho resolution of tho doublo limiting 

n oo 

process into two ordinary limiting xirooessoa cannot bo earned out in botk 
ways. 

Tho position can bo sununariued by moans of two thooroms 
Tho fiist of these is as follows 

If tho doublo limit Inn — I exists, and tho simplo limit 

«—>CO 

lim exists for ovory value of m, then tho limit lim 

n-yw m-y« 

also exists, and lim 1^ — l< Again, if tlio doublo limit exists and 
has tho valuo J, and tho limit Iim ===: exists for ovory valuo 
of n, then Inn A„ also exists and has tho valuo 1. In symbols: 

n-yto 

I = lim — lim (hm »„„) = lim (lim 

,1^00 


* Foi if Biioh a limit existed it would nocossarily havo the vahio 0 , shico 
wo oan make aibiliauly close to 0 by choosing n laigo enough and ohoosing 
m ^ n* On the otlior hand, « J whenever n ^ m, no matter how largo 
n is Tlioso two facts contradiot tho assumption that tho doublo limit oxlste. 
But even when Hm (hm « hm (hm tho doublo limit Hm may 

fall to oxiat, as la shown by tho oxamplo =* ,--L-,, 

{n - m) + J 
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iliG double limit can bo resolved into simple ImiiUiig pioccssos 
and tins resolution is independent ol the ordoi ol tlio simple 
limiting piocesses 

The pi oof follows almost at onco fiom tlio doflintion of the 
double limit In virtue of the existonco of Inn a^m — h every 

CO 

positive € there is an iV = N{c) such that the relation | a„,„ — I| < e 
holds whenever n and m are both larger than N If wo now 
keep m fixed and let w incieaso beyond all bounds, wo find 

that j lun — JI := 1i I ^ € This inequality holds for 

>00 

any positive e provided only that m is larger than N{c)y m 
other words, it is eqmvalcnt to the statomont lim (hm a^m) ^ 

t »—>^00 «—->-«) 

The other part of the theorem can bo proved in a similar 
way 

The second theorem la m some respects a convoiso of the 
first It gives a sufficient condition for the equivalence of a 
repeated limiting process and a double limit. This tlicoroin 
IS based on the concept of umform convorgonco, which wo define 
as follows 

The sequence convoges as n co to the limit uniformly 

m m, p^^omded that the hmit hm exists for every m and in 

11 “-^ 

addition for every positive e it ts possible to find an N == N(c), 
depending on e hut not on m, suoh that [ [ < c whenever 

n>N 

« 1 1 

Tor example, the sequenoo = — -- = ^ ;— oonvergea 

^ “h wi) w n + m 

umformiy to the limit , as wo see immccliatoly fiom the esinnato 

1 ^ 

n + m n* 

wo havo only to put N On the other hand, tho condition for uniform 
e 

conyergoiico does not hold m tho caao of tho scquonco . For 

m n 

fixed values of m the equation lim 0 is always true; but tho 

convoTgonoe is not uniform For if any particular value, say 1/100, Is 
assigned to c, then no matter how largo a value of n wo ohooso Iheio aro 
always values of w for which | ^ 1 ~ ^nm exceeds e. Wo have 

only to take ohtam which is a value dilloiuig from 

tho limit 0 by moio than 1/100. 
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We now have the following theorem’ 

IJ the limit lim exids unijoi mly mth respect to m, 

n—’>co 

and if further the limit hm l,^~ I extsLs, then the double limit lim a„m 

m—>-«» 

exists and has the value I, m—>-» 

lim (lira a,„„) = Hm 

fll—>-cO «->•«» 

W—>*«0 

We can then reverse the older of the passages to the limit, piovuled 
tJiat lira ~ exists. 

By makmg uao of tho mcqualifcy 

I ^nm ' ’ ^ I ^ I | | hn ^ I 

the pioof can bo earned oni jiiat na foi tlio provioiia theorem, 
and wo accoidingly loavo it to tho roador, 

2* Double Limits in Iho Case of Continuous VanaWes. 

In many cases limiting piocessos occiu in wliioh coitnin su nixes, 
og n, aio integers and iiicreaso beyond all bounds, while at tho 
Bumo time ono or more continuous vaiiables oj, j/, ♦ , tend to 

limiting values i, rj^ , , . Otlu'v piocessi^s involve continuous 
variables only and not suITixcs Oiu previous discussions apply 
to such cases without essential modification Wo point out m the 
first instance that tho concept of tho limit of a sequonco of func¬ 
tions/„(a;) oi/„(fl5, y) a& CO can bo oliissified as ono of these 
limiting pioccssca We have already soon (Vol T, Cliap VIII, 
p, 393—tho definition and proofs can be applied unaltered to 
functions of several variables) that if tho convergenco of tlio 
sequence fn(x) is uniform tho limit function f{x) is continuous, 
provided that tho functions/*,(a?) aro continuous This contimuty 
gives tho equations 

fii)— lira /(»)= hm (lira /„(a,))~ lim f„{0= /«(*))» 

AJ—>-t >00 «—>00 \-->f 

which express tho rovoisibility of tho older of the passages to tho 
limit n-^co and x 

Fuithor exaniplca of tho paifc played by tho question of thoiovoraibihty 
of the Older of passages to tho limit have already ooouricd, eg m tho 
theorem on tlio oidor of partial difforoiitiation, and wo shall moot with 

(B012) 5* 
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Qthor oxaraplea lalor Here wo mention only the oaeo of the function 


/(a-. V) = 


— 2/^ 
a;Ji + 2/3 


J?or fixed non ioro values of y wo obtain tho limit hm /(tj, y)^ —Ij whilo 

a;—VO 

for fixednon-zoro values of x wo have hm /(^, 2/) *= -hi dMms 

lim 2/)) 4= hm y))^ 

y—^0 (8^0 f/—>.0 

and tho order of iho passages to tho limit la not immatonal Tins is of 
course oonneoted with tho disoontmuity of tho funotiou at tho oiigin 

Ill conclusion, wo remark tliat for coni'imcous vanahles the 
resolution of a double limit into successive ordinary limiting pro¬ 
cesses and the reversibility of the order of the passages to the limit 
are controlled by theorem which correspond exactly to those estab¬ 
lished on p 103 for double sequences 


3. Dmi^s Theorem on the Uniform Convergonco of Monotonlo 
Seqiuenoes of Functions. 

In many refined analytical invosligaUons it is iisoful to he 
akle to apply a certain goneial tlioorom on uniform convorgonco^ 
whicla wo shall state and prove here Wo already loiow (Vol I, 
p 387 et seq,) that a sequence of functions may convoigo to a 
continuous limit function, even though tho convoigciico is not 
uniform la an important special case, liowovor, we can coiioludo 
from the contimiity of tho limit that the convergonco is uniform. 
This is the case in which the sequence of functions is monotonic, 
that IS, when for all fixed values of x the value of the funotiou 
fi^{x) either increases steadily or decreases steadily as n inoi oases. 
Without loss of generality wo may asaiuno that tho values increase^ 
or do not decrease, monotonically, wo can then state tho follow¬ 
ing theorem 

// in the closed region K. the sequence of continuous functions 
fj^(x, y) cmverges to the continuous l/t/iml function I(x, y), and if 
at each point (x, y) of the region the inequality 

fnn{^> y) y) 

holds^ then the convergence is unifoim in R 

The proof is indirect, and is a typical example of tho use 
of the principle of the pomt of acoumiilation If the convergonco 
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18 not uuifoiiu, a positive number a will exist sucli that for arbi- 
tiarily largo values of 7i —say fox all the values of 7i belonging 
to the infliuLe sot ng, —^tho value of the function at a 
point m the icgioni/„(Ptj)> tlillcis homf{P^) by moio than a 
If we let n run thiough the sequence of values %, , the 

points P„^, . will havo at least one point of acoiimulation 
Q, and since R is closed, Q will belong to R Now for eveiy point 
P in R and every whole number /x wo havo 

f{P)^UP) + W> 

wlieie4(P) and the '' lomainder P^(P) aie continuous functions 
of the point P. In addition, 

P^(P)^P„(P), 

whenever > ft, as we assumed that the scquonco moroasea 
monotonioally In partioulax, for w > ft the inequality 

Will hold. If wo consider the sub-sequouco P„j, Pt,^, Pn,, ♦ 
of the sequence which tends to the limit point Q, on account of 
the continuity of R^ for fixed values of ft wo also have R^SQ) ^ ct 
Since in this limiting process the suffix « iiicioases beyond all 
bounds, we may talco the index ft as largo as wo please, for the 
above inequality holds whonovex n> fx, and in the sequence of 
points P„ tending to Q thexo aio an infimto number of values 
of the suffix w, hence an infimte number of values of n greater 
than ft But the x elation R^^iQ) ^ a for all values of ft contradicts 
the fact that RJ,Q) tends to 0 as ft inoxeases Tims the assump¬ 
tion that the conveigonce is non-umform loads to contradiction, 
and the theorem is proved. 


Examples 


1, State whether the following limits exist: 

(a) hm ^ 

(lognp + (logwip* 


(6) iim 

«~>M 1 — tan«. tanrti 
( 0 ) lun i S oosX, 
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2 Prove that a fiinoiion/(a., y) is contmiioiis, if 
(ffJ when y la fixed / la a oontmuoua fiinotion in a, 

{h) when x is fixed / la unifoimly continuous in in the soiiso that 
for Gvery e thexo is a S, inclopendeiit of x aiul such that 

, I /(«J» Vi) - /(ic> 2/) I ^ c 

when 

\yt-y\^^. 

8 Prove that f{x, y) la oontmuous at a; = 0, y — 0, if tlio function 
9) =! /(2 C039, ^sm^) IS 

(а) a continuous function of t when 9 19 fixed* 

(б) uniformly continuous m 9 when t is fixed, so that for every b tlioio 
is a S, independent of t and 9, such that 

9 i)- 9)1 gc 

when 

l 9 j ^ 9 | ^ S 

4 , Prove that the oomplemontary sot of a dosed sot S (i 0. the sot of 
all points not m ;S) is an open set 


3. HoMoaENEOus Functions 

We finally touch on one other apeoial point, the theory of 
homogeneous funettons. The simplest homogoncoiis functions 
oGciurrmg in analyais and its applications are the homogonoons 
polynomials in several variables We say that a fiuiction of the 
form ax-\r by IB ^ homogeneous function of the fiiat dogreo in 
X and y, that a function of the form aa;^ + hxy + oy^ is a homo- 
geneous function of the second degree, and m general that a 
polynomial in x and y {or in a great&r number of va/nables) is a 
homogeneous function of degree h if in each iam the sum of the 
indices of the independent variables is equal to h, that is, if the 
terms (apart from constant coefficients) are of the foim 

• * ♦ j Those homogeneous polynonaials have the 
property that the equation 

f{tx, ty) ^ y) 

holds for every value of t We now say m general that a 
function Y) • * *) ts homogeneous of degree h. if U satisfies 
the equation 


f{ix, ty, ) ^ t^f{x, y, , , ) 
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Examples of homogeneous fimetions whieh are not pol) nommls aro 

taiiQ, (A-0), 

Bin- + yVlog (h = 2)* 

V ^ i 

Another o'^ample la tho coamo of tho anglo botweon two vcotora with tho 
rospeofcivo compononta a;, y, z and «, v, w 

XU yv H- ^ 

y^ “h ^ V^ 

The length of tho veoior witli compononts x, y, z, 

a/+ 2/® + 

IS an Gxamplo of a fiinotion wliioh is positively homogoncoiia and. of tho 
first degree, that is, tho equation defining homogoncous functions does 
not hold for this function unless i is positive or zoic 

Homogeneous functions whicli are also fliftoxentiablo satisfy 
tlio cliaractonstio ISulefs reUtxon 

«/«+2//v+••) 

To prove this we difEorontiato both sides of tho equation 
/(<®j ly, )-s=t^f[x, ijt . ) with respect to t, this is pox- 

missible, since tho equation is an identity m t. Applying tho 
chain rule to the function on tho loft, wo obtain 

ty, . ) + yfv(i«>, iy, ...)+• • - y, • •) 

If we substitute < = 1 in this, tho statement follows 

Conversely, it is easy to show that not only is tho validity of 
Euler’s relation merely a consequence of tho homogeneity of tho 
function/(», y, ), but also tho homogeneity of tho function 
IB a consequonco of Euler’s relation, so that Euler's relation is 
a necessary and sujjicient condition for tJie homogeneity of the 
function, Tho fact that a function is homogeneous of dogroo h 
can also bo expressed by saying that tho value of tho function 
divided by a:'* depends only on the ratios y/x, z/x, , . . It is 
therefore sufEoiont to show that it follows from tho Eulor 

relation that if new variables ^ », ij = f , aro 

introduced, the function 
1 . 1 
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no longer depends on the vanablo i o tliat tho equation == 0 
18 an identity In order to prove this wo nso tlio chain rule. 

9i—{f«+vfv+- 1 ^/ 

=-W.+yfi,+ 

The expression on the right vanishes m vnlno o£ Enlor’s relation, 
and. onr statement is pioved. 

This last statement can also bo proved in a more elegant but 
less direot way Wo wish to show that fiom Euloi’s relation it 
follows that the function 

git) = (^(05, y,...) -fitx, ty> ..) 

has the value 0 for all values of t. It is obvious that (/(I) = 0 
Again, 

g'{t) = Jit^-^fix, y, .. ty, ..) - yfy{tx, ty, 

On applymg Euler’s relation to the arguments /», ty, . wo 
find that 

ll 

»/«(<»> ty> •) + iy,> .)+.•• = < 2 /. • < ). 

t 

and thus g{t) satisfies the difierential equation 

If we write g{t) = we obtain g'{l) ~-g{t) + t’y'it), so tha 
BatisfieB the difierential equation ^ 

eV(i)==0, 

whioh has the unique solution y — const, ==3 c. Since tor t — 
it is obvious that y(t) ~ 0, the constant c is 0, and so ^f(^) — 
for all values of t, as was to be proved. 

ExAMPL*E3 

1 Piovo that if /(», ) is a horaogoneous function of degree 

any &-th derivative of / is a homogeneous function of degree k — k 

2 Prove that for a bomogenpous function / of the fliat degree 

/a?aj + Jvv + /z» + »» + 2/^u + 0. 



CHAPTER HI 


Developments and Applications of the 
Differential Calculus 

l . Imflioit Funoxions 


1. Ganeial Remarks. 

In analytical geometry it ficqucntly happens that the equation 
of a ouive is given, not in the form y = f{x), but in the form 
•^(®) y) — O' Accordingly, a straight bno may bo ropicsentod 
by the equation a® -j- hy + o = 0, or an ellipse by the equation 
= 1. To obtain the equation of the curve in the 
form y =/(*) we must “ solve ” the equation F(x, y) — 0 for y. 

Again, in Vol. I we considered the pioblom of finding tbo 
inverse function of a function y=f{x), m other words, the 
problem of solving the equation F(x, y) = y —f{(c) = 0 for the 
variable These examples suggest the impoitanco of studying 
the notion of solving an equation F{x, y) == 0 for x or for y. 
We shall now proceed to this investigation, and in section 3 
(p 163) wo shall extend the results to functions of several variables. 

In the simplest oases, such as the equations mentioned above, 
the solution can readily bo found in terms of elementary func¬ 
tions In other cases the solution can bo approximated to as 
oloBoly as wo desire For many purposes, however, it is preferable 
not to work with the solved form of the equation or with those 
approximations, but mstead to draw conclusions about the 
solution by studying the function Fix, y) itself, in which neither 
of the variables x, y is given preference over the other. 

The idea that every function F{x, y) yields a fimotion y “/(a) 
or a = ^(y) given implicitly by moans of the equation F{x, y)—0 
18 erroneous. On the contrary, it is easy to give examples of 
functions F{x, y) which, when equated to zero, permit of no 

m 
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aolniion in torma ol functiona of ono variable Thus, foi ovamplo, 
tlio equation a® + i/* = 0 is satisfied by the single pair of valiiea 
a = 0, y ~ 0 only, while the equation a® + -1-1 = 0 is satis¬ 

fied by no (real) values at all It is tbcrofoio nccoHsary to in¬ 
vestigate the matter more closely in order to find out wbothor 
an equation F{x, </) = 0 defines a function y~f{x), and wliat 
are the properties of this function. 

2 Goometrioal Interpretation.’'’ 

In order to clarify the situation wo tliinlc of the funotioi 
u s= jF(a 5 , y) as ropiosontod by a surface in thico-dimonsional 

apace The solutions of tlio 
equation i/) = 0 are tlio 
same as the simultaneoua 
aolutions of the two equa¬ 
tions u = F{x, y) and u= 0. 
Geometrically, our problem 
is to find wliotlier ourvos 
y =f(x) or a: == rt){y) exist in 
winch the suifaco F{x, y) 
mtoiBCctathoajy-plano (How 
far such a curve of lutor- 
Boction may oxtond does not 
concern ns hero.) 

A fust possibility is that 
the surface and tlio plane 
may have no point iii com¬ 
mon. Eor example, the paraboloid u— F{x, y) = a;® -|- y® -|- 1 
lies entirely above the cey-plano. In such a case thoro is 
obviously no curve of mtoxseotion. We thoroforo need only 
consider cases m winch there is a point (Kq, i/q) at which 
-^(*05 Vo) “ 0, the values iB^, j/j arc called an “ mitial solution 
If an initial solution exists, two possibilities remain. Either 
the tangent plane at the point (!Bo, y^) is horizontal or it ia not. 
If it is, wo can readily show by means of examples that tlio 
solution or »= <f){y) may fail to exist. For example, 

the paraboloid tt = sc® -|- bas the initial solution ic = 0, = 0, 

but has no other point in the sct^-plano Again, tho Btirlaco 
u — xy has the initial solution a; = 0, y—0, and in fact 
» Of ftUo Vol. I, Chap. X, aootion 5 (pp 481-0) 
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luiiGisects tlio ay-plano along tlio linos Q and y^O (of 
jRgs 1,2) But m no noighlioiuliood of tho oiigm can wo lopiesont 
tho 'ivhole intoiseotion by a function J/—/(a?) or by a function 
X = ^(y). On tliQ other hand, it is quite possible for the equation 
F{x, y) 0 to have a solution, oven when tho tangent piano at 
the initial solution is hoiizonial, as, for example, m tho caso 
{y — xY =5 0, In tho (excojiiional) case of a horizoni;al tangent 
piano, therefore, no dofoiito gencial statement can bo made. 

Tho romainmg possibility is that at the initial solution tho 
tangent plane is not hoiizontal Then intuition tolls us, roughly 
spealang, that tho surface u = F{x, y) cannot bond fast enough 



FjIb» 7 , —Contour lines oF« »■ xy 


to avoid cutting tho a«/-plano near {iCo, y^) ni a single woll-doflnod 
curve of intorsootion, and that a portion of tho curve near tho 
initial solution can be ropiosontod by tho equation ?/==/(») or 
® = ^iy) The statement that tho tangent plane is not hoiiaontal 
18 tho same as tho statement that j/o) J'’v(»o> Vo) 
not both zero This is tho caso which wo shall discuss analytically 
in. tho next sub-sootion 

3 The Theorem of Implicit Functions. 

Tho general theorem which states suffloiont conditions for tho 
existence of implicit functions and at tho same time gives a rule 
for difierentiatmg them is as follows. 
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If y) has continuous de/nmtives IT* and Py, and if at the 
point (xj, y j) wUhin its region of definition the equation P(xo, yo) = 0 
IS satisfied, whle Py(Xo, yj) is not zero, then we can mark oj} about 
the point (Xj, y^) a rectangle x^ ^ x ^ Xj, yj^ ^ y ^ y^ such that 
for every x in the interval x^ ^ x ^ Xg the equation i'(x, y) “ 0 
determines exactly one value y = f(x) lying in the mteival Yi ^ y 
^ Yj. This function satisfies the equation Jq — £(xo), and for 
every x in the interval the equation 

^s satisfied The function f(x) is continuous and differ entiable, 
and its derivative and differential are given by the equations 

1 /«/'(«;) and = 

1 espectively 

yfe shall aasnmo for the prcsont that tho first part of tho 
theorem, relating to tho existence and contimuty of tho implioitly- 
dohned function, is already proved, and shall conlino ourselves to 
proving tho diflcientiabihty of tho function and tho differentiation 
formulro, tho proof of tho oxistonco and continuity of tho solution 
VTO shall postpone to sub-section 6 (p. 119) 

If wo could differentiate tho terms of tho equation /(»))=» 0 

by the chain rule, the above equation would follow at onco.* 
Since, however, tho difiorentiahihty of/(») must first ho proved, 
we must consider the matter in somewhat gioator detail. 

As the deiivatives F„ and F„ have been assumed continuous, 
tho function F{x, y) is differentiable Wo can theroforo writo 

F(x+h, yi-l)-F{x, y)+hFJx, y) + kF„ix, y)-\-eJi+efic, 

where and are two quantities which tend to zero as h and ft 
do or as jo == -f does. We now confine our attention to 

pairs of values {x, y) and (« + ft, y + ft) for which both x and 
a: -f- ft he m tho interval ^ ^ aij and for which y == f{x) and 
y k—f(x-\- h) Pot such pans of values wo have I'Xa!, y) =* 0 
and F{x -t- ft, y -f ft) = 0, so that tho preceding equation reduces 

0 = hF„ 4- kF^ + efi 4- efit. 

We asBumo that f{x) has been proved eontmuous Hence as ft 
* C{. Vol I, p 483. 
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tends to 0, so does h, and with thorn and eg also tend to 0 If 
we dmdo by liFy (which by hypothesis is not zero), the last 
equation gives 


/l 4- - 4. ■?? 4- ib = 0, 


and on perloiining tho paasogo to tho limit 7t -> 0 wo have 
hm ^ + = 

h-^Qfl My 


k_ fia>+h)-fi!ci 
I h 

this proves tho difforontiability olf{x) and gives tho loqniiod rule 
for differentiation, 

„ ii„ /(»,+ *i~m 

/j->o h /i->oA Fy 

We can also wnto tlus rule in the form 

+ Fyy'^0 
or 

dF =: F„dx + Fydy ^ 0. 

Tins last equation states tliat m virtue of the equation F{Xf y) — 0 
the dilforentials dx and dy cannot be chosen inclopondonily of 
one another. 

An implicit function can usually bo dilforontiatod more easily 
by using this rule than by first wiitmg down the explicit form of tho 
function Tho rule can be used whenever tho oxplioit representation 
of tho function is theoretically possible according to tho theorem 
of imphoit functions, even m cases whoro tho practical solution 
m terms of the ordinary functions (rational functions, trigono¬ 
metric functions, &o) is extremely complicated or impossible, 
Suppose that the second order partial derivatives of F{X) y) 

F 

On/l ma ivntrtiio Tv» ® 


exist and aie contmuoua. In the equation ?/' ^ 


whoso 


right'-hand side is a compound function of «, wo can diHorontiato 
accordmg to tho chain rule and then subsktuto for y' its voluo 


This gives 
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,j. ^ J*/ - 2J’«v 

as 1110 formula for tio second derivative olij = f(x). 

In tEo same way we can obtain tbe liiglier derivatives of 
f{p) by lopeated diHeientiation. 


4. Examples. 

1 . For tlio function obtained fiom tho equation of the oixolo 

F(a}, y)^x^ +if--1^0 


wo obtain tho dorivativo 

^ i'’i/ y 

Thia oan easily bo voriftod diicotly If wo boIvo for tho equation 
of tho oirclo givoa either tho function y— V(1 — 'r^) or tho function 
y =^ — V(1 — a;®), roproaonting the up])or and lower Boraiciroles roapoo* 
tivoly. In tho first case diUciontiation gives 

t/ = — ^ 

V (1 “ 

X 

y 

2. In the oaao of the lemmscate (Vol I, p, 72) 

y) =» ^ 0 


and m tho second case 


Thus in both oases j/' *= — 


it la not easy to solve for y For a; ^ 0, f/ = 0 wo obtain F ==» 0, Oj 
Fy = 0. Here oiu theoiom fails, ns might ho expected fioin the fact that 
two different branches of tho lomnisoato pass tlirougb tho oiigin For all 
points of tho curve for which however, oui xule aiiplios, and tho 

denvatiTo of tho function y J{v) is given by 

«'=== 4- y^) — 

Fy 42/(^3 +2/^) + 4aV 


Wo oan obtain important information about tho ouivo from this equation, 
without brlngmg m the explicit expioasion for y h’oi example, maxima 
or minima may occur whore y* = 0, that is, for jr ^ 0 or for -4- 2/^ a\ 
From tho equation of tho leramscate, 2/ = 0 when a? = 0, but at tho oiigiu 
there is no extreme value (of fig 26, Yoh I, p 72) Tho two oquatlona 

bhereforo give the four pomts (±5 V3, as tho maxima and minima. 

\ 2 2/ 
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3 In tho caso of the fohim of Descartes 

FCtj, y)^ ^ 0 

(of fig 3), tho explicit solution would bo oxccedingly inoonvomont. At tho 



otigm, “whero the ourvo intorscots it 9 olf» our rnlo again fails, since at that 
point jp ^ Fy^ 0* For all pouita at which 4 * cwj wo havo 

Accordingly, there is a isoro of tho doiivativo when jc* — ay « 0, or, If wo 
use the equation of tho eiuvo, whoa 

x^a'^ 2 , 

0. The Theorem of Implicit Functions for more than Two Indo- 
pendent Variables, 

The general theorem of implicit functions can ho extended to 
the case of several mdependent variables as follows' 

Let F(x, y,,.,, z, u) a continuous f unchon of the independent 
variables x, y, ,,. , z, u, and let it possess continuous partial 
derivatives Fy, ,, F^, IPor the system of values Xq, yo) ♦ • . > 
Zq, Uq corresponding to an interior point of the region of dejimhon 
of P, let F{Xo, Jo, , Zo* Uo) = 0 and 

■^u(®o> yo> • ’ • > *o> ^o) 

Then m can mark off an vnterival % ^ ^ Uj ahout Uq and a 
region R containing (Xq, yo, .. , Zo) i/nteiior such that for 
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evefry (x, y, , z) in R the equation E(x, y, . , z, u) — 0 
satisfied by exadly one value of \i %n the into val % ^ u g 
Foi^ this value of u, which we denote by I(x, y, ... , z), the 
equaiim 

F{x,y,...,z,f(o), 2 /,.. ., 2 ))== 0 
holds tdenttcally m R; addxhon, 

«o = /(%2/o.' ♦.«o) 

The Junction £ is a continuous function of the independent vanaJiles 
X, y, , 7., and possesses continuous paittal denvalvoes given by 
the equations 

Fa-i- Fuf» = 0, 

K + Kfi>=-o, 

♦ • » ft 

J^z + Kf.^0. 

Tot tliG proof of the exiatonco and coiiihinity of/(a;, i/, ., , , z) 
we rofei the reader to tlie next sub-section (p 121) The formultn 
of dilieientmtion follow from thoso for tho case of ono indopondout 
variable, since wo can o g lot y, *.,, 2 ! lemam constant and thus 
find tho formxila for/p. 

If we wish, wo can combine our difEeiontiation formulto in 
the single eq^uation 

F^dx “b F^dy -f- »• • -]-* F^^dz F^du ^ 0* 

In words, 

If in a fimction ]?(x, y, , , , z, u) the va/riables are not inde¬ 
pendent of one anoih&Ty but are subject to the condition R = 0, 
then the linear parts of the moremmts of these variables are hJeemse 
not independent of one another, but are connected by the condition 
dF i=: 0, that IS, by the hnear equation 

F^dx + F^dy + . -f F,^dz + F^^du =: 0, 

If we hero replace d/u by tho expression + • » • 

-f* Uifdz and then equate tho cooffloiont of each of the mutually 
independent difiereutials dx, dAj, . , ,dz to zero, wo again obtain 
the above difiorentiation formulDe 

Incidentally, tho concept of implicit functions enables its 
to give a general definition of the concept of an algebraiofuncliont 
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We say tliat tc ^ f{x, ?/, , ) is an algobiaic funcUon of tlio mdo- 
pendent vauablos (c, y, , , , it u can bo dofincd implicitly by an 
equation y, * * • , w) ^ 0, wboro is a polynomial in tbo 

argiimonts oj, j/, * . , , w, biicfly, if u “ satisfies an algebraic 
equation^' Ml functions winch do not satisfy an algebraic 
equation are called Uanscendentah 


As an example of our diffoiontiation foimulto wo consider the equation 
of the sphere, 

aja ^2 _ X » 0, 


For the partial doiivatxvca wo obtain 

aud by fuithoi dilfoiontiation 


ic t/ 

^ -1 

u u 




1 , 

X 


0,3+ 1*3 


u 


— -. 1 

1*3 


X 



X1J 




1*3* 



— 

i+ 

u 

JL 

1*3 

tf-y — —' - - -« 


6 Proof of the Existonoo and Continuity of the Implicit Functions. 

Although in many special cases the existence and continuity 
of unphcit functions follows fiom the fact that the equation 
S/) = 0 can actually bo solved m terms of the usual functions 
by means of some special device, yet it is still necessary to give 
a general analytical proof of tho existence thooiem stated above. 

As a first stop wo mailc out a rectangle ^ ^ ®a> J/i ^ 2/ ^ 1/a 
in wbich the equation F(p}, y) = 0 determines a unique function 
2 /=/(a!) We shall make no attempt to find tho largest rectangle 
of this typo; wo only wish to show that such a rectangle msts 

Smee Fy{x, y) is continuous and Fy{xg, y^) 4= 0, we can find 
a rectangle R, with tho point P{a!o, y^) as centre, so small that m 
tho whole of B tho function F^ remains different from zoio and 
thus is always of the same sign. Without loss of gonoiahty wo 
can assume that this sign is positive, so that F^ is positive ovory- 
whoro in B, otherwise, we should merely have to replace the 
function F by ~F, winch loaves the equation F(x, y)<=^ 0 un- 
oUeied, Since > 0 on every lino-sogmont x = const, parallel 
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to the y-axis and lying m ii, tho function y), coneicloTcd as a 
function of y alone, is monotomc incroaHing But jF(i»oj y©) 
heiioe if /I IB a point of R with, co-oidinatcs Xq and iji (t/i < j/o) 
on tlio vortical line tlirougli P (of fig. <L), tlio value of the 
fimetion at A, P(iDo> J/i)) negative, while at the point B with co- 
ordinatoa Xq and (y^ > Vq) the value of the function, F{Xq, j/q), 

IB positive Owing to the con¬ 
tinuity of F{Xf y)f it follows 
that P(aJ, y) has negative values 
along a certain hoii/ontal Imc- 
Bcgmcnt y — i/i through A and 
lying in P, and has positive 
values along a Imo-scgmoufc 
X 2/ = 2/2 through B and lying in 
P. Wo can thoLoforo maik ofi 
an interval a?i ^ ai ^ iCg Q'hout 
cj© so small that for values of a; in that interval the function 
P(aj, y) romams negative along the hoiizontal through A and 
positive along the horizontal through B. In other words, 
for aJi g a? ^ % the inequalities P(aJ, i/j) < 0 and P(£», 2 / 2 ) ^ 

hold 

Wo now suppose that x is fixed at any value in tho interval 
and lot y increase from yi to The point {x^ y) 
then romams m tho loctangle 

v^hich we asBumo to bo completely within P. Since Fp{Xi v) 
tho value of tho function P(®, y) incroasos monotomeally and 
continuously from a negative to a positive value, and can iiovor 
have tho samo value for two points with tho same abscissa 
Hence for each value of x m tho mterval theie is a 

umquely deternvined * value of y for which tho equation P((K, j/) == 0 
la satisfied. This value of y is thus a function of x, we liavo 
accordingly proved the existence and tho umqueneaa of the 
solution of the equation F(x^ y)^0 At tho same timo tho pai^li 
played by the condition has been clearly brought out. 

* If tho reafcrlotion j/i is oniiltod, thig will not noooswily romnln 

true. Por oxamplo, lot i^’ bo a® + 1 and lot *" 0 , 1 u'lion foif 

^ ^ i tbero 18 3U8t ono solution, y = /(jc), in tho interval 0 g y ^ 2 , but 

if ^18 unrcstrioted, there ato two solutions, y « v(l - ic*) and y ^ V{1 — 





4 
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If tbs condition wore not fulfillod, tlio values of tho function at A 
and at B might not liavc opposite signs, so that F{c, y) need not 
pass tliTough i'eio on vortical liiie-sogmenis Or, it tho signs 
at A and at B woio dificieut, tho doiivative could change 
sign, so that for a fixed value of x the function y) would 
not mciease monotomcally with y and might assume tlio value 
Z 01 O more than once, thus destroying the uuiqiionoss of the 
solution. 

This proof merely tells us that tho function exists 

It IS a typical case of a puro ** existence theorem in which tho 
practical possibility of calculating the solution does not come 
under consideration at all ^ 

The conUnmty of tho function/( oj) follows almost at once from 
the above considorationa. Lot ^ a ^ Vi S 
bo a rectangle lying ontuoly witliui tho rectangle 
J/i ^ V ^ J/a fnnnd above For this smaller rectangle we can 
carry out exactly the same process as before in oidor to obtain 
a solution y^f{x) of tho equation F{Xy j/) = 0 In tho larger 
rectangle, however, this solution was uniquely dotormined, hence 
the newly-found function f{x) is tho same as tho old one. If wo 
now wish e g to provo tho continuity of tho function/(a?) at the 
pomt X = oSq, wo must sliow that for any small positive number e 
\f{x) — /{Xq) \ < €, provided only that x lies sufficiently near tho 
point Xq For this pmposo wo put 

yi-yo+^ 

and for these values y^ and wo dotormme tho corresponding 
a>mtorYal ^ aj ^ x^ Then by tho above construction, for 
each X in this interval tho conesponding f{x) lies between tho 
bounds and y^\ and therefore differs from j/o hy less than € 
This expresses tho eontmuity of f{x) at the pomt Xq> Since we 
oan apply tho above argument to any point x in tho interval 

^ £c have proved that the function is continuous at 

each pomt of this interval 

Tho proof of the general theorem for F{Xy j/, ». * > 
a function with a greater number of indopondont variables, 
follows exactly the same lines as tho proof ]ust completed, 
and ofiers no fiuther difficulties 

* Th© saonfleo of the Bfcatomant of Buoh praofcioal metUoda in a gonoral proof 
is somotimoa an essential stop towards tbo simpUfloaiion of proofs 
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ExAMPIjIlS 

1 Provo that tlio following cq.xiatioiia bavo uniciuo soliitiona for y near 
fcho points indicated 

(а) a;’* + ^ 7 (2, 1) 

(б) a? coaaij; == 0 (1» 7u/2), 

(c) + loga^« 1 (1,1), 

(d) «» + yM- = 3 (1, 1) 

2* Pind fcho first donvativea of tho eolutions in Ex 1. 

3 Enid tho second derivatives of the solutions in Ex. 1 . 

d, Find tho maximum and minimum values of tho function p ^ f(x) 
defined by tho equation + 27 

6 . Show that tho equation a; + i/ + 2 = sina:t/2 can bo solved for z 
near ( 0 , 0 > 0 ). Find tho partial doiivatlves of tho solution, 

2. CunvBs AND SuRi?AOES IN Implioit Eorm 

L Plano Curves m Implioit Form. 

We have provionsly expressed piano curves in the form 
y whioL IS unsynamotrical, giving tlie prcforonco to one 

of tlxe co-ordinates. Tho tangent and tho normal to tho ourvo 
are found to ho given by the equations 

(i}-y) — (^—»)/'{») = 0 

and 

(■»?~ 2 /)/'(«) + (|—®)==0 

rospootivoly, -wlioro ^ and rj are tlio ourrout co-ordinntoa oi Uio 
tangent and tho normal, and x and 1 / aro the oo-ordmatos of 
•bhe joint of the curve Wa have also found an expression for 
tho curvature, and criteria for points of inflootion (Vol. I, 
CJhap V). "Wo shall now obtain the corresponding foimuloo 
for curves which are represented implicitly by equations of tho 
typo J^ix, y) = 0. We do this under tho assumption that at 
the point in question and are not both zero, so that 

If we suppose that F^ = 4 = 0, say, wo can substitute for y' in 
tho equation of the tangent at the point (», y) ol tho curve its 
value — I'nel^vi at once obtain tho equation of tho tangent 

in the form 


{^-^)F^+{n-y)F,:=Q. 
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Similaily, foi tto normal wo liavo 

Without going out of our way to uso the explicit form of the 
equation of the curve, wo can also obtain the equation of the 
tangent dnectly in the following way If a and b aro any two 
constants, the equation 

— a;) + f)(i} — 2 /) = 0 

with ouri’ont co-ordinates ^ and r) roprcsonts a stiaight lino 
passing through the point P (as, j/) If now P is any point of the 
curve, 10 . if P{», y) — 0, wo wish to find the lino through P with 
the property that if Pj is a point of the curve with co-ordmatea 
aq = »-f A and yi — y+ K tho distance horn the Ime to Pj 
tends to zero to a higher order than p = ■\/{h? -f- 1?) In virtue 
of tho drflorentiabihty of tho function P wo can ivrite 

P(a5 +1i>y+ ^ = F(x, y) -1- liFa IcF^ + ep, 

whero p tends to 0 as e does Since the two points P and P^ 
both lie on tho curve, this equation reduces to hP* -i- ^Pv = 

As wo have assumed that F„^ F^ 4= 0, wo can write this last 
in. tho form 

. P„ , Pv _ ^ 


whore ei= — ij W zero as p does If we 

side o£ tins equation may bo rcgaided as the expression obtained 
when wo substitute tlio oo^ordinates of tbo point = oj -f ft, 


y^t=i y ^ /(*) for ^ and y] in the canonical form of the equation 
of tho line, a(f — aj) + b{ 7 } — J/) — 0. This is the distance of 
tho point Pi from the line* Thus the distance of from tho 
line 18 numerically equal to | ], which vanishes as p does to 

a iughor order than p. The equation 


ViK^+J^v^) 


(f-re) + 




or 
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la tlio aamo as tlio equation of tlie tangent found m tlio preceding 
paragraph. Wo can thorofoio legaid the tangent at F as that 
hno * whoso distance from noighhouring points of tho oiu'vo 
vanishes to a higher order than tho distance PP^ 

Tho 3/ired%on cownes of the normal to tho cuivo are given by 
the two equations 


cos a: 






sma: 


V(P«*'+ P.*)' 


winch represent the components of a umt vector m the direction 
of tho normal; that is, of a vectoi with length 1 in tho direction 
of tho normal at the point P{x, y) of tho cuivo 

The dvreetion comes of the langerA at the point P(a5, y) aro 
given hy 


cosjS! 


vw + p/)’ 


V(P»" + Pv®) 


Mote generally, if instead of the curve P(a!, y) = 0 wo 
consider the curve 

Fix, y)^o, 

whoie c ia any constant, ovoiything in tlio above diaonsaion 
romams unohangod^ Wo have only to leplaco tlio function 
y) by F{x, y) — c, wliioh has tlio samo dorivativos as 
tho original function Thus for these curves tho equation 
of tho tangent and tho normal have exactly tho samo foirna 
as above 

The class of all tho curves which wo obtaiu when wo allow 
0 to range through all the values in an interval is called a Jmmly 
of (nmes Tho piano vector with components o-iid Fy, wbioli 
IB tho gradient of tho function ^^( 05 , y), is at each point of tho piano 
perpmdiGula/r to the curve of the family passing through that point, 
as we have already seen on p, 90* This again yields tho equation 
of tho tangent T’or tho vector with components cc) and 
(i] — ^) in tho direction of the tangent must bo poipendiciilar to 
tho gradient, so that the scalar product 

must vamsh, 


* The leader will find it easy to prove for Inmeolf that two auoh Hnoft oan* 
not exist, 80 that our condition detormlnoB tho tangent imiquoly* 
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While WG have taken the positive sign for tlio square root 
ocQiirring m 'the above foimiilro, wo could equally well have 
taken the negative loot This arbitrariness corresponds to the 
fact that wo can call the direction, towards either side of the 
curve the positive direction at will We shall continue to choose 
tho positive square root and thereby fix a definite direction of the 
normal It is, however, to be observed that if we replace tho 
function J?{oo, y) by ‘-’F{Xy y) this direction is reversed, although 
tho geometrical nature of tho emvo is unafiected (As regards 
tho sign of the normal, cf Chap V, section 2 (pp, 363-4)) 

Wo have already soon (Vol I, p 159) that for a curve ex- 
phcitly represented in the form y^f[x) the condition/"(cc) = 0 
18 a necessary condition for the occurrence of a point of injlection* 
If we replace this expression by its equivalent^ 

J W- yb -» 

WO obtain tho equation 

F^^Ff ^ 2F^,F^Fy + Jyy ^ 0 


as a necessary condition for the occurrence of a point of inflec¬ 
tion In this condition there is no longer any pioforence given 
to either of tho two variables x, y It has a completely sym¬ 
metrical character and no longer depends on the assumption 
that J?y 5^= 0 

If wo substitute for y* and ?/" in the formula for tho cu/rvatwe 
found previously (Vol I, p 281) 

!/" 

V(i+yr 

we obtain tho formula 

7 F(caF2Fg^yfFggF y 4“ FyiyjFgf" 

which is Ukewise perfectly symmetrical’** For the co'-ordmates 
(^, 17 ) of the oentre of curvature we obtain the expressions 


'•* Por the sign of the owrvature of Vol I, p 282 



DEVELOPMENTS AND APPLICATIONS fCHAF. 


[z6 


whero 


V-^!/+ P 


l!\ 








1 

Ic 


If tlio two cuxvos F{Xf y) = 0 and 0{x^ J/) "= 0 intoisoct one 
anotKoi at tlio point with, co-oxdmatea oj, j/, the angle bet'ioeen 
the cu)ves is defined as tho angle a> formed by then tangents (or 
normals) at the point of mtersection If we xocall the ex¬ 
pressions given above for the direction cosines of tho noimals 
and the foimula for tho scalar product (Chap. I, section. 
p. 8), wo obtain tho expression 


cosoi — 


F„Qa + 


for th .0 cosine of bins angle Since wo havo taken tlio positive 
square roots here, tlio cosine is uniquely dotorminod, tins cono- 
spouds to tlio fact that wo havo thoieby chosen definite diioctiona 
for the normals and havo thus determined tho angle botwcon 
them uniquely 

By putting CO — •7r/2 in tho last formula wo obtain tho 
condition for orthogomhty, i o that tho curves intorsoct at right 
angles, 

F H” FyGy = 0. 

If the curves are to touch one another, the ratio of tho dif¬ 
ferentials, dy ixy must bo tho same for tho two oiu’vos. That 
18 , the condition 

dydx= —F„ • Fy = —Ga' 
must be fulfilled This may also be wiitton in the form 

F,Gy~FyG„:=^(i. 

As an example we conBidcr the parabolas 

y® - ap (i» +1) =» 0 

(of* fig 9, p 137), all of wbioh have tho origin os foous (*‘oonfooaP* 
parabolas) If pj > 0 and < 0, tho two parabolas 




U <t> hf thiB has its gioafcosfc valuo ajb'^ at tho voilicoa y^O, db®« 
Its least value ooours at the other vorUces a; == 0, ^ db^ 

2. Singular Points of Curves* 

We now add a few romaike on tlio singular points of a cfU)ve, 
Iloro WD shall conioni oursolvos witli giving a number o£ typical 
examples; for a moio thorough investigation wo lofor tho roador 
to tho appendix to this chapter (p* 209), 

In tho foimuloe obtained above tho expression ^ 

freq^uently occurs in the denominator, Accordingly wo may 
expect somothing unusual to happen when this quantity vanishes, 
1 , 0 ,. when Ja, = 0 and = 0 at a point of tho ourvo This is 
ospocially brought out by tho fact that at such a point tho ox- 
picssion == --F^jF^ for tho slopo of tho tangent to tlio ourvo 
loses its meamng 

Wo say that a point of a curve is a reguhr point if in tho neigh¬ 
bourhood of this point either tho oo-ordmato y can bo roprosonted 
as a continuously differontiablo function of cu, or olso a? can be 
represented as a continuously differontiablo function of y In 
either case tho ourvo has a tangent, and in tho neighbourhood of 



128 


DEVELOPMENTS AND APPLICATIONS [Chap. 


iixQ point in r|uestion the cnxvo difioiB but little fiom that 
tangent. All other pomtB of a ciu've aro called si 7 igular potnts 
(oi singulanlies) 

Erom tlie thcoiy of implicit fimctionB wo Icnow that a pomt 
of the curve F{x, y)^0 m regular if at that point -i“ 0, sinco 
we can then aolvo the equation ao aa to obtain a iinupio clif- 
fcrontiable solution J/—/(®)* Similarly, the point is rogulax* if 
J’a, 4= 0 Tlio Singular points of the curve are accoidingly to bo 
aought for among those points of tlio curve at which tlio equations 


aro satisfied m addition to the equation of the ourvo 

An impoitant type of eingulauty is a mulUple potniy that la, 
a point through which two oi more branches of tho ciuvo pass 
Eor example, tho origin is a multiple point of the lomniscato 

- 2a\x^ - /) 0 


In tho neighbourhood of such a point it is impossible to express 
the equation of tho oiuve uniquely in the foiin j/—/(«>) 
a; = <Ky). 



Tho truth of the rela¬ 
tions ^ 0 and 
IS a necessary, but by no 
moans a suiricient, condi¬ 
tion for a multiple iiomt; 
on tho contrary, quite a 
different typo of singularity 
may occur, auch as a 

Aa an oxamplo wo oonBidor 
the oiirvG 

yS - 0 

At that pomt both tho ffifii 


voif, flg 5), which has a cusp at tho oiigm 
phjctial donvativos of F vanish 


Moreover, cases may occur in which and Fy both vaniflhi 
and yet there is no striking peculiarity of tho curve at tho point, 
tho curve being regular there. 


This is exomplified by tho ouivo 

— a;* — 0 
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or, in explicit form, 

F*rom the oquotions (—»)''* = y' — ivo see at once that the onrvo 
le symmotnoal with roipcot to tlio y axn and toucliee tho a axis at the 
origin, liko a parabola Yot tho oiigiii is a aoinowhat special point on tho 
ourvo, since the second doiivative is infimto llioro Tho curvature is thoro' 
fore infinite, while tho direction of tho tangent exhibits no peculiaiity. 
Another example is tho onivo (y — i!)® ■=> 0, winch is a straight bno and 
thareforo regulor throughout, oven though = 0 and I'y = 0 for every 
point of tho hue. 

As a lesult of tins discussion wo seo that m tho investigation 
and discussion of singular points of a curve it is not enough to 
verify that tho two equations — 0 and Jv — 0 are satisliod; 
on the contiaiy, each caso must ho studied specially (of. Appendix, 
section 2, p. 209). 

3. Implioil; Representation of Surfaces. 

Hitherto wo have usually roprosented a function s=/(a!, y) 
(horo we write z instead of tho symbol « employed above) by 
means of a surface in ojj/a-spaco If, however, wo aio oiigmally 
given not tho fimction, but a sin^faco in space, tho proforonco 
which this form of expression gives to tho co-ordinate z may prove 
mconvonient, just as in tho caso of tho oxpiossion of piano curves 
in tho form y—/(a.) It is moio natinal and moro general to 
represent sinfacos m space by equations of tho form y, s) = 0 
or J'(®, y, «)=const, o g to ropiosont tho sphoro by tho equation 

H- + 2 * ~ r“ = 0, and not by » = — a;^ — y"^). Tho 

form z —f{x, y) — 0 can then ho treated as a special oaso. 

Ill Older to establish tho equation of tho tangent plane to 
the surface F{Xf j/, 2 ) = 0 at tho point («, y, z), wo Gist make tho 
assumption * that at that point 2'V "k 0, i.o. that 
at least one of tho partial derivatives, say i’,, is not zero. Then 
fiom tho equation of tho suifnco wo can dotormino 2 i=:/(! 8 , y) 
explicitly as a function of ® and y. If in tho equation of the 
tangent plane 

C — z=‘.(^~x)z„-\- (rj - y)Zy 

we substitute for tho doiivativos Za and Zy tlioir values 

♦ The vaniabing of this oxpiossion indlcaloe tlio possiblllly that certain slngu 
loritiea moy ocourj this, however, wo shall not discuss. 

(E 912] 


6 
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^ and wo ottain tho equation of tlie 

tangent plane m the form 

x)F, + y)F, + (C - - 0, 


wheiG f, 7), 5 are current co-ordinates 

As m tlio case of the tangent to a piano curve, wo can dom o 
this equation directly from the imitiioit roprosontation of tho 
surface, by setting onrsolvcs tho problem of flnding a piano 
through tho point (oi, y, z) of the surface with tho propoity that 
tho diBtanoo from tho piano to tho point (x + A, y + 1, ^+1) 
of tho siu'faco vanishes as p « ^{h? + + P) does, to a highoi 

order than p. 

Elenaentaiy theorems of analytical geometry (of Chap. I, 
section 1, p» 9) show that the djiAGChon cosmas of the nomal to 
the eurfacBi that is, of the noimal to tho tangent piano, aro given 
by tho expressions 

W?+W+^)‘ 


In taking tho positive square root m tho denominator wo 
have assigned a definite sense of direction to tho noimal 
(of. p. 12B) 

If two surfaces F(!c, y,z)~Q and Q(x, y,z)~Q mtersoot one 
another at a point, tho angle co between the surfaces is defined as 
tho angle between their tangent planes, oi, what is tho same 
thing, the angle between their normals This is given by 


cosa> = 


F„G^-j.F,Q,^FA _ 

VW+WW+ 


In pariaoular, the condition for perpondioularity (orthogonality) is 

■fad’d + FyO„ + FgGif= 0. 


Instead of tho single surface F{x, y, sj) = 0 we may consider 
the whole/a»wly of surfaces F{x, y, z) — e, whore o is a constant 
different for each surface of tho family. Hero we assiimo that 
through each point of space, or at least through every point of a 
certain region of space, there passes one and only ono surface 
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of tlie family, 01 , as wo sity, tlut tlio family covers tlio region 
simply The individual suifdoes aio then called Uic level smjaces 
of tho function F(x, y, z) In Chap II, eoction 7 (p 88) wo con- 
Biderod the gradient of tins function, that is, tlio vector with 
tho components Fy, F^ Wo sco that these components have 
tho same ratios as tho direction cosines of the normal, honco 
wo conoludo that tho gmdient at tlio point with tho co-ordinates 
{Xy y, z) %B popemhcular to the level smface passing though that 
point (If we accept tins fact as already proved in Chap II, 
section 7 (p 90), wo at onco have a now and simjilo method for 
deriving tlio equation of tho tangent plane, just like that given 
above (p 124) for tho equation of tho tangent lino.) 

Afl an oxamplo wo oonsidor tho sphere 
'C® -j- q- 

At tho point (a?, j/, z) the tangent plane is 

(5 — «;)2r + (/) — y)2y -h {K - «)2;^ «« 0 


01 


C-, 


The dlrootlon ooslnos of tho normal aro proportional to x, y, z, that is, tlio 
normal oomoidos with tho ladlns vootor drawn fiom tho ongm to tlio point 

(kU, ^)» 

For tho most gonoral ellipsoid with tho 00 oidlnato axes as prmoijial 
a^ea, 

a® 6® c® 

tho equation of tho tangont piano is 






BxAMrLiea 

L Fmd tho tangont piano 
{a) of the surfaoo 

a® d-2^v® - 7aj» [ 3^ ~h 1 ^ 0 

at tho point (1, 1, 1), 

(&) of tho suifaoo 

(a® I h a® - + 7avH 3u 


at tho point (1, 1, 1), 
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(o) of the surfaoo 

ooa(j/ + 2) =5= J 

ab tho point 0^ 

2 Calculate the oiirvature of the oiirvo 
sma? -h coB|/ =1 

at the origin, 

3*. JTmd tho ourvaturo at the origin of eaoh of tlio two branohea of tho 
curve 

j/(cw + %) == caj8 + ex^i/ + fxy^ ffl/^ 

4, Emd tho ourvatiire of a curve wluoh is given in polar oo ordmatos 
by tho eq^ualion /(r, 0) =» 0 

6 Provo that tho threo surfaces of tho family of surfaces 

y'(a5^ + z^) + ^/(y^ -P 2^*) = V, + z^) — p z^) — m 

which pEisa through a smglo point axe orthogonal to one another 

0 Tho points A and B move uniformly with tho samo velocity, A 
Btarfcmg from tho origin and movmg along tho z axis, B staiting from 
tho point (a, 0 , 0 ) and movmg parallel to tho ^-axis, Tmd tho suifaco 
onvoloped by tho straight linos joining them 

7. Prove that tho intersections of tho curve 

(ai P — a)® + 27aa?y » 0 

with the line a? P j/a are mAeotioas of tho ourvo, 

8 . Discuss the singular points of tho foUowmg curves: 

(а) y)^ax^ + hi/ cthj ^ 0, 

(б) F{x, y) ^ {y^ - 20 ;^)^^ == 0; 

(c) F(x,y)^{l + e^f»)y--x-^0; 

(d) F(Xi y) a=i y^{2a — a?) ~ 0, 

(e) F[x, 2/) = (y — — a}5 0. 

9 Let (», 1 /) ho a double point of tho curve F{Xf y)^0 Caloulato tho 
angle 9 between tho two tangents at (», y)t assuming that not all tho 
second dciivativoa of F vanish at (jr, y), 

Pind the angle between the tangents at the double point (a) of tho 
lemmaoate, (6) of the folium of Desoaitea (of, p, 116), 

10 Determine a and b so that tho conics 

^ + 4xy + y^‘-- lOaJ - lOy p 11 0 

(y p 6 jr — 1 — — a{hy — a; p 1 -- 6 ) ~ 0 

out one anotner orthogonally at the point ( 1 , 1 ) and have tho same ourva* 
ture at this point. 
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11 If z)^\ 18 tho equation of a suifaoo, F Iboing a liomo- 

geneous fimotion of dogreo A, then tho tangent piano at tho point (k, y, z) 
\a given by 

+ KF, ^ lu 


12 Lot 1C and 1C' bo two oiroloa having two points A and B in com¬ 
mon If a oirolo K ih oilhogonal to 1C and 1C\ then it la also orthogonal 
to overy oirolo passing through A and 

13 Lot z bo defined os a function of oj and y by tbo equation 

^vyz =« 0 * 

Express and Zy aa functions of x, y, z 


8. Syfli’EMs OB' Fui^otxons, Transformations, and Mappings 
h Gouoral Eomarka. 

Tho roaulta wo have obimnod lor imphoit functions now enable 
us to consider systoms of functions, that is, to discuss several 
funotions simultanoously, In tbs section wo shall consider the 
particularly important case oi systoms where tho number of 
functions is tho same as tho iiumbor of indepondont variables. 
Wo begin by mvostigatmg tho moaning of such systoms in the 
oaso of two mdopondout variables If the two functionB 

are both diHorontiablo in a region U ol tho aiy-plano, wo can mtor- 
prot this system o£ funotions in two different ways. The first 
mlerprotation (tho aooond will bo given m sub-sootion 2, p. 138) 
is by moans of a mapping or transfortmlion. To tho point P with 
co-ordinato8 ('b, y) in tho ojy-plano thoro cortosponds the unage 
point n with tiio oo-ordmatos ij) in tho fij-plane. 

An example of such a mapping is tho qffine mapping or trans¬ 
formation . , , 

C>=^ax-\-by 

t) = ox dy 

of Chapter I (p. 28), whoio a, b, o, d aro constants. 

Ecoquontly («, y) and (f, g) aro miorprotod as points of one 
and tho same piano. In this casn wo speak of a mappmg of the 
xy-plane on itself, or a iransfoumtion of the xy-phno into %lself,* 

* Ik is also poanibla to Intoipiot iv 8ln(i|lo funoUon ( “ /(») of ft single v»m- 
ftlilo as a mapping, If wo Uimlc oi ft point wiUi oo-ordlimto » on on « axis as 
being brougbt by moans of tbo fuuoUon Into voiiospouclonoo with » point ( 
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Tlio fundamontal problem connected with a mapping is that 
of its invoision; that is, the question whether and how x and y 
can in virtue of tho oquations $ ~ (/>(a:, y) and r) = y) be 
regarded as functions of f and rj, and how these inverse functions 
are to be difiorontiated 

If when the point (», y) ranges ovei tho region R its image 
pomt (^, ij) ranges over a legion B of the ^ij-plane, wo call B 
tho ^mage region otR If two dijfm ent points of R always con espond 
to two dijferent points ofQ, then for each point of B wo can always 
find a single point of R of which it is tho imago Thus to each point 
of B we can assign tho point of R of which it is tho imago. 
(This point of R is somotimos called tho “model”, as opposed 
to the “ imago ".) That is, wo can invert tho mapping iimquoly, 
or determine x and y uniquely as functions 

® == v)> y — HC, 

of $ and 1 J, wluoh aro defined in B "We then say that tho original 
mapping can ho uniquely inverted, or has a unique inverse, or is 
a one-to-one* mapqnng, and we call a; = p(^, •>j), y~ 7 i(^, rj) 
tho transformation inverse to the oiiginal transfoimntion or 
mapping 

If in this mapping tho point P with oo-oiclmates (a?, y) de¬ 
scribes a curve m tho region R, its imago pomt will likewise 
dosotibe a curve in tho region B, which is called tho image curve 
of tho first. I?or example, the curve x—o, which is pniallol to 
tho j/-axis, ooiTosponds to a curve m the ^ij-plano which is given 
m parametm form by the equations 

f = ^(<3, y), rj — ^(o, y), 

whore y is tho parameter Again, to tho oiu’ve y~k theio corro 
spends tho curve 

^ = <l){x, k), rj = tlf{x, 7c). 

If to 0 and h we assign sequences of neighbouring values Ci, 

03 ,. .. and hi, h^, k^, , then tho rectangular “ oo-ordinati 

on ft { axia, By tliie pomt-to point oorieBpondonco tho whole or a part of fch 
X ax 18 is mapped on ilio whole or a part of tlio ^ axis A umfoim * ecalo ** 0 
equidistant fij-valuee on tho x axis will in general ho oxpaiulod or ooniiaotei 
into a non uniform scale of f values on tlio ? axis, Tho ^ aoalo may bo logardo 
fts a repiOBonbaiion of tKo function f ^ f(x) Suoh a point of view ia fiequontl 
found useful in. applications (0 g in nomography) 

♦ Often written (1, 1),. 
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net ” consisting of tho lines a- •= const iincl y = const (e g. 
tlio network of lines on ordinary guipli paper) usually gives rise 
to a coriospondiug otamlinear net of ciiives m tlio ^»)-plane 
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Ut— 





—D 

( 

V i 





Fig 6 Fig 7 

Nets of enma x const nnU y con‘it Jn tho ;<y-planc nnti the fij-plnne 


(figs. 6, 7) The two fannhos of curves composing ilus net of 
oui'ves can bo writlon 111 implicit foim. If wo ropresont tlio inverse 
mapping by tho equations 

® v)> y — i)* 


tho equations of tlio curves are simply 

g{^> I])~c and 7i(^, 7 ?) = h 

rospecUvoly 

In tlio same way, tlio two families of linos ^ = y and ij = « 
in. tho ^ij-plnno ooirospoud to tho two families of ourvos 

^>{x, y) ==* y, y) !=s K 

in tho iry-plano. 

As an oxnmplo wo oonalilor »nveraio», or llio mapping by reciprocal 
ratJtv or reflection in the unit circle. Tills transfoimation is given by tho 
cqiiafcloiia 

E tzst — « Bsa- H, - , 


To tho point P with oo oidlimtoa (^, y) thoio ooirosponcls tho point 11 
with 00 ordmatoa (5i v)) lying on Uio amno lino OP and satisfying the 


cq^unfcion 


90 that tho ladius vector to P 


-l-. orOn« Jf., 

-h y^ OP 

ia tho rooiprooal of tho rachua vootor to H. Poiuta jnsiclo tlio unit oirole 
aro raappod on points ouUiitlo tho olrolo and vloo versa 


tlio lolatlon + v)* 

mhon M 


^ wo find that tho tnvers& tram/or 

I- 
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tolmh t5 aga%n tnvereion 

l?or the region li we may take the whole xy piano with the o'\:ooption 
of the origin, and for the region B wo may take tho whole ^-rj-plano with 
the exception of the origin The Imoa 5 *== o Q'Hd t) ^ in tho 5/) piano 

correspond to the oiroles ^ a: ==: 0 and + m 

0 h 

tho ocy piano respectively, at tho origin those oiroles touch tho y axis 
and the cc-axis respeobivoly In tho samo way, tho rootilmoar co ordmato 
nob in the xy plane corresponds to tho two families of oirolos touching the 
5 -axis and tho if) axis rospeotively at the origin 



Fig 8 —Orthogonal families of rectangular hyperbolas 

As a further example we oonsidor the mappnig 
5 = ’O “ 

Tho ourvee 5 — const give rise m tho xy piano to the rootangular hyper¬ 
bolas or* — =5 const, whose asymptotes are the linos x^ y and « — y, 

the bnes yj const also correspond to a family of reotangular hyperbolas, 
having the oo ordinate axes as asymptotes Tho hyperbolas of each family 
out those of the other family at right angles (of fig 8) Tho linos parallel 
to the axes m the »^-plano correspond to two families of parabolas m tho 
^T) plane, the parabolas yj* = *— 5) corrospondmg to tho Imoa oj « c 

and the parabolas yj* ==« 4c®(c^ + 5) corresponding to tho linos 6, 
All these parabolas have the ongm as focus and tho 5-axis as axis (a 
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faituly of oonfocal ond coiixiol pamboliM, of. fig. 9). For Byetoma of 
oontooal ollipaoa and hypotboloa of. Kx 6, p. 108. 



Ono-to-ono tianaloiniuliiouB Juivoau impoilimt uiloi'pi’otation 
aud application in tho I'upiOHOiitation ol dolounations or motions 
of contiuuously-distnbutod Bulwtaucoo, siioh iw Iluidfl. If wo tlunk 
of such ft Bulwtanco as ainoad out nt a given limo over a region 
U and thou doformod by a motion, tho aiilstanoo originally 
aproftd over 22 will iu gonorivl covor n logiou B diilonnit from 
22. Each pnrticlo of tlio Bubatimoo Oftu bo distingumliod at tlio 
boguming of tho motion by i(« co ordinates {x, y) in It, nnd nt tho 
ond of tho motion by its co-ouliuatcs (f, n) in B, 'I'ho one-to-one 
ohftiactor of tho trnimfoimatiou olitiiinod by bringing (a;, y) into 
corrospondonco witii (f, 1 }) is simjily tho malliomiitioal expression 
of tho physically obvious fact that tho iH'imrnto pm tides must 
remain rocogiii/ublu ftftor tho motion, i.o. that soparato paiiiolos 
tomain sopaialo. 

2. lutroiluolion of Now OurvUInoar Oo-ordluatos. 

Closely oonnooted with tho first intorprotation (as a mapping) 
which wo can give to a syatoiu of equations f *• y), rj <f{x, y) 

is tho socond intorpiotation, as ft kans/omtilion of co-ordinates in 
tlio phmo. If tho funotions <l> and i// happen not to bo linear, this 

(KOtii) «* 
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is no longer an affine” transfoimation, but a transf<yimahon 
to geneidl cumhnear co-ordinates 

Wo again assume tliat when {x, y) langes over a icgion R of 
the ccy-plane the corresponding point (^, rj) ranges over a legion 
B of tho ^'J7“plano, and also that for each point of B the corre¬ 
sponding (c», y) m R can bo uniquely determined, m other words, 
that tho tiansformation is one-to-ouo Tho luveiso tiansforma- 
tion we again denote by oj = rj), y = ri) 

By tho co-ordvmtes of a point P in a region R wo can mean 
any number-pair which serves to specify tho position of tho point 
P in P uniquely. Bectangular co-ordinates are tho simplest caso 
of co-ordinates wbch extend ovei tho wliolo plane. Another 
typical caso is tho system of polai co-ordinates in tho ay-plano, 
introduced by the equations 

^^T^^/{x^ + y^), 

= arc tan {y/x) { 0^0 < 27r). 

When we aio given a system of functions 2 /)> 

'rj 0(aj, y) as above, wo can m general assign to each point P 
( 05 , y) the coriespondmg values (f, 77) as now co-ordmates Eor 
each pair of values (^, tj) belonging to tho logion B uniquely 
determines tho pair (05, 2/)> and thus uniquely detoimnios tho 
position of the pomt P m P, this outitlos us to call 77 tho co¬ 
ordinates of tho pomt P. Tho co-ordinate lines ^ — const 
and rj 5= const, are then represented in the a 52 /-pIano by two 
families of curves, which are defined implicitly by the equations 
^Xy y) ^ const, and \jj{Xy y) — const, respectively Those co- 
ordmate curves cover the region R with a co-oichnate not (usually 
curved), for which reason the co-oidmatcs (^, 77) are also called 
ctmnhnear co-ordinates m P. 

Wo shall once agam point out how closely these two intoi- 
pretations of om system of equations are inton elated Tho 

curves m the ^Tj-plano which in the mapping correspond to 
straight lines parallel to the axes m tho try-plane can bo directly 
regarded as the co-ordmato curves for tho ourvilmoar co-oidinatcs 
= «jj), ^7) in the f77-plano; conversely, tho co- 

ordmato curves of tho curvilmear co-oxdmato system ^ == <^(a 5 , y), 
77 = y) m the a;y-plano m the mappmg arc tho images of tho 
straight lines parallel to tho axes in tho ^77-plano Even in tho 
interpretation of (^, 77) as curvilinear co-ordinates in tho a 5 y-plano 
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we must eonaider a ^?^-plano and a region B of tluii piano in which 
fch .0 point with tlvo co-oidinates (f, t;) can vaiy, if wo wish to hoop 
feho situation clear Tho difleronee is mainly m tho point of view,**' 
If wo ato chiefly mtoiostcd in tho legion R of tho a;y-pIano, wo 
regard simply as a now moans of locating points in tho 
region R, tho icgion B of tho ^o^-plano being then merely sub¬ 
sidiary, while if wo aio equally intoiestcd m tho two regions 
72 and B m tho ay-plano and tho ^7/-pIano lespoctivoly, it la 
preferable to regard the system of equations as specifying a cor- 
lospondonce between tho two icgions, that is, a mapping of ono 
on tho other It is, however, always dosnablo to keep tho two 
interpretations, mapping and transfoimation of oo-ordmatos» 
both in mind at the same tune 

If, for example, wo intioduco polar 00 oidinaies (r, 0) and Jntoiprot r 
and 0 as lootangulnr co oidinatos m an rO piano, tho ouolos r = const 
and tho Imos 0 = const ctro mapped on atiaight linos paiaM to tho axoa 
in tho ? 0 piano If tho logion M of tho icy piano is tho ouolo a* -i- ^ 1, 

tho point (r, 0) of tho ?0 piano will range over a loolanglo 0 ^ r 1, 
0 g 0 < 2 tc, wlioio oouosponduig points of tho sides 0 «= Q and 0 « 27 t 
aio aesoomted with ono and tho samo point of 7? and tho wholo sido r ==3 0 
la tho imago of tho origm a?» 0, y ^ 0* 

Another oxamplo of a ourvihnoar co oidinato systom as tlio syslom of 
parabolio co oidinatos. Wo auivo at thoao by oonsidoung tho family of 
oonfooal parabolas in tho xy piano (of. also p. 12C and fig. 9) 

^ 2p (x -h |)» 

all of wliioli have tho oijgin as fooiia and tho a?>axia as axis 
Through oaoh point of tlio piano thoio pass two paiabolaa of tho family, 
ono oortospondjug to a positive paiamotor value ^ and tho other to 
a negative parainotor valuo p /) Wo obtam thoso two values by solving 
for p tho quadiatio equation wluoh losulu when in tho equation 
2p(ird-p/2) wo substituLo tho values of x and y oouosponding to tho 
point, tins gives 

§ t=w —ftj -h y^)* ^ —* -v/fa* + y'^h 

Thoao two quantities may bo mtroduood os ouivilmoar 00 oidinatos In tho 
jry-plano, tho oonfooal parabolas then beooming tho 00 ordiiiato curves. 
Those aro indicated in fig. 0, if wo inmgmo tho symbols (sj, y) and (5, v)) 
intorohauged, 

* Thoio is, howovor, a real dififoionoo, in that tho equations always dofino 
a rmppitig^ no inatlor liow many points (a?, y) ooiroapond to ono point (f, 
wiillo thoy dofino a iransformeUton v co onwiate^ only wJion tho coirospondonco 
Is 0110 to ono 
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In mtroduoing paiabolio oo-ordinates (?# vj) wo must bear m mmd that 
bhe one pair of values (5? /)) corresponds to fclio two points (a, y) and (a» —y) 
which oro the two mtorseotione of tho corresponding parabolas Honco 
in ordor to obtain a ono to one coriespondenoo between tho pair (ct, y) and 
tho pair (§, 7)) wo must restrict ourselves to the half-piano y ^ 0, say 
Then every region Jt m this half-plane is m a ono to ono oorrcspondonce 
with a region B of tho ^/)-plano, and tho icotangular oo oidmatcs (5, /)) 
of each point m tins region B are exactly the same as tho paraboho co- 
orduiatea of tho coiTeaponding point in tho region R 

3 EKtension to More than 7wo Independent Variables* 

In the case of three oi more independent variables the state 
of affairs is analogous Thus a system of three continuously- 
difforontiable functions 

i=<!>(<», y, z)> 2 /.*). 

defined m a region R of jc^a-spaco, maybe regarded as tho mapping 
of tlic region R ono, region B of ^ij^-spaco If wo assume that 
tlus mapping of on JB is ono-io-ono, so that for each imago 
point {i, 7), Q of B tho oo-ordmates (®, y, z) of tho corresponding 
pomt (“ model ” point) in R can be umquoly calculated by moans 
of fimctions 

^ — V* t)y y — V> ^ = Kiy V> S)i 

then tj, Q may also be regarded as general co-oidmatos of 
the point P m the legiou R Tho surfaces ^ = const, t) == const, 
^ const, or, in other symbols, 

y> = const, y, z) = const,, xi^> Vy == const. 

then form a system of three farmhes of surfaces which cover 
the region R and may be called curvilinear co-ordinato sur¬ 
faces 

Just as in the case of two mdopendont variables, wo can in¬ 
terpret one-to-one transformations in throe dimensions as de¬ 
formations of a substance spread continuously throughout a 
region of space, 

A very unportant case of transformation of co-ordinates is 
given by Rolar co-ordmates %n space Those specify tho position 
of a pomt P in space by three numbers (1) the distance 
r =2 from the ongin, (2) the geographical longi¬ 

tude (j), that is, the angle between the £»?:-plane and tho plane 
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determined by P and tbo z-axis, and (3) the polar disfcanoe d, 
that ifl, the angle between 
the radniB voctoi OP and 
the positive a-avjs As wo 
see from fig 10, the throe 
polar co-ordmates r, <jS, 0 aio / 

related to the rectangular 
co-ordmatea by the equations y 

of transformation /Ov"— 

aj = rcoa^ Bind, 
y = r sin ^ Bind, 

_ FJff. 10 *—Tlircc^dlmcnajonal polar co ordinate* 

^ r 0081/> 


from whieh wo obtain the inverse relations 


^=aiocoa. „^ -. 


V'(a;* -I- ‘f] 2/^)’ 


d = are cos_^—-«=> aio sin ——LJLL-. , 

'V/(®® + t + 2*) -I- f ^ 


For polar co-orclinatos in tho piano tho origin is an exceptional 
point, at which tho ono-to- 
onC corrospondonoo fails, since 
the angle is iudotorminato 
there. In tho same way, for 
polar co-orduiatos m space the 
whole of tho a^axis is on ex¬ 
ception, since tho longitude <l> 

18 indeterminate there- At tho 
origin itsolf tho polar distance 
d 18 also mdetormmate. 

Tho co'ordinato surfaces 
for three-dimonsional polar oo- 
ordmatos are as follows- (1) for 
constant values of v, tho con¬ 
centric spheres about tho oiigin; (2) for constant values of 
tho family of lialf-planos through tho ir-axis; (3) for constant 
values of 0, the circular cones with tho *-axis as axis and the 
ougm as vertex (fig- U). 
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Another co-ordinate system which is often itscd is the system 
of cyhnchical co-mdinates. These are obtamed by introducing 
polar co-ordinates p, ^ in the a;j/~plaiie and retaining z as the 
third co-ordinate Then the formulee of transformation from 
rectangular co-ordinates to cylindrical oo-ordinatos are 

y= p sm^, 

z 


and the mvoree transformation la 

p^V{^^+y% 


<f>- 


arc cos 


+ y^) 


arc sm 




z 


The 00-ordinate surfaces p = const are the veitioal circular 
oylmders which intersect the aj^^-plane m ooncentiio circles with 
the origin as centre; the surfacos <[> « const are the half-planes 
through the ^f-axis, and the suifaces z = const ore the planes 
parallel to the a^-plaue, 


4 * Differentiation Pormulea for the Inverse Functions. 

In many cases of practical importance it is possible to solve 
the given system of equations directly, as in the above examples, 
and thus to xecogmze that the inverse functions are continuous 
and possess contmuous derivatives For the time being, there¬ 
fore, let us assume the existence and differentiability of the 
inverse functions Then without actually solving the equations 
explicitly we can calculate the derivatives of the mveiso functions 
m the following way We substitute the inverse functions 
^ — 'n)f v) ^ equations y)> 

= 0 (aj, y) On the right we obtam the compound functions 
v)) and rj), m, 7 j)) of ^ and rj, but these 

must bo equal to f and t] respeeWoly. We now difforontiato 
each of the equations 

mv)). 

V ~ v)> v)) 

with respect to ^ and to regarding ^ and vj as independent 



Ill] 


TRANSFORMATIONS 


H3 

vauablcs * If on tho iighb wo apply iho (Jiuiu iiilo for tho dif- 
foMiitiaiion of compound functions, wo obtain tlio system of 
equations 

0 = >pce9( “h ^ "H ’{'v^ht' 

Solving tliese equations, wo obtain 



- h 

1 

li 

ht — 

~D' 

K- 

_ 'f’a 
~ D' 


-Vv 

■ D' 

X 

" Z)’ 


D’ 


U 


1,0 tho partial dorivatives of tlio invoiso functions as = g(^, rj) 
and w = /i(^, tf) with zospcct to ^ and ij, expressed in toiins of 
tho doiivativcs of tho original functions <ji(a>, y) and t//(®, y) with 
respect to % and y For brevity wo have lieio wiitton 

dC 
dx dy 

^ ~ ^aVv " ivV« “a 

dr) at) 

dx dy 

This expression D, which wo assinno is not i^oro at tho point in 
question, is oallod tho Jacobian or fmchorutl delciniinanl of tho 
functions ^ = ^(®, y) and ij =- iji{x, y) with lospcot to tlio variables 
X and y 

In tho above, os occasionally olsowhoio, wo have used tho 
shorter notation ^(®, y) iiistoad of tho iiioio detailed notation 
f = <j>{x, y), which distinguishes botwooii tho quantity C ^nd 
its functional expression f/j(®, y). Wo shall often iiso similar 
abbreviations in tho future when tlioro is no lisle of confusion 

For polar oo ordinatoa m tho piano oxpiofluod in towns of lootangiilnr 
00 ordiuatoa, 

^ f s=: y3) and V) »» 0 «=> (iro inn 

K 

♦ ThoaG on nations Jiolcl for all valuoa of f and 7f niulor oonaldoiation; ns 
wo say, they hold ulcntically, in contiaat to equations botwoon variables wliloli 
are satisfioa only for mne of iho valuos of ihoso variables, Suoli idontionl 
equations or tdenUltes, when diHorontinted with xeapeat to any of tho variables 
ooQurring in thorn, again yield Identities, ns follows Immediately from tho 
deflnitW. 
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for oxamplo, the partial derivatives are 

X sc V 

_ 0=—^ = - 

^ + ^ + 


Hence the Jacobian boa the value 



and the partial derivatives of the inverse functions (rectangular oo 
ordmatea expressed in terms of polar co-ordinates) are 

X 2 / ^ 

ajf « a*o = -y, 


as ^y 0 could have found more easily by direct diffoiontiation of the inverse 
formulfio iu 5=s r cosO# y — f sinO, 


The Jacobian ocoura so frequently that a speoial symbol is 
often used for it: 

j „ 1}) 

d{p,y)' 


The appropriateness of this obbreviation will soon be obviouSi 
ITrom the formulo 


« D 





for the derivatives of the inverse functions we find that the 
Jacobian of the functions x — x(^, rj) and y = y{i, y) with 
respect to i and y is given by the expression 


8(iB. y ) „ 
a(^, y) 




iayv— ^vVa 
jD2 


D dh y)' 


That la, tJie Jacobian of the inverse system of functions is the reoip' 
focal of tlm Jacobum of the original system 

In the same way we can also express the second derivalivoa 
of the inverse functions in terms of the first and second derivativoa 
of the given functions. We have only to differentiate tho linear 
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etjuations given above witli reepoct to f and to rj by moans of 
tho cliam rule (Wo assume, o£ course, iluii the given function 
possesses continuous derivaiivos of tho second order*) We then 
obtain linear equations from which tho required donvativos can 
readily be caloiilatod 

For example, to calculate the derivatives 

d^x 1 , 

911 = % and = 

we difierentiato the two equations 
1 = 

(>—v«^$ + Vvyt 

once again with respect to ^ and by tho chain rule obtain 

0 — “I" ^Cccu^tl/t H" ^vtiV^ "1“ H~ ivt/tii 

0 =■ yf + nvvVt^ +ij«% ~\- ’’ivVd- 

If wo solve this system of linear equations, regarding the quantities 
and as unknowns (tlio dotormiiiant of the system is again D, 
and therefore, by hjqiothosis, not zero) and then replace and 
by tho values already known for thorn, a brief calculation gives 

-I- Vvy'na Vv 
and 

f«i« ^tairV^Vv ~i~ fa 

'Oiex'^^ ^V<(vV«Vll ”1” VuvVi^ Vx 

The third and higher derivatives can bo obtained in tho samo 
way, by repeated diftorontiation of tho linear system of equations; 
at each stage wo obtain a system of linear equations with tho 
(non-vanishing) determinant D, 

5 Besolutlon and Combination of Mappings and Transformations. 

In Chapter I wo saw that every affine transformation can be 
analysed into simple or, os wo say, primtltve transformations, tho 
first of which deforms the piano in one direction only and tho 
second dofoims tho already deformed plane again in another 
direction. In each of those transformations tboro is loally only 
one now variable introduced, 





1 

' 2)3 
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Wo can now do exactly tho aamo thing for tiansfoimations 
in general 

Wo begin with some remarks on tho combination of tians- 
formations. If the transformation 

gives a one-to-one mapping of tho point (a?, y), which ranges over 
a region R, on tho point (^, tj) of the region B in the ^^-plano, 
and if the equations 

W — 0(^, 7j), Tj) 

give a one-to-one mapping of the region 5 on a region 72' in tho 
wu'plane, thou a one-to-one mapping of R on 72' Bimultaneously 
ocouis This mapping we naturally call tho resultant mappvng or 
resultant iransformaHon^ and say that it is obtamed by combining 
the two given mappings The resultant transfoimation is given 
by the equations 

« = y), t/r(a!, y)), v = T(V)(a!, y), y))\ 

from tho definition it follows at once that this mapping is one-to- 
one 

By tho nilos for differentiating compound functions we obtain 

|-0,#, + V„ 

On comparing tHis with tho law for tho multiphoation of dotor- 
minants (of. p. 36) wo find * that tho Jacobian of u and v with 
respect to x and y is 

♦ Tho same result can of course be obtained by straightforward multlpll- 
cation. 
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In words; 

The Jacobian of the resultant transformation equal to the 
proiuct of the Jacobians of the indwuhtal liansjo) mat ions 

In symbols 

d{u, v) _ d{u, v) d{C ->]) 

9 (®i y) v) y) 

This eq[uation brings ouli tho ai)pi 02 )iiati>n(‘HS ol <mu symbol loi 
the Jacobian. When transfonnations aie combined, the Jacobians 
heJwm in the same ivay as the denmtives behave when functions oj 
onevaruible are combined Tho Jacobian of tlio rcmiltant lii’anstoi- 
mntion difEexs from zero, jirovidod tho samo w tiiio for tho in¬ 
dividual (or component) traiisforinutionH 
If, in parkoitlar, tho bccond tiansfoimation 

M = -q), V -- 'r(^, y) 

is the inverse of tho fiist, 

^ - </>(!!', y), f) y), 

and if both transfoimations aro diftori'iitiablo, tho rcmiUaut 
tranafoimation will simply bo tho ulonlioal tnmsfmniation, tliiit 
IB, « = a!, ti = y The Jacobinii of this lust kaiisfoinialion m 
obviously 1, BO that wo again obtain the lolation of p, 1<M, 

v) y) ^, 1 

y) v) 

From this, iiicidoiitally, it follows that nmthor of tho two JaoobiaiiH 
can vanish 

Before wo tako up tho question of tlio lOHoliition of an 
arbitrary tronsfoimation into piinntivo Ivaiisfouiiutious, wo 
shall consider tho following iniiriitivo transformation: 

^ y), 1? - - //. 

Wo assimo that tho Jacoliian of tins traiisfounation 

difieis from zero througlioiit tho logioii R, i.c wo asHiimo that 
> 0, say, in tho logion Tlio tiaiisfoimatiou doforiiiH tho 
region U into a region B, and wo may imagiuo that tho olloot 
of the transformation is to move oaoli point in tho dirontion of 
the K-axis, sinoo tho ordinate is uncliangod After dofoinmtiou 
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the point (a;, y) has a now ahscissa whioh dopenda on both ce 
and y. The condition ^«>0 moans that when y la fixed 
^ vatiea monotomcally with x This onsuros tho ono-to-ono 
conespondenco of tho points on a lino y — const before and 



rig IS —Tfflnsfoxmatlon in which tho eense of rotation is preserved 


after tho transformation; in fact, two pomts Pixi, y) and y) 
with the same ordinate y and Xz>Xi are transformed into two 
pomts P' and Q' which again have tho same ordinate and whoso 
abaoissBe satisfy tho inequality ^2 > (of. fig 12). This fact alao 



Fig 13 —^Transformation in which the sense of rotation Is reversed 


shows that after the transformation the sense of rotation is tho 
same as that m the xi/^plane 

If <fia were negative, the two pomts P and Q would corro- 
spond to pomts with the same ordinate and with absoisste 
and ^ 2 , but this time we should have (of. fig. 13). Tho sense 

of rotation would therefore bo reversed, as we have already seen 
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JQ Chapter I (p 36) for tho siroplo case of afline IrraUBformn- 
tions 

If the jnmthve transformation 

is continuously differentiable, and its Jacobian <j>x^ differs from 
neto at a point V{xq, y^), then m a neighbourhood of P the tram- 
formation has a unique inverse, and this inverse is also a primitive 
transformation of the same type In virtue of tho hypothesis 
^(5 =f= 0 we can apply tho thcoiom on implicit functions given in 
section 1, No. 3 (p 11<1), and thus find that in a neighbourhood 
of (iBfl, i/o) tho equation ^ ~ (l>{x, y) dotoriniiies tho quantity <6 
uniquely as a continuously diflorontiablo function x = g{^, y) of 
^ and y * Tho two forinulro 

y~v 

therefore give us tho invorso tiansformatiou, whoso doteiminaut 

w 4= 0, 

If wo now tlunk of tho region B ni tho ^ij-plano as ilsolf 
mapped on a region It in tho w-plano by moans of a i»imitivo 
transformation 

v = 'F(^, ij), 

where wo ossumo that T, is positive, tho state of affairs is jnst as 
above, except that tho deformation takes place in tho diiootion 
of the other co-oidinato, This tiansfoimation likewise preserves 
the sense of rotation (or reverses it if tho relation ■< 0 holds 
mstead of 'F, > 0) 

By combining the two piimitivo transformakoiis we obtain 
the transfoimation 


w~ <t>[x,y), 

V »= y), y) — y), 


and from the thooiom on Jaoobians wo soo that 


0(0!, y) 




^ Hoto wo «flo tho faofc that a funotlon 'wditli two ooutlnuoua derivatlyea la 
differontlable. 
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We now assert that an arbitrary ono-to-one continuousiy 
diUoientiablo transformation 

u^j,{x,y), v=ili(x,y) 

of tli 6 region R in the aiz-plane on a region R' m the ««-plano 
can be resolved in the neighbourhood of any point interior to R 
into continuously diileientiablo prmutive transfoimations, pio- 
vided ihat throughout tho whole region R the Jacobian 

differs from zero 

]?rom tho non-vanishing of the Jacobian it follows that at 
no point can we have both <l>„ — 0 and = 0. Wo consider a 
point with co-ordinates (% y^) and assume that at that point 
=i= 0 . Then by the mom theorem of section 1 , No 6 (p, 117) 
we can mark ofi intervals iOj ^ ^ ojj, ^ 2 / ^ j/ 2 , ^ ^ Wa 

about ajo^ y^, and Mj = M(a:o, yg) respectively, m such a way that 
within these bounds tho equation u = (j>{x, y) can be solved 
umquely for x and defines x = g{u, y) as a contmuously diffeion- 
tiable function of u and y If we substitute this expression m 
u = ifi{x, y), wo obtam v = y\ y) = 'F(w, y). Hence m 
any neighbourhood of the point {®o, y^) wo may regard tho given 
transformation as composed of the two primitive transformations 

l=<l>{x,y), ri = y 

and 

u~ v — '¥(i,rj). 

Similarly, in a neighbourhood of a point (Xg, j/g) at which 
4 = 0 we can resolve tho given transformation into two piimi- 
tive transformations of tho form 

«=•>?, ® “ 'P'ld, V) (= '/■'{*> 2 /(«. ®)})• 

This pair of transformations is not exactly identical in form with 
the pairs considered above, each of which loaves one of tho co¬ 
ordinate directions unaltered It can easily ho brought into 
that form, however, by interohangmg tho letters u and V (this 
interohango is itself the resultant of three very simple primitive 
transformations (of, tho footnote on p. 31)) For tho purposes of 



TRANSFOUMATIONfi 


*5^ 


nn 

tlie present cliapler, liowov(>r, iL is more ooiiveiiK'iit not to ciuTy 
out this resolution, instead, wo wiito llio last sot of eijiiatioim iii 
tlio form 

C=--x,7)~ <!<{>,. I/}, 

»-■—''V‘i{C>v)> •» ri) 

M 0, V- U 

Tiioso last lepresenttwo priinitivo tiaimfm'inaiioiiH, eiicli alteating 
one oo-ordmato direction only, and also a lotatiou of the a\i'H 
in tlio «U‘plano tlirougli an anglo of 00". ^’Jio lotalion m ho ('tisy 
to deal witli that it ncod not bo split up into pnimtivo tiaim 
formations. 

It IS not to be expected that wc i an H'hoIvc a tiaiisfounation 
into primitive tiaiisfonnations m ono and the name way tliiongli 
out tho wliolo region Since, howovci, one of tlio two types of 
resolution can bo carried out for ovciy intci lor point of It, every 
closed region intoiior to U can bo subdivided into a linilo nmnbor 
of Biib-rogions* in suoli a way that in (>ucli sub legion one of the 
resolutions is possiblo 

From the possibility of tins leHolution into piiiiiitive trans 
formations wo can diaw an mterosting eonebmioii We have seen 
that m tho case of a piiiuitivo tiansforniation the sense of i ol,atKHi 
is rovorsod or iirosorvcd according us tho .laeoliiun is negative oi 
positive. From tins it follows that xn thn enkr of urncfiil tranx 
fofitwittoiis (lie sense of toMion is ii'Wfsnl, or fni'si'iml (u'cntihiuj 
aslJiesiQn of (he Jacohinn xs ni’tjulivc o) poNi/iw l''m' if the sign 
of the Jacobian is positive, when the loHoliition into jiriiiiitive 
transformations is carriod out the .laeobians of Mm piimitive 
transformations will cither be boMi posil ivo or Iml li negative. ('I'lie 
rotation of tho M-aiid v-axi's tlirongli bb” r(>((iiired ni some euses, 
has -1-1 for its Jacobian and leaves the sense of iolal>iou im> 
changed, and accordingly does not alTei t llie disenssioii at all) In 
tho first case it is obvioiis that the sense of rotation is pieserveil, 
in tho second enso this follows fiom the fact that two ii'yerwilM 
of tho sense bring us back to the oiigmal sense If the Jacoliiiui 
is negative, however, ono, and only one, of Mm piimiiivo tmiiH- 
formations will have a m-gativo .laeobiau and will thoreforo 
wvetse tho sense, while the oMiei will not alTeet il.. 

* 'iTilfl follnwB from tlio oovoting iliotirom (itf» p Ui)), 



DEVELOPMENTS AND APPLICATIONS [Chap. 


15a 

6, General Theorem on the Inversion of Transformations and 
Systems of Implicit Fanotions, 

The possibility o£ inverting a transfoimation depends on tlxo 
following general theorem 

If in tli6 neighbourhood of a fomt (xj, y^) the functions y) 
and y) are continuously differesitiahhf and Uq = jf), 

Vq = i/<(X(), y^), and if in addition the Jacobian D = 
is not mo at (Xj, yo), then m a neighbourhood of the point 
{X(,, yj) the system of equations u = j>{x, y), v = fi{x, y) has a 
unique inverse', that is, thoro is a uniquely dotorminod pair of 
hmetions x — g{u, n), y = ]i{u, v) such that iCj = g{Uf,, vf) and 
yf) = Vq) and also the equations 

<l)(g{u’v), h(u,v)) and v = ^{g{u, v), h(u, v)) 

hold in some neighbourhood of the point («o» 

In the neighbourhood of (Uj, vf} the so called inverse functions 
X s= g(u, v), y = h(u, v) possess continuous derivatives which are 
gwen by the expressions 


9 ® _ 

1 9u 

0a5_ 

1 9« 

0tt 


dv 

59? 


1 dv 


1 ^ 

du 


dv 

Ddx 


Tho proof follows from the discussions in No. 5 (p 149). For 
in a suJEoionUy small neighbourhood of tho point (oio, y^) wo can 
resolve tho transformation u=<f>(x, y), v=t/j{x, y) into contmu- 
ouslydifEciontiablo prinutivotransformations,possibly with a rota¬ 
tion of the u- and n-axoa through 90“ in addition Each of these 
has a unique inverse, which is itself a continuously differoniiablo 
transformation Tho comhmation of these mverso transfoimations 
at once gives us tho transformation which is the mverse of tho given 
one. This, being a combmation of continuously difforentiablo trans¬ 
formations, 16 itself continuously differentiable It then follows 
from No. 4 (p. 143) that the differentiation formula hold as stated 
This inversion theorem is a speoial case of a more general 
theorem which may bo regarded as an extension of the theotom 
of unplioit functions to systems of functions The theorem of 

* 1,6 are continuous and possess continuous dorlvativeei* 
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iiapHciti ftmctions (section 1 , p 117) applies to the solution of ono 
equation for ono of the variables Tho general theorem is as 
loUowa. 

// <^(x, y, 11 , V, .. , w) and <Ij(x, y, u, v, . . , w) are con¬ 
tinuously dtffermUaUe funcltons of x, y, n, y, vr, and t?ie 

equations 

y, u, V,,.., w) ~ 0 and tfi{x, 1 /, m, i>,. ., , w) = 0 

are satisfied by a certain set of values Xg, y^, Uo, v^, . , Wo, and 
if in addition the Jacobian of and tp until lesjiect to x and y diners 
from zero at that point (that ts, D = —- i^y^/jj 4* 0), then in 

the neiglihourhood of that point the equations <{> — 0 and 1/1 =* 0 
can he solved in one, and only one, way for x and y, and this solviion 
gives x and y as continuously differentiable functions q/’ii, v,,.., w. 

Tho proof of tins tliooiom is similar to that of tho invoreion 
thoorom above. From tho assumption that D 4 0 wo can oonoludo 
without loss of generality that at the point m question <}>„ 4* 0. 
Then by tho main thooiom of section 1 (p. 117), if wo roatriot 
x, y, u, V, , .., u> U) sudiciently small intervals about Sq, y^, tioj 
Vo> • • ’» ^0 rospootivoly, tho equation <f>{<s, y, u, v,,. ,, to) can bo 
solved m exactly ono way for a; as a function of the other vaiiablos, 
and this solution » » g(y, «, v, ..,,■«») is a continuously diflor- 
ontiablo function of its arguments, and has tho partial derivative 
gy «= If wo substitute this funotion ® g(y, ii,v,,,,,w) 

in y,ii,v,.,,, w), we obtain a funotion tji{x, y,«, 0 ,.., ^ w) 
=w, V,..., w), and 

Hence in viitue of tho asBiimption that D 4 0 wo see that tho 
derivative 'Fy is not iwro Thus if wo roslnot y,it,v,>,.,ioto 
intervals about y^, Mq, Vg, ,,., Wg (which wo take to bo smallor 
than tho mtorvals to which they woro previously rostriotod), wo 
can solve tho equation 'F =3 0 in exactly ono way for y as a 
function of «, v, ... , w, and this solution is oontinuoualy dif- 
forontiablo. Substituting this expression for y in tho equation 
«e=a y(y, u, V,... ,w) now givos « as a funotion of w, 

and this solution is contiraiously diftoientiablo and uniquo, 
subject to tho rostnotion of ®, y, «, v,..,, w to sufBoiontly small 
intomls about yg, Ug, Vg, , , . ,Wg rospootivoly. 
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7 Non-mdepomleut Functions, 

It IS worbh inontiomng tliat if tlio Jacobian D vanishes at a 
point (a?Q> y^y no general Btatemont can bo made about the 
possibility of solving the equations in the neighbourhood of 
that point Even if the inverse functions do happen to exist, 
however, they cannot bo differentiable, for then the pioduot 

would vanish, while by p, 147 it must bo equal 

to 1 

E’er example, the equations 

ix?, y 

can bo solved uniquely, the solutions being 

V, 

although the Jaoobian vanishes at the origin, but the function 'y^u is not 
differentiable at the oiigm 

On the othor hand, the equations 

It ss= oja ^ = 2wj 

cannot bo solved uniquely m the neighbourhood of the origin, siuoo tho 
two points (a?, y) and (—«, —y) of tho aj^z-plano both correspond to the 
eamo point of the ‘WD-plano 

If, however, tho Jacobian vamshos xdenhcalhjy that is, not 
merely at tho single point (a?, y), but at every point m a whole 
neighbourhood of the point (®, j/), then tho transformation is of 
the type called degenerate In this case wo say that tho functions 
u = y) and v = y) are dependent. Wo first consider 
tho special, almost trivial, case in which tho equations </;« = 0 
and (j/jy = 0 hold everywhere, so that the function <j>{oOy y) is a 
constant 

We then see that while the point (oj, y) ranges over a whole 
region its imago («, u) always remains on the lino u r =3 const 
That IS, our region is mapped only on a lino, instead of on a 
region, so that there is no possibility hero of spoalcmg of a one- 
to-one mapping of two two-dimensional regions on one another 
A similar situation arises m tho general case m wluoh at least 
one of the derivatives or does not vanish, but the Jacobian 
D IB stiU zero» We suppose that at a point (aJo> y^) of the region 
under consideration we have 4 ^ 0 . It is then possible to 
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rosolvo our traiisfoimation mlo two priimtivo kaiisforiuationa 
^ = ^(a,, y), 'tj — y and u= C) tjiiC} v) j'*®! ii* No* 

(p IBO), for thoro wo made uao only of tlio nRHUinplum =|= 0. 
In vjrtiio of tlio equation D ~~ = 0, liowover, i/t, must 

bo identically zero in tho region whoro =|- 0, that is, tho 
quantity tf) = v does not depend on rj at nil, and •« is a function 
of ^ = -w alone Our result is tliorofoio as follows 

1/ the Jacobian of the lianifoumlton vanihhes identically, a 
region of the xy-planc is mapped by the transformation on a curve 
in the ixv-plme instead of on a region, since in a certain interval 
of values of u only one value of v corresponds to each value 
of w. Thus if the Jacobian vanishes identically the functions are 
not independent, i.e. a relation 

eidsls which is satisfied for all systems of values {x, y) in the above- 
mentioned legion For if I'{u, u) = 0 is tho equation of the ourvo 
in tho w-plano on which tho legion of tho a:y-plnno is mapped, 
thou for all points of this region tho equation 

y)> !/*(*. y)) =••• 0 

is satisfied, i e this equation is an identity m at and y. 

Tho oxcoptioual caso discussed sojiaratoly at tlio beginning 
is obviously inoludod in tills gonoial statoinout Tho ourvo in 
question is then just tho ourvo m = const, wliioh is a panvUol to 
the v-axis. 

An oxauipk) of A dogonoiato tiniiBforiiialiun Is 
5 =• « q- 1/, T) r-'a (O) -I y)\ 

According to this tiauatormation all tho imiiiUi of tlio o.y piano nro nuqqicd 
on tho points of tho painhola vj kj 5* in tho piano. An liivoinlon of tho 
trnnsfoimalion Is out of tho quoaliou, for all tho points of tlio lino »-p y 
a const, aco mapped on a singlo pouit (^, y)). As wo oan ORsIly vuilfy, tho 
valuo of tho JaoohliHi is zoio. Tlio lolation botwoun tho fimothmi! 5 anil v), 
In Rooordanoo with tho gonoial Uiooioin, Is given by tho oiiuation 
F(5, y))«5»-yi-0. 

8. Oonoludlng Remarks, 

The generalization of tho tlioory for threo or more indopoudonfi 
variables oilers no particular dillioultics Tho ohiof diiloronoo 
18 that instead of tho two-iowod dotoimiiiaut J) we have dotor- 
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mmants with three or more rows In the case of transformations 
with three independent variables, 

i y, z), -q = y, z), $ = x{», y, 2 ). 

■>?. ^)> y== yi> S)» *= % C)> 


the Jacobian is given by the equation 


0 (®, y, z) 


•A® X® 

01/ •Av Xv • 

fA« X* 


In the same way, for transformations 

it — ® 2 ) • • > ®«) J _ 1 O M 

/. i. . » — 1 , -ii, . . , I rt 

b^ 2 » • ♦ > »«) 


With independent variables the Jacobian is 




Hi 

Hz 

Hn 



da>i' 

H.’ 


ajg, « « 

• > in) _ 

• f ^n) 

Hi 

Hi’ 

Hz 

9 * 2 ’ 

Hn 

0a!; 

• • « 



Hi 

Hz 

Hn 




dx„’ 

0®„ 


For more than two independent variables it is still true that 
when transfoimations are combined the Jacobians are multiplied 
together. In symbols, 

» > ^n) ^iVv V 29 * * f Vn) _ ^(^l> ^2* * * > ^n) 

V2i * * * f ^n) * • > ^n) ®2> * * * ) ®rt) 

In particular, the Jacobian of the mverse transfoimation is the 
reciprocal of the Jacobian of the original transformation. 

The theorems on the resolution and combination of trans¬ 
formations, on the inversion of a transformation, and on the 
dependence of transformations romam valid for thi'eo and more 
mdependent variables. The proofs are similar to those for the 
case « 2 , to avoid unnecessary repetition wo shall omit them 
here 

In the preceding section we have seen that the behaviour of 
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a general translonnatioii m many ways resembles that ol an 
ailuio transfonnalion, and that tlio Jarobian plays the same part 
as the detormniaiit does in the ease of afline transformations 
The following rcmaik inalcos this ovon clearer Since tho functions 
I = y) and i) = ip{x, y) aro difloioiitiablo in tho neighbour¬ 
hood of (%, i/o)» oan express them m tho form 

^ ~ Fo) -I- (y ~ y o)^v{«>a> yo) 

-I- 6 V'(»-J:o)^+(2^-J^o)^ 

ij - ijo = ~ Vo) + (y- yo )»At>(«o. Vo) 

-f 8 VI®"— ®o)® + (ff - y»)\ 

where e and 8 tend to zero with '\/{(® “■ + (y ~ yo)®}> 

This shows tliat for suiboiontly small volucs of (» ~ [ and 

I y ~ Fo I transfomatiou may bo rogaulod, to a first approxi¬ 
mation, as aflino, sinco it can bo roprosontotl approximately by 
tho afliuo transformation 

^ = ^0 + (® — Fo) H- (y “• yii)<l>vip<i> Fo). 

7?« Po -I- (® - h)Mh< yo) -I- (y - yo)'/'i/(®o. yo). 

whoso dotormiuant is tho Jacobian of tho original transfonnatlon, 


JGxAMPIi3II8 

h If /(a) la a continuously clifToron tmblo f uuotion, ihon tho ti anaformatlon 

« « /(ft), V ^ —y + fv/f-u) 

lias a eiiiglo iiivoiao in ovory region of tlio ay piano In wbloli /'(«) 0. 

TJio inrorao tiamformation hns tlio form 

«J «= y(«)i «(?(«)' 

2. A transformation is said to bo “ oonfoimnl ” (boo p* 100) if tho 
angle botwoon any two ouivos is pioaoived, 

(a) Provo that tho inversion 

is a conformal traiisfoimation 

(&) Provo that tho inverso of any oirolo is aiiotlior oirolo or a strafght 
lina 

(o) Find tho Jacobian of tho invomlon* 

3* Provo tiiat in a oiuvilinear tuanglo wbioh is formed by tliioo oircloB 
passing through one point 0, tho sum of tho angles is n. 
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d A tianaloimation of tlio piano 

u 9(^, y), V == 2/) 


la oonfoimal if tho funofcions 9 and ^ satisfy the identities 


B The equation 


<P«= *!»«. 9ii= 




(a > b) 


detoiminea two values of i, depending on ns and y 

h == y)f 
h = lA(aJ, V) 


(а) Prove that tho curves ti ^ const and = const aio ellipses and 
hyperbolas all having tho samo fooi (oonfooal conics) 

(б) Provo that the ourvos ii ^ const and = oonst aro orthogonal. 
(0) ii and may be used as 01m ilinoar oo-ordmatca (so called ^^fooal’* 

oo-ordmatos) Expiosa x and y in toima of these co ordinates 

Express tho Jacobian m terms of x and y 

V) 

(e) ITind tho condition that two ouivoa, which are repiosontod para- 
motiioally m tho system of focal 00 ordinates by tho equations 

k = fiW> k = /a(M and « pi{p^ = (/a(ii.), 


aro orthogonal to ono another 

6 (a) Prove that tho equation m i 

^ 


{a>h> c) 


boa tlireo distmot real roots which ho respectively m tho intoivala 

— oo<i<o, o<^<6, 6<^<a, 

provided that tho point (a?, y, z) does not lie on a co-oidinato plane 

(h) Provo that tho three suifaoes ^ const, s= const, ^3 •= const, 
passing through an arbitiary point are orthogonal to ono another, 

(0) Express OJ, y, «in terms of tho focal co oidinatos ij, ^3 

7 . Prove that tho transformation of tho {ry-plano given by tho equations 



(а) ifl conformal; 

(б) transforms straight Imos through tho origin and oirolea with ilio 
ongm as centre m tho jcy-plano mto oonfooal comes t = oonst given by 
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8 Invoiaion in tluoo dinionsions is dofincd by Uio fotinulo) 




yt 


J/» + 


j,a yi j;a' 


Piovo that 

(a) tho angle botwcon any two nuifates la unolmngcd, 

(&) splioioa oro tiansfoinn'd mthoi into aphuios or into planca 

0 Pxovo that it all tho noiniala of a aiufaco * = «(a, y) mcofc tho 
i axu, then tho aiufaco la a aiufaco of lovoluliou. 


4 AX'l’I.KlAMONfl 

I Applications to tlio Theory of Surfaces. 

In tho Htudy of hui faces, aa in that of ouivos, paramdne 
representation i« froqiioiitly to bo piofoirod to other typos of 
represoutation IIoio wo need two pammotors instead of one, 
wo denote them by u and v A paiamotiio lopiosontation may be 
expressed m the form 

X == «), y V), z == x(m, t>), 

where and ^ axe given funotioim of tho paxamotoxs « and v 
end tlio point («, v) xangos over a given region 2i ni tlio Mv-plauo. 
The coiiosponding point with tlio throe roctiuigulm po-ordinatos 
(», y, z) then ranges over a configuration in {Eyn-spivco In general 
this oonfiguration la a mirfaco, which can bo ropiosentod m tlio 
form * =,/ (iB, y), my For wo can seek to aolvo two of our tlirco 
oqualions for u and v m terms of the two corrospomhng loot- 
angular co-ordinates If xvo siibstituto tho oxprosaions thus found 
for « and v m tlio third oiiuation, wo obtain an nnsymmotrioal 
Toprosontation of tho surface, z-~f{x, y), Hay"' Ilonco in order 
to onsxiro that tho eiinatioiio really do roprosont a surface, wo 
have only to assume timt the tliree .lucoliiaiiB 


</><! <Aa 


V'ti iA« 


Xu 

Xv 

'Ah 'Ao 

f 

1 Xi> Xv 

) 

<}>u 

^>v 


do not all vanish at onooj m a sliiglo foimiilu, tliat 

'I ('AuX* 'AvXu)* "I* iXtt'kv ~~~ Xv’l'u)^ ^ 

Then m some noighhoiirhood of each point in space ropresontod 

♦ Tlila la ttcLimlly o n|ioolftl mao uf Urn pwainolrlo form, oa wo boo by imll.lng 
* - tt #ud y « V. 
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by our tliree equations it is certainly possible to oxpiess one of 
the tliree co-ordmatoB uniquely in terms of tbo otlier two 

A simplo Gxamplfl of paramotrio lepreaontation is iho ropiosontation of 
the ephoncal aiirfaoe = r® of radius r by tlio equations 

» r oosii BinV, y “ r smt/i r cos v 

(0 ^ 0 g ^ tt), 

whore 0 is tho polar distance and w = 9 le the goograpliioal longitude 
of tlie point on the aplioro (of p 141 ) 

This example exhibits one of the advantages of paramotiio representa¬ 
tion, Tho thiee 00 ordinates aro given exphoitly as functions of u and v, 
and these funotions are single-valued If v luns fiom 7t/2 to 7C wo obtain 
tho lower homisphore, i 0 jsj = *- V(r® — — y% while values of v fiom 

0 to tt/S give tho upper homisphore. Thus with tho paramotrio lopiosonta- 
tion it IS not neoessary, as it is with the ropiesentation y®), 

to oonsidoi’ two “ single valued branches ** of the funotion in older to 
obtain tho whole sphere. 

Wo obtam another paramotrio representation of tho sphere by moans of 
stereogra^Mo projection In order to project tho sphere a® -f y® -I- 



Fjg 14 —Stcreographic projection of tho sphere 


etereographioally from the ** north polo ** (0, 0, r) on tho ** equatorial 
piano ** 2; =s= 0 ^ wo join each point of the surface to tho north polo N by 
a sUalght line and call tho intersection of this hne with tho equatorial 
piano the stereographic image of tho oorresponding point of tho sphoio 
( 0 g 14 ). Wo thus obtain a one to-one correspondonoe between tho points 
of tho sphoie and tho pomts of the piano, except for tho north polo N. 
Using olomontary geomotiy, we readily 0 nd that this oorrospondonoe is 
expreiBsed by tho formuloe 

%rh} _ f^)r 

^ + V® -I* ^ ^ ^ ^ yS » 

whore («, v) are tho rectangular 00 ordmatos of tho image point m the plane. 
Those equations may be regarded as a parametrio roproseniafclon of the 
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sphere, the paramotoia « and v being leotangiilar oo ordinates m the 
plane 

Ab a further example wo give imramotiio roproeontations of the surfaces 


6 « c* 


1 







h 


which arc called the hyperboloid 0/ owe sheet and tho hyperboloid of two 



9heets rospootivoly (of Hgs 15 and 16 ), Tho hypoiboloid of ono shoot is 
roprosontod by 


X 


a oos« — - 

a 


aooB u oosht^) 


y 0 am« — wa 6 Bin^i ooslii;, 
2 


0^ - - «& 0Binhv, 

a 


0 g w < 2 tp 

^ CO <v < + w 


tho hyperboloid of two shooU by 
a — o oosJiV, 


y «=» oas?4 


z «= osmw 



h 00s w sinliv, 
esin » Binhv, 


0 g « < 27r 
00 < V < + 00 


In gonornl, wo may rogaicl tho parametHo fepresmteUion of 
a Bivrfaoo as tho mapinng tlie region R of the m-phne on the 
(H012) 7 
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corresponding surface^ wlioio, as always, the word mapping is 
understood to mean a pomt-to-pomt correspondonco To caoh 
point of the region R of the w-plano there conesponds ono point 
of the surface, and m general the convorso is also true * 

In the same way, a curve u = u{t), v = v{t) in the wi;-plauo 
corresponds in virfcuo of the equations x == 'y(O) = • • 

to a curve on the surface (of p. 86) In particular, m the 
representation of the sphere by means of polar co-ordinates 
the meridians are represented by the equation u == const and 
the parallels of latitude by = const This not of curves 
thus corresponds to the system of parallels to the axes in 
the t4iJ-plane 

The representation of a curve on a given surface is one of the 
most important methods for thorough investigation of the propci- 
ties of the surface Hero we shall give only the expression for 
the length of arc of such a curve As we mentioned in Chap. II, 
section 7 (p 86), we have 

\dt) \dt) ^ \dt/ \Jt/ ' 
so that m virtue of the equations 

dx du . dv . 


we obtain 


\dt/ \dl} 




where for the sake of compactness wo have introduced the 
Qausstan fundamental quantities oftJie surface, 


\^u/ \du/ \9u/ 

_ 9a7 9 a; , 02/ 9 y , dz oz 
du dv dll dv du dv 

\dn/ \dv/ 


♦ This, of course, la not always the case For oxainplo, In tho roprosonta 
tion of tho sphere by polar co ordinates (p 100) tho poles of tho sphoio oorro 
apond to tho whole lino segments v « 0 and v “ tt rospootlToly, 
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Those aro indopendont of the particulai choice of the oiuv© on 
Iho suifaco, and depend only on the surface itself and its para- 
raetno representation The above expressions for the derivative 
of the length of arc with respect to the parameter are usually 
expressed symbolically by omitting the leforonce to the parameter 
t and saying that the “ line element ” ds on the surface is given 
by the “ quadiatic differential form ” 

ds* s= Ed/u? -j- 2Fdudv Gd/i>\ 

For the direction cosines of the uoimal to a surface given 
in the foim <h(a:, y, z) — Q wo liavo already obtained (p 130) 
the oxpioasions 

cos a =5_^^2_, cos 8 =__ 

+ <!>**) vei'+ O,*)’ 

To obtain these direction cosmos in the case of parametric re¬ 
presentation, wo suppose that the siufaoo given by the equations 
X — ji{u, 'll), y = v), z = xK written in the form 

0(a!, y, z) — 0 The equation 

v), «), x(«> *>)) = 0 

is then an identity in u and v, and by diffoientiation we 
obtain 

“H d)„t/y„ 'I- <h,x« “ 

From those it follows at once that (of. Chaii. I, section 3, p. 26) 

0» ~ p(t/j„Xv — XmW; = P(x«^/>v — ^uXv), 

O, == p(^u*l>v — Mv)) 

whore p is a suitably chosen multiplier. From the definition of 
E, F, & wo find by direct expansion that 

i>l^uXv — Xv'I'vf + iXui^v — + {Mv — Mv? —BQ — F^, 

and combining this with the preceding equation, wo have 

0** + + O.* = p\FQ - 1^). 
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Thus wo finally obtain the formulae for tho du’ection cosmes of 
the normal to tho surface in tho form 


cosa = 




. ■" ^»Xi» 

V{BG-F^y 


cosy = 


~~ 


The equations « = g[t), o = Tilf), as we have seen, represent 
a curve on the surface. The direction cosines of the tangent to 
this curve are given according to tho cham rule by tho expressions 

-I- 

(is dtds s/iEu'^ + 2i?«V + Qv'^)' 

cosy=__ 


Here for brevity we have put = u\ —— — If we now 

at dt 

conflider a second curve on tho surface, given by the equations 
u = ^ ^ MOi whose tangent has the du‘eotion cosmes cos 

cos/5i, cosyi, and if we use the abbreviations 


dt 


then tho oosino of tho angle between the two ewtves is given by the 
cosine of tho angle between thoir tangents, that is, by 

cosco cos a cos Oj + cos jS cos + cos y cos y^ 

_ Buv! 4 - + u%) + CW 

V(Eu^ + iEw6 + W) ^{Eu'^ + 2Fu'v' + Ov'^f 

where all the quantities on the right aie to be given tho values 
which they have at the point of intersection of the two curves 
In particular, wo may consider those curves on the surface 
which are given by equations u — const, or i; — const If in our 
parametno representation we substitute a dofliuto fixed value 
for Ui we obtain a three-dimensional or twisted curve lying on 
the surface and having v as parameter; and a corresponding 
statement holds good if we substitute a fixed value for t; and 
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allow u to vary. Thoso curves u »= const and v — const, are tlie 
parametno curves on the surface. The net of paiametno curves 
corresponds to the not of par¬ 
allels to the axes in the «u-plane 

(fig 17) 

The mapping of one plane 
region on another may be re¬ 
garded as a special case of 
paramotiio representation Fox 
rf the thud of our functions 
Xi% v) vanishes for all values of 
u and V under consideration, then 
as the point {u, t?) ranges over its 
given region the pomt (oj, y, z) 
will range over a region in the 
a52/-plano irenoo our equations 
merely lepiesont the mappmg of 

a region of the «u-plane on a region of the a^y-plane; or if wo 
prefer to think in terms of tiansformations of co-ordinates, the 
equations define a system of ourvilmear oo-oxdmatcs m the wu- 
region, and the mvoxso functions (if they exist) define a curvi¬ 
linear wv-systom of co-ordmatos in the plane aJi/-xegion In terms 
of the cuivilmear co-ordmates {u, v) the Imo element m the 
try-plane is simply 

ds^ ^ Edu^ + 2Fdudn) + Gdv\ 



whore 



I 

du dv du dv 



As a furfclior example of the roprosouiation of a suifaoo in paramotrio 
form wo oonflidor the anclwr Hng or ioma. This is obtained by rotating a 
oirolo about a Imo wUioh boa m tho piano of the oirolo and docs not mtersoot 
it (of fig 18 ). If wo tako tbls axis of rotation as tho sJ-axis and ohoose tho 
y axis in suoh a way that it paasos through tho oontro of the oirolo, whoao 
y 00 ordinato wo donoto by a, and if tho radius of tho oirolo is r < ] a |, 
wo obtain in tho first inatanoo 

«=«0, y—a^foosO# (0 ^ 0 <; 2w) 
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as a parametno ropresontation of the cirolo in tho ijz piano. Now lotting 
the oirole rotate about the z axis, wo find that for eaoli point of tho oirolo 

^2 y2 roinains conatiint, that is, 
oja 2/2 =5 (ij + r cos O)^, TJiua if 
the angle of lOtaUon about tho 
jg-axi8 13 denoted by wo hnvo 

a!=== (a + i*oosO) sm(p, 
y = («+ f oosO) ooa<p, 

0 ^ < 27C 

25 sm 0 0 ^ 0 < 2n 



Piff i8 


-Generation of on Qnchor rang by 
the rotation of a circle 


aa a paramotiio lopiosontatioii of 
tho anchor ling in tcims of tlio 
paiamotors 0 and 9, In this 10- 
piesentation tho anohor ring ap¬ 
pears os tho imago of a squiuo of 
side 271? m tho O9 piano, whoro any 
pair of boundary points lying on 
the same Imo 0 = const or 9 const oonesponds to only ono point 
on the surface, and tho four comers of the square all oorroapond to tlio 
same point 

Eor the line element on tho anchor nng we have 
5 = + (a + ^ cos0)®d9*# 


3 Conformal Representation in General. 

A transformation 

^ y)> V = y) 

18 called a conformal transformahon if any two curves arc trans^ 
formed by it mto two others which make tho same angle with 
each other as tho original ones do 

Theorem —A necessary and sufBoient condition that oiir (oon** 
tmuously differentiable) transformation should bo conformal is 
that the Gauchy-R%emann equations 

<l>a 01/ ^ 0, 0JJ — 0 

or 

H” 01/ ^ 01/ 0a) ^ ® 

hold In the first case the direction of tho angles is proflorvod, 
in the second case tho direction is reversed * 

Proo/—We assume that the tiansformation is conformal. 

♦ This last statemout follows dliootly from tho statomonts on p 161 oon 
cerniug tho sign of tho Jacobian 
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m 


i6y 


Tlicn the two orthogonal curves ^ = const, t) — const in the 
^Tj-planc must correspond to orthogonal curves (f>{x, y) — const 
and y) = const in tho icy-planc 

Hence Irom tho formula for tho angle between two curves 
(p. 126) it follows immediately that 


In tho same way, the ouives corresponding to ^ 17 = const 

and ^ — 17 = const must he orthogonal This gives 

“ W + (^ 1 / + ~ i^v) = 0, 

and therefore 

+ l/V- 

The first of our equations can be written in the form 

Hii> 

whore A denotes a constant of proportionality Introducing this 
in the second equation, wo immediately get A® = 1 , so that one 
or other of our two systems of Caucliy-Ricmann equations holds 
That tho equations are a suffimtU condition is confirmed by 
tho following loraarki 

If two curves in the ajy-plano are given by equations 
F{x, y) = 0 , &{x, y) = 0 and if according to our transformation 
F\x, y) = Tj), 0{Xf y) — r(f, r\), then by using the Cauohy- 
Riomann equations wo readily obtain 

¥-i-¥=(r/ + W,>>+¥). 

JA -I- J’.G'v = («>trf + + ¥); 

therefore 

F A -|- F A _ 

•v/(^»* + ¥) V(¥ + ¥) V(¥+¥)V(¥ + ¥)' 


That is, tho curves = 0, (? = 0 and their images ^ = 0 , 
r = 0 make tho same angle with each other 


Exampubss 

1 . (a) Provo that tlio atoroogiaphio projection of tho unit sphere on 
tho piano is oonformal 

(6) Provo that oirolos on tho sphere are tiansformed either into oiroles 
or into straight linos in tho piano. 
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(c) Provo tliat m stereographio projection roOootion of tlio sphonod 
Burfaco in the Gq[uatorial plane oorresponds to an inversion an tlio «i;-pIano« 

(fi) Pind the expression for the lino element on tlio spliere m terms of 
the parameters w, v 

2 , Caloulate tho line element 
{a) on tho sphere 

X ^ ooBU smv, y s= smw smv, z coat;; 

(6) on the hyperboloid 

X oos« cosht^, y =3 6mi4 coshv, z ^ einhti; 

(o) on a surface of revolution given by 

r= V(ai^ + i/) f{z), 

using the oylmdnoal oo ordmates z and 6 aro tan oa oo-ordmatefl on 
the surface, ® 

(d) * on tho quodrio ^ *== const of tho family of confooal quadrioa given by 

a-* t o—'t c^i 


using and as oo ordinates on the quadrio (of. Ex, 6, p 168 ). 

3 Piove that if a new system of oiirvilincar co ordinates r, 8 is intro¬ 
duced on a surface with parameters u, v by moans of tho equations 

« =s u{r, s), V v(f, a), 

then 

E'G' - ro = {sa - 


whore J', Q' denote the fundamental quantities takon with loapeot to 
r, 8 and JP, Q those taken with respect to «, ti, 

4 Let ^ be a tangent to a surface 8 at the point P, and oonsitlor the 
sections of 8 made by all planes containing t Prove that the oontros of 
curvature of tho different sections he on a oirolo, 


6 If ^ 18 a tangent to the surface 8 at the point P, we call tho ouiwaiuro 
of the normal plane section through ^ (i e the sootion through i and tho 
normal) at that pomt the ** curvature ( 1 ) of 8 m the direction i ** Tor 
every tangent at P we take the vector with the direction of it initial point P, 


and length 


1 


Prove that the final points of those vectors He on a oonio. 


6 * A curve is given as the mtorseotion of tho two surfaces 


+ + I 

+ hy^ + 02 ^ = 0 . 

Pmd the equations of 

(а) the tangent, 

(б) the osoulatmg plane, at any pomt of the curve. 
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B Fahiuks of Curves, Families of Surfaces, and 
THEIR Envelopes 


1 General Remarks, 

On vaxious occasions we have already considered curves or 
surfaces not as individual configurations, but as members of a 
famhj of curves or surfaces, such as /(aJ, y) ^ o, where to each 
value of 0 there corresponds a difiorent curve of the family 

Foi oxamplo, the Imoa parallel to the y axis m the a-y-plane, that is, the 
Imea a?« 0, form a family of ouives The sixmo is true for the family of 
conoonirio oucloa = 0® about the origin, to eoeh value of 0 there 

corresponds a 011 ole of tho family, namely the oirolo with radius e Similarly, 
the rcotangular hyperbolas form a family of curves, sketched in fig 2, 
p 113 Tho particular value 0 = 0 corresponds to tho degenerate hyperbola 
consistmg of the two 00 ordmato axes Another example of a family of 
curves is tho set of all tho normals to a given curve If the curve is given 
m toims of tho paramotoi i by the equations 5 = 9(0> ^ obtain 

the equation of tho family of normals in the foim 

(»-q>(0)<p'(o + 

whore I is used instead of 0 to denote tho parameter of the family. 

Tlio general concept of a family of curves can be expressed 
analytically in tho followmg way Lot 

/(»> y> c) 

bo a continuously diltorontiablo function of tbo two independent 
vaiiables x and y and of tbo parameter o, this parameter varymg 
in a given interval (Thus tho paiameter is really a tbii d mdepen- 
dent variable, which is lettered cliHerontly simply because it plays 
a diHoront part.) Then if tho equation 

/(®, y, 0 ) = 0 

for eaoh value of tho parameter o represents a curve, the aggregate 
of tho curves obtained as o describes its interval is called a/awily 
of cimes depending on tho parameter e 

The curves of such a family may also bo ropiosonted m para- 
metiio form by means of a parameter t of (he curve, m tho form 

X — 0), y — ^{l, c), 

where o is again tho parameter of tho family. If wo assign o a 
(Bora) 7 * 
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fixed value, these equations represent a curve with the parameter t 

Por example, the equations 

«?=:ooos^, 

represent the family of conoentno ouoles montioncd above; again, the 
equations j 

represent the family of reotangular bypeibolas mentioned above, oxoopt 
for the degenerate hyperbola consisting of the 00 oidmafco axes. 

Occasionally we are led to consider families ol curves winch 
depend not on one parameter but on sovoial parameters, I?or 
example, the aggregate of all oiroloa {x — a)^ + (y i!>)^ == 
in the plane is a family of curves doponding on the tin 00 para¬ 
meters a, by 0 If nothing is said to the contrary, wo shall always 
understand a family of curves to be a ono-paramolor ** family, 
depending on a single parameter The other cases wo sliall dis- 
tmgmsh by speaking of two-paramoter, tlireo-paramotor, or multi- 
parameter families of curves. 

Similar statements of coiuse hold for families of surfaces in 
space If we are given a contmuonsly difloiontiablo function 
f{Xy y, z, 0), and if for each value of the parameter 0 in a certain 
defimte mterval the equation 

f{Xy y, Zy 0)^0 

represents a surface m the space with rectangular 00-ordinates 
Xy y, z, then the aggregate of the surfaces obtained by lotting 0 
describe its interval is called a, family of surfaces, or, more precisely, 
a one-parameter family of surfaces with the parameter 0. For 
example, the spheres + y^ + == 0^ about the origin form 

such a family, As with curves, we can also consider families of 
surfaces depending on several parameters. 

Thus the planes defined by the equation 

ax by + Vr-aa- z+l^O 

form a two parameter family, depending on the parameters a and 6, If 
the parameters a and 6 range over tho region a* + £ 1. Tins family of 

auifaces oonsista of the class of all planes which are at unit distance from 
the origm * 


* Sometimes a one paraniotrio family of surfaces 
f\ twi-parametrio family as qo> suifaoeg, and so on. 


isrofoiiod to as 00^ surfaces, 
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2 , Envolopos of One-Parameter Families of Curves* 

If a family of siraiglit hnes is identical with the aggregate of 
the tangents to a plane cuivo B —^as e g the family of normals of 
a ourvo Q is identical with the family of tangents to the evolube 
B oiG (cf. Vol I, p 308 )—we shall say that the curve B is the 
envelope of the family of lines* In the same way wo shall say that 
the family of oirolos with radius 1 and eontio on the cc^axis, that 
is, the family of ciioles with the equation {x — c)^ -|- ^ 1 — 0 , 

has the pair of lines y = 1 and y = — 1 , which touch each of 



the oirolos, as its envelope (lig* 19 ), In those cases wo can obtain 
the pomt of contact of tlic envelope and the curve of the family 
by finding the mtorsootion of two ourvos of the family with 
parameter values 0 and 0 -\- h and then lotting h tend to zero. 
Wo may express this briefly by saying that the envelope is the 
locus of the intoisootions of neighboring curves 

With other families of curves it may again happen that a 
curve E exists which at each of its points touches some one of the 
curves of the family, the partioular ourvo depending of course 
on the pomt of U in question Wo tlion call E the envelope of 
the family of ourvos Tho question now arises of findmg the 
envelope E oi 0, given family of curves /(tr, j/, 0) == 0 , Wo first 
make a few plausible lemarks, m which wo assume that an 
envelope E does exist and that it oan bo obtained, as m tho 
above oases, as tho locus of tho mtorsoctions of neighbouring 
curves,* We then obtain tho pomt of contact of the curve 

* SInoo this last assumption wlU bo shown by examples to bo too roatdotivo, 
we shall shortly roplaco thoso plauslbilitlos by a more ooinploto disousslon, 


tyz 
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o) — 0 with tho curve B m the following way. In addition 
to this curve wo consider a noighbouimg curve/(a?, J/, 0 + ^0 ^ 
find tho intersection of these two curves, and thou lot h tend to 
zero The point of intersection must then approaoh tho point 
of contact sought At the point of intersection tho equation 

h 

IS true as well as the equations/(ic, o + A) — 0 and/(aJ, y, c) ^ 0. 
In the first equation we perform the passage to tho limit h 0. 
Since we have assumed the existence of the partial dorivativo/o, 
this gives the two equations 

/(a?, y, o)=0, y, o) == 0 

for the point of contact of the curve f{x, y, o) ^ 0 with tho 
envelope If we can determme x and y as functions of c by means 
of these equations, we obtain tho parametric representation of a 
curve with the parameter o, and this curve is the envelope. By 
olimination of the parameter c it can also bo represented in tho 
form g{Xf ?/) = 0 Tins equation is called tho “ ^senminant of 
the family, and the curve given by the equation g{x^ y) =* 0 is 
called the ** diaonminant curve 

We are thus led to the following rule: m order to obtam the 
envelope of a family of emves f(x, y, o) == 0, we constder the two 
equahons f(x, y, c) = 0 and ifx, y, o) = 0 simultaneously and 
attempt to eoopress x and y as funct%ons of by means of them or to 
ehmtnate the quantity o between them. 

We shall now replace tho above heuristic considerations by a 
more complete and more general discussion, based on the dolinition 
of the envelope as the curve of contact At tho same tune wo shall 
learn under what conditions our rule actually does give the 
envelope, and what other possibilities present themsolves. 

We assume to begin with that B is an envelope which can be 
represented in terms of the parameter c by two continuously 
difierentiable functions 

x^x{o\ y=-y(c), 

where ^ which at the point with para¬ 

meter 0 touches the curve of tho family with the some value of tho 
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paramotor 0. In tho fiiat place, the equation /(a:, 1/, 0) = 0 is 
satisfied at the point of contact If in this equation wo substitute 
the expressions x(c) and y{e) for x and y, it remains valid for all 
values of c in tbe interval On differentiating with lespect to 0 
wo at once obtain 


Now the condition of tangonoy is 




for the quantities dx/de and dyjdo aio pioportional to the direction 
cosines of tlio tangent to B and the quantities f„ and fy are pro¬ 
portional to the direction cosines of tlio noiinal to the curve 
/(®»1/. «) *== 0 of the family, and these directions must bo at right 
angles to one another It follows that the envelope satisfies the 
equation == 0 , and we thus see that the rule given above is a 
necessary condition for tho envelope 

In Older to find out how far this condition is also sufficient, 
wo assume that a curve B lopicsentod by two continuously dif¬ 
ferentiable functions x = a:(o) and y = y(c) satisfies tho two 
equations/(», y, 0) — Q aiid/,(a!, j/, 0) = 0 In the fust equation 
wo again substitute a:(c) and y{o) for x and y, this equation then 
becomes an identity m 0. If wo difloiontiato with icspoot to 0 
and remember that/, = 0, wo at once obtain tho relation 

which therefore holds for all points of E. If tho two expressions 
ft? (dx/do)^ + {dyjdoY both diflor from ssoro at a point 

of 80 that at that point both the curve E and tho curve of the 
family have well-defined tangents, this equation states that tho 
envelope and the ourvo of tho family toucli one another. Witli 
these additional assumptions our rulo is a mjficfimt condition for 
the envelope as well as a necessary one If, however, /„ and fy 
both vanish, the curve of tho family may have a singular point 
(of. section 2 , p 128 ), and wo can draw no conclusions about 
the contact of the curves. 

Thus after we have found the discriminant ourvo it is still 
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necessary to make a further investigation m each caso, m older 
to discover wliotheir it is really an onvolopo or to what extent 
it fails to be one 

In conclusion wo state the condition for the discriminant 
curve of a family of oiirves given in parametric form 

with the curve parameter t This is 


We can readily obtain it e.g if wo pass from the parametric 
representation of the family to the original expiossion by elimina¬ 
tion of t, 

3 . Examples, 

L ({B — o)® + = 1 As we have seen on p, 171 , this equation ro 

presents fcho family of circles of unit radius wboso oontics lie on tho a*-axiB 
(fig 19 ), Geometnoally wo see at onoo that tho onvolopo must consist of 
the two lines y —I and y — 1. Wo can verify this by moans of our 
xulo, for tho two equations (« — c)® + 2/^ = 1 and — 2(«j ^ e) 0 im 
mediately glvo us the envelope m tho form *= 1, 



2, Tho family of oiroles of umt radius passing through tho origin, 
whose centres, therefore, must lio on tho oirolo of unit radius about tlio 
origin, is given by the equation 


or 


(a; — ooBo)» + (y — sino)^ 1 
+ 2 x 00 S 6 — 2y sine 0, 


The derivative with respect to o equated to zero gives ft? sine — ooso»» 0 . 
These two equations ore satisfied by the values »» 0 and y»«« 0 , 
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If, however, ck? -h 3 /^ 4^ 0, li readily follows from our equations that 
sin 0=5 2 // 2 , cci 30 :==« a;/2, so that on elimmating c wo obtain -js -|- 7^2 4 ^ 

Tims for the envelope our rule gives us the oirole of radius 2 about the 
oiigm, as IS anticipated by geomotrioal mtuition, but it also gives ua the 
isolated point aj = 0 , y = 0 

3 The family of parabolas (a? — c)^ — 2^/ 0 (oh hg 20) also has an 

envelope, which both by intuition and by our rule is found bo be the aj^axis 

4 Wo next oonaidor the family of oiroles (qj — 2o)® ^ ^ 0 



(of« fig* 21 )* Differentiation with rospcot to c gives 2a; — 3c =? 0, and by 
Bubstitution wo find that the equation of the envelope is 




3 * 


that is, the envelope consists of the two lines y « i x and y = ^ — x 

V 3 VS 

The oiigiii is an exception, m that oontaot does not occur there 


6 . Aiiothoi example is tho family of straight linos on which unit length 
is mtorooplcd by tho and y axes If a — 0 is tho angle indicated m 
fig, 22 , these linos are given by tho equation 


cos a sin a 


condition for the envelope is 

sma ^ oosa ^ 

- a' a? - — 

008* a 8m*cc 

which, in conjunotion with tho equation of tho linos, gives the envelope in 
paramotrio forxn^ 


j»et.oos®oc, y—aln*ot* 
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From theao wo obtain tlio further equation 


Tins ouiTo la called tho astrotd (of Vol I, Chap V, Ex 6» p 2 i) 7 ), It 
oonaifltfl (figs, 23 , 24 ) of four flymmotnoal branolies mooting in four ouapfl. 



6 The astroid = 1 also appears os tho envelope of the 

family of ellipses 

o)* 

whose semi axes o and (1 —. 6 ) have the constant sum 1 (fig 24 ), 
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7 , Tho family of oorvos (aj — 0)^ 0 shows that m certain olr- 

oumstanoea our process may fail to give an onvelopo^ Hero the rule gives 



the a axis But, as fig, 26 shows, this is not an onvolopo^ it is the locus 
of the cusps of tho curves of tho family 

8 In tho case of tho family 

(a* — 0)5 = 0 

we agam find that tho difloriminant curvo is tho aj-axis (of fig. 20 ), This 



18 again tho ousp-loous; but it touolios oooh of tho ourvos, and in this 
fienso must bo rogaidod os tho onvolopo, 

9 . Another oxamplo, In which tho disorlmmant ourvo consists of tho 
envelope plus tho loous of tho doubio points, is given by tho family of 
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(of« fig 27)* All the 0111^08 of the family arc similar to oaoh othoi and 
arise from one another by translation paiallol to Iho y-axis By diEorom 
tiation wo obtain == “^ 2 (y — c){x — 2 ) ===: 0 , 
so that wo must have oithei a? — 2 oi y ^ 0 
Tho line a? =s 2 does not enter into the matter, 
however, for no fimto valiio of y corresponds 
to a? === 2 Wo therefore have y ^ Ct so that 
tho diaoriminant curve la — 2 ) -h ^ 0 

This curve consists of the two straight lines 
— 0 and a — 1 As wo boo from fig 27, 
only »— 0 is tho cnvolopoj the Imo I 
passes through iho double points of tho ourves 




Fjs 28—'Fnmily of cubical partibolna 


10 The envolopo need not bo tho loons of tho points of intorsootion 
of neighbouring ourves, this is shown by tho family of xdontioal parallel 
cubical parabolas y — (a? — 0)® » 0 No two of tJioso ourves inloiseob 
each other The rule gives the equation == 3 (aJ ■— 0)® =* 0 , so that tho 
a? axis F « 0 is the discrimmant curve, Sinoo all tho curves of tho family 
are touched by it, it is also tho envelope (fig 28 ), 

11 , Tho notion of the envelop© enables us to give a now definition for 
tho ©volute of a curve 0 (cf Vol I, pp, 283 , 307 et aeq.). liOt 0 bo given 
hy 9(0^ y = ^'( 0 * then define tho evolute of 0 oa tho onvolopo 
of the normals of 0 . As tho normals of 0 are given by 

{*- <?(<)} + {y- 'K 0}'(’'<0 « 0, 

the envelope is found by difforentiatmg this equation with rospoofc to i 

o^{x^ 9(0) 9"W +{y- W)}r{i) - 9'V) - 


ITrom this equation and the preoedmg ono we obtom the poiamotrio re 
presentation of tho envelope, 




fy — ,p'y ~ "P 


fp 




V = iKO + ?'(<) 




V( 9 '»+f*y 


_ (?^+f8)8 
P — <f'y 


where 



Ill] FAMILIES OF CURVES AND SURFACES 179 

donolea the radius of ourvaturo (of Vol I, p 281) Tlioao oquations are 
identical xvith thoso givon in Vol I, p 283 for tho ovoluto. 

12 Lot a oiuvo 0 bo given by y — ^(0* Wo form the onvolopo 

E of tbo oiroloa having thoir centres on 0 and pasamg thioiigh tho origin 0 
Since tho oiroloa are given by 

aja ^ — 2y<j;(0 0, 


tho equation of E is 

a;<p'(0 -1- ^ 0. 

Hence if P is tho point and (J(a, y) tho ooriosponding point 

of J3, then OQ is porpondioular to tho tangent to Cf at P Since by doflmtion 
PQ = PO, PO and PQ make equal angles 'with tho tangent to <7 at P. 

If we imagine 0 to bo a liiininons point and G a reflecting curve, then 
QP IS tho refleoted ray oonesponding to OP» The onvolopo of tho reflected 
rays is called the caiisHc of 0 with respect to 0, Tha causUo is the evokUc 
of E For tho reflected lay PQ ia normal to E, since a on ole with centre 
P touohes E at Q, and tho onvolopo of tho normals of E is its ovoluto, as 
wo saw in tho preceding oxample. 

For example, let (7 bo a ciiolo passing thiough 0* Then E is tho path 
dosoiibod by tho point O' of a oirolo O' oongruont to 0 which rolls on 0 
and starts with 0 and O' ooinoidont For duimg the motion 0 and O' 
always occupy symmotuoal positions with respect to tho common tangent 
of tho two oiroles Thus E will bo a special epicycloid, m fact, a oardioid 
(of, Vol I, p, 207, Ex 2 and 3) As tho ovoluto of an opioyoloid is a similar 
epicycloid (of Vol. I, p. 311, Ex, 1), tho caustic of 0 with rospoot to 0 is in 
this case a oardioid 

4 Envelopes of Families of Surfaces. 

The remarks made about tho onvolopoa of families of curves 
apply with but little alteration to families of suifacos also. If 
in the first iustanco wo coiiBider a one-paiamotor family of surfaces 
V) 2:, 0) 0 in a definite interval of parameter values 0, wo shall 

say that a sui‘faoo E is tho onvolopo of tho family if it touches 
each surface of the family along a whole curve, and it further 
these cui'vos of contact form a ono-paramotor family of curves on 
B which oomplotoly cover B 

An example is given by tho family of all spheres of unit radius with 
centres on tlio z axis Wo see intulUvoly that tho onvolopo is tlio cylinder 
ujjUj radlus and axis along tho ;9’'axis{ tho family 
of curves of ooutaofc is simply tlio family of oliolea parallel to tho oy-plane, 
with umt radius and oontro on tho «-axis,* 

* Tho onvolopos of spheres of constant radius wlioso oontroa lie along curves 
are called lube mrfaces. 
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As m sub-sectiou 2 (p 172 ), if we assume that the envelope 
does exist wo can find it by the following lieiiiistio method. Wo 
first consider the surfaces f{x^ y, z,c }^0 and f(Xy y, z, o+ /i) — 0 
corresponding to two difEerent parameter values o and o -j- k 
These two equations dotcrimuo the curve of mtorflection of the 
two surfaces (wo expressly assume that sucli a curve of inter¬ 
section exists) In addition to the two equations above, this 
curve also satisfies the third equation 

f{x, y,z,o+ h) -/(a;, y, o) _ a 
h 

If we let h tend to zero, the curve of intersection will approach a 
definite limiting position, and this limit curve is dotorimnod by 
the two equations 

fix, y, 2;, c) == 0 , f,{x, y, z, 0) == 0 , 

This curve is often referred to m a non-rigorous but intuitive 
way as the intersection of “ noighbourmg ” smXaces of tho 
family It is still a function of tho parameter 0, so that all tho 
curves of inteisoction for the difioront values of c form a ono- 
parometer family of curves m space If we elmimate tlio quantity 
0 from the two equations above wo obtain an equation, which 
18 called the " discriminant ”, As m sub-soction 2 (p, 172 ), wo 
can show that the envelope must satisfy this disoiimmaut 
equation 

Just as in tho case of plane curves, wo may readily convince 
ourselves that a plane touching the disorimmant surface also 
touches the corresponding surface of the family, provided that 
fm +/tf^ + 0 Hence the disorimmant suxfaco again gives 

the envelopes of tho family and tho loci of tho smgularitios of 
the surfaces of the family. 

As a first example we consider tho family of spheres 

+ 2 /*^ + (« - - 1 == 0 

mentioned above. To find the envelope we have the additional equation 
—2(« — c) =» 0* 

For fixed values of 0 these two equations obviously represent tho oirolo 
of unit radius parallel to the rcy-plane at the height 0 . If we olmaiinate 
the parameter 0 between the two equations, we obtain the equation of tho 
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envolopo m tbo form a® + 2 /^ — 1 = 0, which ib the equation of the 
right oiioular oyhiidor with unit radius and the z axis ns axis 

Wliilo for fannhes of ciirvos tlio formation of tlio envolopo 
has a meanmg only for ono-paramotor families, in the case of 
families of surfaces it is also possible to find envelopes of two- 
parameter families/(aj, z, Cjl, o^) — 0 If, for example, wo consider 
the family of all spheres with unit radius and centre on the 
»y-planQ, repiosented by the equation 

(a;— (y — (!a)a 4 - isa- 1 = 0, 

intuition at onco tolls us that tho two pianos 1?=: 1 and a — —1 
touch a surface of tho family at ovoiy point In general wo shall 
say that a surfaco E is tho envolopo of a two-parameter family 
of surfaces if at every pomt PoiE tho surface E touches a surfaco 
of tho family m sueh a way that as P ranges over E tho parameter 
values Oi, Oj corresponding to tho siufaco touching P at P range 
over a region of tho CiCj-plano, and in addition difioront points 
(Oi, Ca) correspond to different points P of JS. A surface of tho 
family then touches tho envolopo in a point, and not, ns boforo, 
along a wholo curvo 

With assumptions similar to those mode m the case of piano 
curves, we find that tho pomt of contact of a surface of tho family 
with tho envelope, if it exists, must satisfy tho equations 

/(«. y> Cl, Ca) = 0, /o.(a;, y, a, <^, c^) = 0, y, a, Oi, Cj) = 0, 

ITrom those throe equations wo can m general find tho 
point of contact of each separate suifaco by asBigning tlio corre¬ 
sponding values to tho paiamctora, If, conversely, wo olinunato 
the parameters and 02, wo obtain an equation which tho en¬ 
velope must satisfy^ 

For oxamplo, tho family of spheres witli unit radius and oontro on tho 

piano is given by tho equation 

/(a;, Vy Cl, O 2 ) CiY + {y- Ca)a + z*-1^0 

with tho two paiamotora and Tho rule for forming tho envolopo 
gives tho two equations 

===*- Cl) = 0 and --2 (y - Cj)« 0^ 

Thus for tho diBorlmmant equation wo have Sf® 1 = 0, and in fact tho 
two pianos 1 and —I are onvolopos, as wo have already soon 
intuitively* 
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Examples 


L Let a =» u(Xt y) bo the equation of a tubo aurfaco, i,o tlio envelope 
of a family of apheres of unit radius with thou centres on some ourvo 
y m the xy piano. Provo that 


2 . (a) Eind tho envelope of the two paiamotor family planes for 
which 


OP + 00 + OjR — const. = 1 , 


whore P, Q, P denote tho pomts of intersection of tho planes with the 
00 ordinato axes and 0 the origin 

( 6 ) Emd tho envelope of tho planes for which 

OP^ + W + « 1. 


8 . Lot 0 bo an arbitrary ourvo m the plane, and oonalder tho oiroloa 
of radius p whoso oonties ho on 0 Prove that tho envelope of iheao ouolos 
is formed by the two curves parallel to 0 at tho distanoo p (of tho 
definition of parallel curves, Vol I, p 291). 

4 * A family of straight Imes in apace may bo given as tho mt erseotion 
of two planes depending on a paiametei i 

a(t)x + l{i)y + c{i)z ^ 1 
d{l)x + c(Oy + f{t)z = L 


Prove that if these straight lines are tangents to some ourvo, i.e possess 
an envelope, then 

\a—d b^e o —/( 


a' 6' 


c' « 0 . 


d' e' f' 


A family of planes is given by 

«oo8i + ysin^ + if 


where t la a parameter, 

(a) Eind the equation of the envelope of tho planes in oylindnoal co¬ 
ordinates (f, Zf 6 ) 

(&) Prove that the envelope oonsista of the tangents to a oertam 
curve 

6 . If a body is always thrown from tho same initial position with tho 
same initial velocity but at different angles, its trajectories foim a family 
of parabolas (it is assumed that the motion always takes place in tho same 
verfcioal plane) Provo that tho envelope of these parabolas is another 
parabola. 

7 ’*' Eind the envelope of the family of spheres which touch the three 
spheres 
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-Si- (*-!)“+2/* + **=?, 

S,- + 

8 If ft piano ourTO 0 is given by x== J{1), y = g{t), its "polar re 
oipiooftl ’’ O' 18 defined as the envelope of the family of straight hnoa 

5 /(<)+ 011 ( 0 = 1 . 

where (§, vj) are current oo ordinates 

(а) Piovo that 0 is the polar rooiprooal of O' also. 

(б) Find the polar rooiprooal of the oirolo 

(»-«)»+(!/“• 6 )’= 1 . 

( 0 ) Find the polar rooiprooal of the elhpse 


6 Maxima and Minima 
1 Necessary Conditions. 

Tho thooiy oi maxima and minima for funotions of several 
variables, like that for fnnotiona of a single vaiiable, forms one 
of the most important applications of dinorentiation. 

Wo shall begin by considering a funotion «—/(», y) of two 
independent variables x, y, which wo shall represent by a surface 
in ajyw-spaco. Wo say that this suiface has a maximum with tho 
oo-ordmates (iBg, yo) if all tho other valnos of m in a neighbour¬ 
hood of that point (all round the point) are loss than w(a!o, y^), 
Qoomotrically, such a maximum corresponds to a " hill-top ” on 
the surface. In tho same way, wo shall call the point (ajj, y^) a 
mmmmm if all other values of the funotion m a certain neigh¬ 
bourhood of Po(a:o, 1/0) 1 “'™ greater than = u{xq, y^. Just as 
with functions of one variable, these concepts always refer only 
to a sufficiently small neighbourhood of tho pomt m question. 
Considered os a whole, tho suiface may very woU have pomts 
which are higher than tho lull-tops. Analytically, we formulate 
om’ definition as follows, so that it applies to funotions of mote 
than two independent vaiiables. 

A function u == f(x, y, has a mammum {or a mmimum) 
at the point (xq, y^, . ,if at every point in a neighbourhood of 
(xj, yo, .,) the function ossuwws o matter value {or a larger 
value) than at the poini itself 
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the above equations are satisfied, iiTespective of wEethor the 
function has an extreme point or not We acooidingly say that 
if there is a point (% . ) at which /« = 0,/^ = 0,/^ — 0, 

, or at which 

the function has a stahonary value at that (stationary) point 
(cf, footnote, p 184 ). 

Every point mtorior to a closed region at which a differentiable 
function assumes its greatest or its least value is a stationary 
point 

To decide whether and when our system of equations really 
gives an extreme value, we must make further investigations. 
In many cases, however, the state of affairs is clear from the 
outset, in particular, if wo know that the greatest or least value 
of the function must bo assumed at an interior point P of the 
region and find that our equations determine only a single 
stationary system 2/ = This system of values 

must then dotemune the point P, which is necessaxily a stationary 
point. If such considerations do not apply, however, we must 
mvestigato the matter more closely, this wo postpone to the 
appendix to this chapter (p 204 ). Meanwhile wo shall illustrate 
the foregoing results by means of some examples. 

2 , Examples. 

1 . For the function the parUal derivatives vanish only 

at the origin, so that this pomt alone can bo an extreme pomt The f imotion 
actually has a minimum, for at all pomta (a?, y) different from (0, 0) the 
fimotion « — a;^ + must bo positive, bomg a aum of squares, 

2 The function 

u ^ V{1 — — y% + 2/* < 1 ) 

has tho partial derivatives 

X y 

and these vanish only at the origin Here we have a maximum, for at all 
other points («), y) in tho neighbourhood of the origin tho quantity 
1 — jr® — under the square root is less than it is at the origin. 

8 We wish to construct tho triangle for which the product of tho smes 
of the three angles is greatest, that is, we wish to find the maximum of 
the function 


/(», y) ^ sina; smy sm(jt + y) 
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in the region Smcc / is positive 

in the interior of this legion, iCa greatest value is positive On the boundary 
of the region, whore the equahiy sign liolcla m at least one of the m 
equahtioa defining the region, wo have /(t, y) — 0, so that the greatest 
value must he m the mtoiior 

If we equate tlie doiivativos to 7010, wo obtain the two equations 


003a amy sm(a y) + Bin a smy 00 a (a q- y) == 0, 
Binjc 00 a y sm(a5 + y) + anitj smy 00 s (s; + y) 0. 


Smoo 0 <£B<K, 0 <y<Kj 0<a:H-y<7 i:, those give tana: ^ tany, 
or » ^ y If wo Bubatituto tins value m the first equation, we ohtam the 

relation am 3 ^ = 0; honoo a; !?, y ? la the only stationary point, and 

3 3 

tho required triangle is equilateral 

4 . Three pomta Pj, P^, P®, with qo oidinates (ajj* yi), y^), and (a^j, yj) 
rospootivoly, are the voitiocs of an aouio angled triangle* We wish to 
find a fourth point P with 00 ordinates (a;, y) suoli that tho sum of its 
diBtanoes from Pi, Pj, and Pg is tho 
least possible. This sum of distances 
is a oontinuous fimotxou of a? and y, 
and at some point P msido a largo 
otrole onolosing tho tnanglo it has a 
least value This point P oannot lie 
at a voitox of tlio triangle, for then 
tho foot of tho peipendioulai from one 

of tho other two voitioca on to the aO^Threo vectors with equal 

opposite side would give a smaller sum mognltudcB end sum zero 

of distanoes, Again, P cannot ho on 

tho oiroumforonoo of tho ouolo, if this is suQioiontly far away from the 
triangle. With tho distanoes 

*•< = V(»(2/“y,)“ 



WO now form tho funotion 

/(«, if) ■=. r, -I- r, -t- rj, 

ivhioh is dtlToionliablo ovorywhoro oxoopt at Pj, Pj, and Ps Wo Itnow 
that at the point P tho partial dorivativos with lospcot to x and y must 
vanish Thus by diHoientifttmg / wo obtain the conditions 


as — 


-H 


lr3 


+ 



0, 


^ 


for P. According to those equations the three piano vectors «2» ^31 
with oompononts 
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v_ziy^ y-vz 

ri ' fi * H H ' fz 

rospeotively, liave tho vootor sum 0, Also, these veotora are each of unit 
length When combined geometrically, then, they form an equilateral 
timngle, that is, oaoli vector is brought mto the dueotion of the next by 
a rotation through (fig 29 ). Smco these throe veotora have tho same 
directions os tho thieo veotora from Pj, P^, Pa to P, it follows that each of 
the three sides of tho triangle must subtend the same angle §7T at the 
pomt P 

3 Maxima and Minima with Subsidiary Conditions. 

Tho problem of detormmmg tho maxima and minima of 
functiona of sevoial variablos fioquently prosonts itself in a 
form dillermg from that treated above, If e g, we wish to find tho 
pomt of a given surface y,z )^0 which is at tho least distance 
from tho origm, then wo have to doteimmo tho mmimuiQ of tho 
function 

whole tho quantities x, y, however, aie no longer throe m- 
dependent variables, but are connected by the equation of the 
suifaoo <^(®, y, «) = 0 as a subsidiary condition Such “ maxima 
and minima with subsidiary conditions do not, mdeod, represent 
a fundamentally now pioblom Thus m our example wo need only 
solve for one of the variables, say z, in terms of the other two, 
and then substitute this expression m tho formula for tho distance 
+ 3/^ + to leduce the problem to that of determinmg 
the stationary values of a function of the two variables cc, y. 

It is, however, more convenient, and also more elegant, to 
express the conditions for a stationary value in a symmetrical 
form, m which no preference is given to any one of tho 
variables. 

As a very simple case, which is novextholoss typical, we con¬ 
sider the following problem* to ji/nd the slatimary values of a 
fmcHon f(x, y) when the two vcmables x, y are not mutually %nde- 
pendent, biU a/re connected by a substd'ia/ry cond^Uon 

4>(x, 2 /) == 0 

In order to give geometrical plausibility to the analytical treat¬ 
ment, we assume first that the subsidiary condition is represented, 
as in fig, 30 , by a curve m the ccy-plane without singularities and 
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fclial m addition tho laiuily of oiirvoB /(», y)=ze~ const covers 
a portion of tlio plane, as in tlio figure Tlio problem is then 
as follows among tho ouivca of tho family which intersect 
the curve ^ — 0, to find that one for which the constant 0 is tho 



FJg 30 —Extreme value of/with eubsldlnry comlltlon 0 


greatest possible or tho least possible. As wo describe the 
curve <^ = 0 wo cross tho curves f{x, y) = o, and m general o 
changes monotonically; at tho point whore tho sense m which 
wo run. through tho o-scalo is reversed wo may expect an ex¬ 
treme value From fig. 80 wo see that this occurs for tho curve 
of tho family which touches tho curve if >==0 Tho co-ordinates 
of tho point of contact will bo tho required values » j/ = 
corresponding to tho oxbromo value of/(», y) If tho two curves 
/ = const and ^ = 0 touch, they have tho same tangent. Thus 
at the pomt so = f, y » -ij the proportional relation 

/«•/» ^ 

holds; or, if we introduce tho constant of proportionality A, tho 
two equations 

fa + ^^(0 = 0 
fv ™ 0 

are satisfied. Those, with tho equation 

^(aj, y) =» 0, 

serve to determine tho co-ordinates (f, ij) of tho point of contact 
and also tho constant of proportionality A. 

This argument may fail, o.g when the curve ^ 1= 0 has a 
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singular point, say a cusp as in % 31 , at tEo point (^, y)) at 
whioE it meets a curvo / — o with the greatest or least possible o 
In this case, however, wo have both 

V) — 0 * 

In any case we are led intuitively to the following rule, which 
we shall piovo in the next suh-section* 



Fig 31«—Extreme value nt a singular point of ^ 0 


In order that an extreme value of the function f(x, y) may occur 
at the^ovrd x y =: 9j, mth the mhsxdxarij condxixon ^(x, y) — 0, 
the point (^, 7 }) being such that the two equations 

a/re not both satisfied, U is necessewy that there shoiM he a consta/nt 
of <propo)timality such that the two equations 

+ and mv) + ^v{i>'n)^o 

a/re satisfied^ together with the eqmtion 

ij) = 0- 

This rule is known as Lagi angers method of undetermined 
multipliers, and the factor A is known as Lagrange^s muUipher. 

We observe that for the determination of the quantities 
and A this rule gives as many equations as there aro unknowns. 
We have therefore replaced the problem of findmg the positions 
of the extreme values (^, 77) by a problem in winch there is an 
additional unknown A, but in which wo have the advantage of 
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complete symmetry, Lagrange’s rule is usually expressed as 
follows* 

To find the extreme values of the function f(x, y) subject to the 
subsidtary condition (j}{Xy j) 0^ we add to f(x, y) the product of 
j){Xy y) and an unknown factor A independent ofx and y, and write 
doim the Icnoum necessary conditions^ 

fa H*' A^jj =0, fy 'h — 0, 

for an exlieme value 0/1? = f + Ar/j In conjuuciion with tho sub- 
sidiaiy condition < 1)^0 these servo to doiormine tho co-ordmates 
of the extreme value and the constant of proportionality A 

Boforo proceeding to piovo tho rulo of undoiormincd multipliers 
rigorously wo shall illustiaio its iiso by means of a simplo example. Wo 
wish to find tho oxtromo valuos of tho function 

on the oiiolo with unit radius and oontio tho origin, that is, with tlie sub 
sidiary condition 

*— 1 0 

According to our rulo, by dilTorontiating tiy + X(jt^ H- — 1) with rospeot 
to X and to y wo find that at tho stationaiy points tho two equations 

y + 2Xa; 0 

a: + 2Xy « 0 

have to bo satisftod, In addition wo have tho subsidiary condition 

a;8 ^ 1 0. 

On solving wo obtain tho four points 

5 ^ \/2, /j «=5 — 

5 s= ^ '\f% /) **= 

Tho first two of tlioso givo a maximum value tho second two a mini¬ 
mum value « « — of tho fimotion u ^ xy. That tho first two do really 
give tho greatest value and tho sooond two tho least valuo of tho function u 
oan bo scon as follows! on tlio oiroiimfoionco tho function must asaumo a 
gioatost and a loast valuo (of, p, 97 ), and sinco tho ciroumforonoo has no 
boundary point, those points of gioatost and least valuo must bo stationary 
points for tho funotiou 
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i Proof of the Method of Undetermmed Multipliers in tlie 
Simplest Case. 

As wo should expect, we arrive at an analytical proof of tlio 
method of imdoteimmed multipliers by reduomg it to tho Icnown 
case of extreme values. Wo assume that at tho oxtrome 

point tho two paitial derivatives 7]) and rj) do not 
both vamsh, to bo specifio, we assume that ??) 0 Thou 

by section 1 , No 3 (p. IM), m a noighbouihood of this point 
the equation y) = 0 determines ij uniquely as a continuously 
differentiable fimotion of a;, y g(x) If wo substitute this ex¬ 
pression m f{x, y), the fmiction 

/(». s{«>)) 

must have a free extreme value at the point ® For tins the 
equation 

/(®)=/»+A‘7»=0 

must hold at 2!= ^ In addition, the implicitly defined funo 
tion ij = g(x) satisfies tho relation + 4 ‘v 9 'i^) “ 0 identically 
If we multiply this equation by A s= and add it to 

/«+/v< 7 ’(®) = 0 > we obtam 

fa ^‘t‘a = 0 , 

and by tho defimtion of A the equation 
fv + A^v = 0 

holds This establishes the method of undetermined multi¬ 
pliers 

Tins proof brings out) the imporiianoe of Iho assiunptlou that the dai 
vatives and do not both vamah at the pout ( 5 , vj). If both thcso 
derive tiros vanish the luio breaks doirn, as is shown analytically by tho 
following example We irish to make the funotion 

/(SB, y) = »’* + y* 

a minimum, aubjeot to the condition 

^(se, y) = (» - 1)® - y’ = 0. 

By tig, 32 , tho shortest distonoo from the origin to tho ourvo («— 1)* — y*=* 0 
is obviously given by the Imo jouing tho origin to tho ousp 3 of the curve 
(we can easily prove tliat tho circle with unit rodius and centre the oiigin has 
no other point in common with the onrve). The oo oidmatea of S, that is, 
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«j s== 1 and 2/ =! 0, satisfy tho equations y) 0 and fy = 0> no 
matter wliat value is assigned to X, bub 

/« - 2x l)a 2 t= 0, 

Wo can ataio tho proof of tlio 
motliod of iindeioimmcd mill-* 
tipliera m a slightly diftcront 
way, which is particularly con¬ 
venient for gcnoiali/ation Wo 
have seen that tho vanishing of 
tho dillorontial of a function at a 
given point is a neoessaiy con¬ 
dition for the ocourronco of an 
oxtromo value of tho funotion at 
that point* For tho present 
pioblem wo can also mako tho 
following statement: 

In order that the function 
f(x, y) may have an extreme value i-ig Tho8urf«co(A;- 
at the point tj), subject to the 

suhstd/iary condition <^(x, y) ^=3 0, it is necessa/ry t]iat the differential 
df shall vanish at that poinif it being assumed that the differentials 
dx and dy are not independent of one another, but a?c chosen m 
accordance mth the equation 

=3 (fadx + (fydy = 0 

deduced from <f}^ 0 Thus at tho point tj) tho diftorontials 
dx and dy must satisfy tho equation 

v)^+fy{^> ri)dy~ 0 

wienovor tlioy stitiBly tlio equation d<l> -=0 If wo multiply tho 
first of these equations by a munbor A, undotoimmod in tho first 
instance, and add it to the second, wo obtain 

(/»-h A0„)d® H- (fy H- X^y)dy = 0. 

If wo dotormino A so that 

Iv "h fi> 

as is possible m virtue of tho assumption that =|=» 0, it nooes- 

(It 012) 0 
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Baiily follows that {fa ^^jb) dfe siuoo tlio difforoiitial 

dx can be chosen arbitrarily, o g equal to 1, wo have 

/« ^ ^ 


6 Generalization of the Methoa of Undotorminotl Multiphors. 

We can extend the method of undetormiiiGd multipliorB to 

a greater number of variables and also to a greater nuinbor of 

subsidiary conditions We shall consider a special case winch 

includes every essential feature We sock the extreme values of 

the function ^ a 

U - f{X, y, t)y 

when the four variables x, y, z, t satisfy the two subsidiary 

conditions , . „ ,, .v n 

<f>{x, y, 2 , <) = 0, y, z, t) = 0. 


We assume that at the point (^, r], r) tbo fimotion takes a 
value wLicb is au extreme value when compaicd witb tbo valuoa 
at all neighbourmg pomts satisfying the subsidiary conditions 
We assume further that in the neighbourhood of tho point 
V> ''■) variables, say z and t, can be loprosontod 

as functions of the other two, x and y, by means of tho equations 

<j){x, y, 2 , <)« 0 and y, 2 , <) — 0. 

In fact, to ensure that such solutions 2 — g{x, y) and t = h(x, y) 
can be found, we assume that at tho point P tho Jacobian 


is not zero (of. p 163). If we now substitute tho functions 
z — g(x,y) and t—h{x,y) 


m the function u =/(as, y, 2 , t), then/(a!, y, z, i) becomes a function 
of the two independent variables x and y, and this function 
must have a fiee extreme value at the point x= i,y — -q, that is, 
its two partial derivatives must vanish at that pomt. Tho two 
ejafoM 8._. 
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mu8C tlioiofore hold Tu oidei to calculate from the subsidiary 

conditions tliG loui dcuvatives — occurrme here* we 

ax 9y 0x 9y 

could write down the two pairs of equations 

v..+«.|+a|=o 

and 

^. + ^,|+#,|=o 


and solve them for the unknowns • 


, g-, which IS possible 


^ . du, 

because the J acobian ^ does not vanish The problem would 
then bo solved 

Instead, we prefer to letain formal symmetry and clarity by 
proooodmg as follows Wo dctonnino two numbers X and n m 
such a way that the two equations 

ft + X^t 4" = 0, 

ft + X<f)t 4- fitj/t = 0 

are satisfied at the point where the extieme value occurs. The 
deteiminatiou of those *' multipliers ” A and ix is possible, smee 

wo have assumed that the Jacobian ib not zero If we 

multiply the equations * 

and 0 

by A and p. lospootivoly and add them to the equation 

/»+/.-+/! 1 = 0 , 

wo have 

/»-1- +W4+(/«+ Mo + %+ift+ + t^i>t) = 0 
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Ilenco by llio dcfiintion ol A aad (i 

fa H" A^j, -)- flfjia " 0. 

Similarly, li wo multiply the equations 

and 

by A and fi respectively and add tliem to tlie equation 

WO obtam the further equation 

fv + 4- = 0 

Wo thus ariivo at tho following result. 

If the'point (^, 7), ty t) is an extreme point (?/'f(x, y, z, t) auhjecl 
to the subsidiary cmiilions 

f>{Xy yy »y t) — 0. 

^{Xy yy z, t) = 0, 

and if at that point is not zero, then two numbers A and p. 

d{Zy t) 

exist such that at the point (^, r) the equations 

fa + ^<f>a + /'■0« = 0, 

fv + + MIAi; = 

ft + 4" P^z = 0, 

ft 4“ d” ~ 


and cdso the subsidiary condiiionSy are satisfied 

These last conditions are perfectly symmotrioal Every trace 
of emphasis on the two variables x and y has disappeared from 
them, and we should equally well have obtained them if, instead 
9 (^, >fi) 


of assuming that „ 

® 3(2, t) 

one of the Jacobians 


=i= 0, we had merely assumed that any 

3 (^, i>) 

’ 3(2, i) 


9 (0!, y)’ 9(a:,«)’ 


did not 
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vamsli, ao lliat in the noiglibouiliood of the point m qucation 
a ceitam pair of the quantitioa x, y, z, t (although poaaibly not 
z and <) could bo expicsaed in terms of the other pair. ITor 
this symmetry of our equations wo have of courao paid the 
price, in addition to the luitnowna V> wo now have A 
and ja also. Thus instead of fom unknowns we now have six, 
detoimincd by the six equations above 

Hero too we could have carried out the proof somewhat 
more elegantly by using the differential notation In tins notation, 
the necessary condition for the occurrence of an extreme value at 
the pomt P 18 the equation 

df==(i, 

whore the diherontials dz and dt are to be oxpiesscd in toims of 
doi and dy Those diffeientials are connected by the relations 

= ^f^dx 0 , 

dij) = tjj^dx -f tp„dy H- pgdz -j- tpidt = 0, 


obtained by difEerontiatmg the subsidiary conditions If wo 
assume that the two-rowed determinants occurring here do not 
all vanish at the point (S, ij, t), eg if wo assume that the 

expression is not zero, then wo oan dotormme two numbers 
9(z, t) 

A and p, which satisfy the two equations 

Sf + Mo -I- — 0. 

ft + ^<h + = 0* 


It wo multiply tho equation (kji == 0 by A and the equation dtp = 0 
by p, and add them to the equation dj=^0, then by the last two 
equations wo obtain 


d{f H- A(;^ •+■ flip) — (/„H~ Ha + (/ti+ Hv~\~ 


Since here d® and dy are mdopondont differentials (that is, 
arbitiary numbers), it follows that tho numbers A and p, also 
satisfy the equations 

/»+ H« + Ha~ 

fv H“ "1“ ~ 


and wo are once again led to the method of undetormmod 
multiphers. 
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In exactly the same way wo can state and prove tho metlxod 
of undetermined multipliers for an arbitrary niunboi oX variables 
and an arbitrary number of subsidiary conditions, Tlio genoial 
rule IS as follows 
If %n a function 

ike n variables x^, Xg, . , , aie not all %n(hpendenti but are 
connected by the m mhsidtanj conditions (m < n) 


* y ^«) —’ 

then we introduce m multipliers Ag, .,,, and equate the 
derivatives of the function 


mih resped to x^, xg, ,, x^, when A^, A 2 , .. 
to zero The equations 


dF_ 

dx^ 


0 , 



An are conslanti 


ihuLs obtained, together mfh the m subsidiary conditions 
<f>x^0, ,,,, = 0 > 


represent a system of m + n equations for the m + n unlmovm 
quantities x^, x^, , , x^, , A^. These equations must he 

satisfied at every extreme value of i, unless at that esdreme value 
every one of ike Jacobians of the m functions <f >29 * * , 
respect to m of the variables Xj, . , x„ has the value zero. 

In connexion with the method of undotorminod multiplioi's 
we have still to make the following important remark, Tho rulo 
gives ua an elegant formal method for dotornnnmg tho points 
where extreme values occur, but it merely gives us a necessary 
condition The further question arises whether and when tho 
points which we find by means of tho multiplier method do 
actually give ua a maximum or a minimum of tho funotion. 
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lato thia question we shall not enter, its disoussion would lead 
US muoli too far afield As in tlio case of free extreme values, 
when we apply the method of undetci mined multipliers wo usually 
Icuow beforehand that an extreme value does exist If, then, 
the method determines the pomt P umquely and the exceptional 
case (all the Jacobians zero) does not occur anywhere in the 
region under discussion, we can be suio that we have really 
found the point where the extreme value occurs 

Examples* 

!♦ As a first example wo attempt to find the maximum of the function 
f{^» Vi 2 ) subject to the subsidiary condition + 2 /® + 

On the spherical auifaoo -b = 0 ® the function must assume a 

greatest value, and smoe the sphonoal surface has no boundary points 
this gicatest value must be a maximum m the soneo defined above 
Aoooiding to the rule we foim the expression 

555 + X(a^ + -(- z^ — c*), 

and by differentiation obtain 

2xyh^ + 2Xaj == 0, 

2x^yz^ + 2Xy — 0, 

-I' 2X8 0 


The solutions with w = 0, 2 / — 0, or js ?== 0 can bo excluded, for at those 
points the function / takes on its least value, 701 o» The othoi solutions 
of tho equation aio ^ z\ X ~ Usmg tho subsidiary condition, 

wo obtain the values 

*“=•^ 73 ’ 


for the required co oidinatos. 

At all those points tlio funotion assumes tho same value c®/27, whiob 
Is aooorduigly tho required maximum value, Ilonoo any triad of numbers 
satisfies the relation 




flja -f- ^ 

—3—’ 


that 18 , tho gcomotrio mean of tin 00 positive mimbora y\ z* is never 
greater tlian their aiithmotio moan • 

In fact, it is true that for any arbitrary number of positive numbers 
tho gcomotrio moan never oxocods tho arithmotio mean. The proof is 
similar to that just given,’*' 

2, As a second example wo shall seek to find tho triangle (with sides 


* For another proof, see Vol I, Ex, 19, p, 107, 
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X, yt z) with given peiiinoter 2s, and tlio greatest possible aioa By a volU 
known formula the square of the aioa is given by 

y* === — TJ)(s - y)(3 — z)s 

We have therefore to find the maximum of this function subject to tlio 
subsidiary condition 

^ as X "p y “b ^ ^ ^ 

where sc^ y, z are restricted by the inoqnalitiog 

x'^Oy y'^0, z^Oy x-{- y'^z, + y + z'^x. 

On the boundary of this closed region, ze whonovoi one of thoso in¬ 
equalities becomes an equation, we always hayo / 0 Consequently fclio 

greatest value of / occurs m the inteiior and is a maximum, Wo form 
the function 

y, z) == a{s — a,)(d — y){a — z) + X(» + y + — 2 j)i 
and by difierentiation obtam tho three conditions 

—s(s — y){a — i!) + X = 0, —^^ 0, 

—— a;) (5 — y) -b X 0 

By solving each of those for X and equating tho tlireo resulting ox^iroasioiiB 
we obtam x^ 28(3^ that Is, tho solution la an equilateral 

tnangle 

i 

3 We shall now prove tho following theorem tho inequality 

a P 

holds for every « ^ 0, v ^ 0 and every a > 0, P > 0 for which 

i + i-L 

a p 

The mequahty is certainly valid if either t 4 or v vanishes We may 
therefore restrict ourselves to values of u and v such that wv 4« 0 If tho 
inequality holds for a pair of numbois v, it also holds for all numbora 
vtVfi, where ^ is an arbitrary positive number Wo need tlierofoio 
consider only values of u, v for which uv^ 1* Honoo wo have to sho^Y 
that the mequahty 

i "b i ^ I 

a P 

hol^ for all positive numbois % v such that uv^ 

To do this we solve the problem of findmg tbo mmimura of - w“ ~b i 

cc P 

subject to the subsidiary condition ut/ ^ 1 This minimum obviously 
exists and occurs at a pomt (w, v) whore 4^ 0, v 0 A multiplier — X for 
which the equations 

_ Xv *=: 0, ^ hi ^0 
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hold bherofore 6xlsta On multiplioation by % and v resppoUvely these at 
onoa yield — X, Taken with uu ^ 1, these imply that 

tt = tj 1 The inuiimum yalue of the function - ^ is therefore 

11 « P 

_ ;. != 1 That IS, the statement that 

oc p 


a p 


when uv — 1 is proved 

If m the moq^uality av ^ i it* + i lUst pioved we replace u and v by 
a p 


u ^ — and V =» - -> 

1-1 i-i 


1 oapootivoly, whore -Wj, Wg, *«, i/„, Vj, Vg, ♦ *., arbitiary non-negative 
numhoia and at least one u and at least one v m not zoio, and if we then 
sum tho inequalities thus obtained for i = 1, / , w, we obtain Bold&r^s 
tiieqmliiy 

1-1 <-i 


This holds for any 2n numbors where ^ 0, S 0 (i = 1, 2, , n), 

nob all tho u^s and not all the Vs are zoio, and the indices cc, P are such 

that <y > 0, p > 0, ^ ^ ^ 1* 

cc p 

4, finally, we seek to find the point on the closed surface 

<p(a;, yfZ)^0 

whioU IS at tho least distance from tho fixed point (?, IJ) If the 
diatanoo is a minimum its square is also a minimum, we accordingly 
oonsidor tho function 

t/i ») s=a (a; — 5)2 + (y — + (jj — 5)® + X(p(a;, y, z), 

DilToioutiaiioii gives tho conditions 

2(aj — + Xtpjj,» 0, 2{y — o) + fi> — ?) + Mt = 

or, in another form, 

a?— g ^ ^ 

9aj <Pi/ 

Thoso equations siato that the fixed point (5, /), K) normal to 

tho snifaoo at tho pomt of oxtromo distance (a;, y, z) Therefore in order 
to travel along tho shortest path from a point to a (differentiable) surface, 
wo must travel in a direotion noimal to the surface. Of course further 

(It012) 8* 
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diaousaion w required to deoiclo whether wo liavo found a maximum or o 
njmimum or neither (Con'^idei, e g, a point within a ephorioal surfaoo, 
The points of oxtromo distance ho at the ends of the diameter thiougb 
the pomt, the distance to one of these pomia is a minimum, to the other 
a maximum) 


ExAMrn,s 

I Emd the greatest and least distanoes of a point on the ellipse 



from the straight Ime a: + y — 4 — 0. 

2. The sum of the lengths of the twelve edges of a rectangular block is 
a, the sum of the areas of the six faces la Calculate the lengths of 

the edges when the oxoosa of the volume of the block over that of a cube 
whoso edge is equal to the least edge of the block is greatest. 

3 Botormmo the maxima and minima of the function 


(oa® + (0 < a < 1). 

4 Show that the maximum value of the expression 
d- 26 rf/ + cij^ 


+ 2/^2/ + 


0 ) 


is equal to the greater of the roots of the equation m X 

{ao — h^) — X(a (7 — 2hf + ec) + %^{eg — = 0. 


6. Calculate the maximum values of the following expressions 
/ ) + Pay + 3+ 2a 

^ + * a;^ -h * 


6 Dotermmo the stationary points of the function 

/(*. = 

and state their nature 

7* Pind the values of a and & for the ellipse 


of least area containing the oirole 
in its mtonor 

8 ITmd the quadrilateral with given edges a, &, o, d which includes the 
greatest area 
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0 Which point of the Bphoto a:> + {/»-1- z* « 1 la at the gieatest dis- 
tancG fiom tho point (1, 2, 3)? 

10* Lob PiPfiPsPi ho a oouvot qnadiilatoral li'incl the point 0 for 
which tho sum of tho dietanoos from P|, Pg, Pj la a minimum 

11, Pmd tho point (a;, y, z) of the ellipsoid 


for whioh 




{a) 

{h) P® + CP) 


IS a nummnm, whoro A, B, 0 denote tho mtoioepts which the tangent 
piano at (a?, z) (% > y > 0, z > 0) molcea on the co ordmate axes 

12, l?md tho icotangular parallolopipcd of gieatest volume insonbed 
in tho ollipaoid 

z^ 

^ ^ ^ I 


13, l?ind tho rootanglo of greatest poiimotor inscribed in the elhpse 


^ _L ?L 


14, h'hid tho point of tho ellipse 

^ Qxy + 51/* =a 4 

for which tho tangent is at tho greatest distance from the origm 
16^ Provo that tho length I of tho greatest axis of the ellipsoid 
+ by^ + 02 ® + 2dxy + 2exz -f 2fyz ^ 1 

Is given by tho gieatest real root of tho oq[uation 



/ 
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Appendix to Cliapter III 

I 4 SuMoiENT Conditions for Extreme Values 

In tlio ilieoiy of maxima and ininiina in tlie preceding chapter 
we Jiavo contentod ourselves witli finding necessary conditions 
for tlio occurLonco of an extiemo value. In many cases oociming 
in actual practice the nature of the ** stationary point thus 
found can bo dctoimined from the special nature of the problem, 
and wo can thus decide whether it is a maximum or a minimum 
Yet it 18 important to have general sujfiaient conditions lor the 
occult once of an cxtiomo value Such criteria will be developed 
hciG for the typical case of two independent vaiiables 

If wo consider a point (oJq, at which the function is 
stationary, that is, a point at which both first paitial derivatives 
of the function vamsh, the ocounonco of an extreme value 
is connected with the question whether the expression 

/(»o + h 2/0 + -/{®o. Va) 

lias or has not the same sign for all sufficiently small values of 
h and h If wo expand this expression by Tayloi’s theorem 
(Chap) II, p 80), with the remainder of the thud order, in vutuo 
of tlio equations/{o(a)o> ® attd/„(aJo, — 0 wo at once obtain 

/(^O J/o 4 “ /(®0> J/o) “f" ^^?/vv) 

whoro -j- and e tends to zero with p. 

Biom this wo boo that m a Buffioiently small noighbouiliood 
of tho point (i^oj J/o) behaviour of the functional diiforonco 
/(ajo + Zb J/o +J/o) essentially d)fcoimmed by tho 
oxpiossion 

h) ^ aW 26/i7i; + oh^ 

whoro for brevity wo have put 

J>-=/«v(a>o)J/o)> <>^/t/i/(%J/o) 

In order to study the problem of extreme values we must 
invostigate this homogeneous quadratic expression in h and /o, 
or, as we say, tho qua3/tatic form Q, We assume that the 
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coaOicientB a, b, 0 do not all vanish In tlio exceptional case 
whore they do all vanish, which wo shall not consider, we must 
hogm with a Taylor series extending to toims of higher order. 
With regard to the quadratic lorm Q thcio are three diherent 
possible cases. 

1. The foini is (kfimte. That is, when h and h assume all 
values, Q assumes values of one sign only, and vanishes only 
foi /i “= 0, 7 i 5 = 0 We say that the form is positively definite or 
neqatwely definite according as this sign is positive or negative. 
Jj'oi examjile, the oxpiossion h® + I?, which we obtain when 
a =5i 0 = 1, h =5= 0, 18 positively definite, while the expression 
—-\- 2/i/u — 2 / 1 ,® ==—(/*— hf ~ h? 18 negatively definite 

2 The form is indefinite That is, it can assiimo values of 
diltoKuit sign, 0 g the form Q •= 2ft/c, which has the value 2 for 
/i1, k^l and the value ~2 for h == —1, 7c = 1 

3. Finally, tlioio is still a thud possibility, namely that m 
whioli the form vanishes for values of 7i, k othei than h = 0, 
Jtas 0, but otlioiwiso assumes values of one sign only, eg the 
form {h -j- i)®, which vamshes for all sots of values 7i, k such 
that /i =w ~ifc Such forms are called semi-defimte 

The qiiadiaiic form Q ~ ali^ -)- ibhl ch? is definite if, and 
only if, the condition ao — 6® > 0 

IB satisfiodj it is then positively definite if a> 0 (so that o> 0 
also), otherwise it is negatively dofimte 

In order that the foim may bo indofliuto it is necessary and 

Bufliciont that ao — 6® < 0, 

wliilo the somi-cloftmto case is oharaoterized by the equation * 

00 — b® — 0. 


♦Tlifliio ooiiiUUoub are oiwlly oblnhwd as Mows Eithor a “ e - 0, in 
which case wo nuisl liavo b =| 0, and the lorm Is, ns already lomailwd, mde&rtte, 
Uio oiitoilon Uimoloio holds for this oaso or oW wo must have, aay, a 4 = u, 
WoounlhonwriU) 6,\* 

Tills form Is obviously dodnilo if «» - b\> 0, and it then has tho same 
nn a iL {b Homl dofiiuio if ca ^ 0» foi then it vanishes for all values of 
r fe‘Uio.t satisfy tho oqualion hlh » -&/«, but for all other values 
same slKn It is mdoflnito if c<» - 6» < 0, for it then assumes values of diHerwot 

sign when h vanishes and when ft + ^ fc vanlslies. 
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We shall now piove tho followang statements If the quadiatio 
form Qiji) h) is positively definiiOj tho stationary value assumed 
for Zi 0, /o — 0 IS a mirmnum If the form la negatively definite, 
the stationary value is a mammum If tho form is mdefimte, wo 
have neither a maximum nor a imnimum, tho point is a saddle 
foint Thus, definite character of the foim Q is a sufficient con¬ 
dition for an extreme value, while indefinite character of Q 
excludes tho possibility of an oxtiemo value We shall not 
consider the semi-dofinite case, which leads to involved dis¬ 
cussions 

In order to prove tho first statement we have only to use 
the fact that if Q is a positively definite form there is a positive 
number m, independent of h and such that'*' 

Q ^ 2m(A^ + 1^) — 

Thorefoio 

/(»o + /i. i/o + /<■) “/(® 0 . yo) = 4 ^ + ep® k (m + e)p\ 

n wo now ohooso p so small that tho number e is less m absolute 
valuo than wo obviously have 

H«>o + h Vo + ^ - /(%. Vo) ^ f P® 

Thus for tills neighbomhood of the pomt {a?Q, ^q) value of the 
function is everywhere greater than /{xq^ j/q), except of course at 
(ojo, J/o) Itself, In tho same way, when the form is negatively 
dofinito tho point is a maximum 

T’mally, if the form is indefinite, there is a pair of values 
which Q is negative and another pair Jfcg) for which 
Q is positive, Wo can therefore find a positive number m such 
that 

—2wipi^, 

Q{h^i /C 2 ) ^ 

If we now put h — thx, h — + 0), that is, if 

♦ To SCO tlna wo comidor tho quotient as a funotion of tho two 

, , A® + kr 

quantities w ^ and v = Then w** + v* « 1, and the form 

booomos a continuous funotion of u and v, which must have a least value 2m on 
tho oirolo \ v'^ 1. This value m obviously satisfies our conditions, it is 

nob zero, for on tho oirolo u and v nover vanish simultaneously 
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HI] 

wo conaiclor a point (kq + Ji, -j- it) on the line ]ouimg (jJj, 
to (Kq -1 - Ai, j/o + then from (3(/i, 1) == hi) and 
wo have 

Q{h, k) < — 2mp® 

Thus by choice of a suflicicntly small t (and correspondmg p) 
wo can make the oxprcssion/(a;o -h h, Vd+h)— /{Xq, y^) negative 
Wo need only choose t so small that for h —thi, h= thy tho 
absolute value of the quantity c is loss than For such a set 
of vnliioB we have J{Xf, + h, h) —/(®o, Vo) < —mp^ft, so that 

tho value/(tCjA, + is less than tho stationary value 
/(®o> Vo) same way, on carrying out the correspondmg 

process foi tho system A = th^, k = tk^, wo find that in an arbi¬ 
trarily small neighbourhood of (kq, 1 / 0 ) there are pomts at which 
tho value of tho function is greater than/(a:o> Va) Thus we have 
noithor a maximum nor a minimum, but instead what we may 
call a saddle value. 

IIa=s6=»o=0 at tho stationary pomt, so that the quad¬ 
ratic foira vanishes identically, and also m the semi-deflmto case, 
this discussion fails to apply. To obtam sufficient conditions for 
those cases would load to involved calculations 

Thus wo have tho following rule foi distinguishmg maxima 
and minima. 

If at a pomt (xq, yo) the equations 

/»(® 0 ) 2 / 0 ) ” 2 / 0 ) ~ ^ 


hold, and also the inefuality 

ftmfvv /«»* ^ 

then at that po%nt the function has an extreme value This is a 
maximum if i^<0 {and consequently iyy < 0), and a minimum 

If, on the other hand, 

fmSvv /«»* 

the stationary value is neither a maximum nor a minimum The 
/ep»/tfv ^ ^ 


romains undcoidod. 
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Those conditions permit of a simple goometiioal intorpreiation. 
The nGcossaiy conditions /«—/v“0 state that tho tangent 
jdano to tho suifaco z = y) is horizontal If wo really have an 
extreme value, then m the neighbourhood of tho point in question 
the tangent plane does not inteisect tho surface. In the case 
of a saddle pomt, on tho contrary, the plane outs the surface m 
a curve which has soveial branches at the pomt This matter 
will be clearer after tho discussion of singular points in tho next 
section 

Aa an example we seek to find the extreme values of the function 

/(», y) » aj® + oj/ + + oof + ^2/ 

If wo equate tho fiist doiivatives to zero, we obtain the equations 
2x + y + a^0, ic + + &cs= 0, 

wlnoli have the solution ^ 2a), y ^ ^(a 2h) Tho expression 

/(wp/w ^ 

IS positive, as ifl Aa: = 2 The function thoroforo boa a minnnum at tho 
pomt 111 question, 

The funotion 

/(»» y)^(v- 

has a stationary pomt at the origm. There the expression fm* 

vanishes, and our onlonon fails. Wo readily see, however, that tho funotion 
has not an extreme value there, for in the neighbourhood of tho ongm 
tho funotion assumes both positive and negative values, 

On tho other hand, the funotion 

has a minimum at the pomt a? = 1, y — 1, though the expression 
ftcafvv “"• vanishes there For 

/(I + h^l + l)^ /(I, 1) [h ^ h)^ + 

and this quantity is positive when p 4= 0, 

Example 

If <^(a) = 4s 0, 0, and a;, y, z satisfy tho relation 

^x)^(y)^{z) = h\ 

prove that the funotion 


/(«^)+/(2/)+/W 
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h(<8 a ina-ximuiu when = y >= * “= 0( provided tliat 



2 SiNQtn.Aii Points 01 ? Pla.nb CoavKS 

la Ckap. Ill, aeotioa 2 (p 128) wo saw that a curve/(», y) = 0 
in gotioial has a siugular point at a point a; = asj, y y^ buo i 
that the throe oquaiions 

/(®o» yo) — 0, /t(% yo) ~ /•'(% yo^ “ ® 

hold In Older to study those singular points systoHiatioally, we 
assume that in the neighbourhood of the point in question the 
function /(«, y) has coiitmuous derivatives up to the second 
Older, and that at that point the second derivativcB do 
not all vanish By expanding m a Taylor series up to ietm 
at the second order we obtain the equation of the curve in 
the form 

2/(», y) ^ - a!o)%i«o. J/o) H- “ %)(y ~ i/o)/»r(»o. Vo) 

+ iy~ J/o)%v(®o. Vo) + 

whore we have put ~ — (Bq)* -f- (j/ — yof and e tends to 

zoxo with p* . > 1 1 

Using a parameter t, we can write the equation of the gonoiai 

straight line through the point (%, y^) m the form 

a — aifl = at, y 

where a and b are two orhitrnry constants, which wo may suppose 
to be BO chosen that a* -|- 6 ® = 1 To dotormino the point of 
intersection of this lino with the ovirvo/(a 3 ; j/) =5 0 wo suhstituto 
these expressions in the above expansion for /(aJ, y)) for tho 
point of lutersootion wo thus obtain the eqiiation 

+ W/w + - 0 

A first solution is ^ ^ 0 , ) 0 the point (a^o, J/o) 
obvious It IS, however, worthy of notice that the ioft-hano 
side of the equation le divisible by so that ^ is a ** doable root 
of the equation l?or this reason the singular points are also 
BomotiineB called double points of the ourvo» 
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If wo romovo tho factoi wo aio loft with the equation 

+ 2a6/^y + + € = 0 

Wo now inquiio whether it is possible for tho lino to mtoisoct 
the curve in another point whioh tends to y^) as tho line 
tends to some particular Imiitmg position* Such a limiting 
position of a secant wo of course call a tangent* To discuss this, 
wo observe that as a point tends to (iCo, y^) tho quantity t 
tends to zero, and therefore € also tends to zero If tho equation 
above is still to bo satisfied, the expression “h + h^w 
must also tend to zero, that is, for the limitmg position of the 
Ime we must have 


This equation gives us a quadratic condition dolormining the 
ratio ajb which fixes the lino 

If the discriminant of the equation is negative, that is, if 
fmfvv ^ 


WO obtain two disHnet real tangents Tho curve has a double point or 
nod!e, like that exhibited by the lenmiscate (a;®-*!- y^) = 0 

at the origin or the strophoid {x^ + y^) {x — 2a) -(- a^a? — 0 at 
tho point Xq a, j/o = 0 * 

If tho discriminant vanishes, that is, if 


fmfvv foov^ - 


wo obtain two coincident tangents; it is then possible o,g that 
two branches of the curve touch one another, or that the curve 
has a cusp. 

fxxfvv fviV^ ^ 

there is no (real) tangent at all This ocoms e,g in tho oaso of tho 
so-called isolated points or conjugate points of an algebraic curve. 
These are points at which the equation of tho curve is satisfied, 
but in whose noighbomhood no other point of the curve hes 

The ourve “■ exemplifies this. Tho 

values a; = 0, ^ =3 0 satisfy the equation, but for all other values m the 
region | a; j < aV2, [ 2 / | < 6V2 tho loft hand side is lesa than the right* 



We have omitted the case in whioh all the derivativeB of the 



SINGULAR POINTS 


HI] 


an 


BGoond ordci vanish This case leads to involved investigations, 
and wo shall not considor it Through such a point several 
branches ol tho curve may pass, or jamgiilarities of other types 
may occui 

Timiliy, wo shall briefly mention the conaoxion between 
these matters and tho theory of maxima and minima Owing to 
tlio vanishing of the first doiivatives, tho equation of the tangent 
plane to tho surface = y) at a stationary pomt {x^y j/q) is 
simply 

« —/(!Ko. !/o) ■= 0 

The equation 

/(®. 2/)'-/(»o. 2/o) = 0 


llxorofoi'o givoa us tlio piojcolion on tlio a,y-plane of tke cnive of 
mioiaootiou of tlio Ungont plaiio with tho smfaco, and we see 
that the point (a!„, j/o) is a singular point of this curve If this is 
an isolated point, m a oorlam neighbourhood the tangent plane 
has no other point in common with the surface, and the function 
f{iio, y) has a maximnin or a minimum at the pomt (aio, j/o) 
p. 208). If, however, the singular point is a multiple point, the 
langout plane outs tho suifacc iii a curve with two branches, and 
tho point coriesponds to a saddle value These remarks lead us 
lirooisoly to tho sutticiont conditions which we have already 
loimd in sootion 1 (p. 207). 


8. SiNQULAB Points ob Subbaobs 


In a similar way wo can. discuss a singulai pomt of a surface 
/{®. y> 2 ) == 0 ,10 a point for which 

/— d, /o =/«=“/*=* 

Without loss of gonoiahty wo may take the point as the origin 0 
If wo write 

/«« “ ct) fvv - /« Y> /»W = /« =* ^ *' 


for tho values at this point, wo obtain the equation 

aS!* + H- + 2Aa;?/ -h 2/i?/a -\- ivxz — 0 


a pomt (», y, z) which bos on a tangent to the surface at 
i'his equation ropicsonis a quadratic cone touching 



DEVELOPMENTS AND APPLICATIONS [Chap, 

Burfaco afc ilio singular point—^insioad of tEo tangent plane at an 
oidinaiy point oi tlio suifacc—^if we assume that not all of the 
qiiantiliea a, . , i> vanisli and tEat tEe above equation. Eas 

real BohitioiiB otEcr than » — y = « = 0. 

<L CONNEOTION niSTWEBN EoLEB’s AND LaGRANGE’S 
Kepresbntationb op the Motion of a Eluid 

Lot (o, b, o) bo tlio co-oidinates of a paitiolo at tbo time 
f 0 m a moving continuum (liqmd or gas) TEcn tEe motion 
oan bo lopicscntod by tbico functions 

X = x{a, b, c, t), 

y = {/(«, b, 0, t), 

z = z{a, b, 0, t), 

or in ioiras of a position vector x = x(a, b, o, t) Velocity and 
aeceloraiion arc given by the derivatives witE respect to tEe 
time i Thus the velocity vector is with components x, y, 
and the acooloration vector is x witli components x, j/, i, all of 
which appear as functions of the initial position {a, b, o) and tEo 
paramotor t For eacE value of t wo Eavo a transformation of 
tho oo-oxdinatos {a, b, c) belonging to tEe different points of the 
moving continuum into tEo co-ordinates {x, y, z) at tho time ( 
This IS the so-oallod Lagrange representation of the motion 
Another roiircsontation introduced by Euler is Eased upon tbo 
Imowledgo of tluroo functions 

u{x, y, z, t% u(a;, y, t), w{x, y, z, t) 

roprcBontmg tho components x, y, i of the velocity ^ of the motion 
at tbo point (», z) at the time t. 

In order to pass from tbo first representation to the second 
wo have to use tho first representation to oalculate a, b, o as 
functions of x, y, z, and t, and to suEstituto tlieso expressions m 
the expressions for 6, o, t), y{a, b, o, t), z{a, b, o, t), 

n{x, y, z, 1 ) = aj{o(a!, y, z, t), b[x, y, z, i), c(!S, y, z, t), <}, &o. 

Wo then got the components of the acoeloration. from 

sSi(a, h, 0 , t) = u{x{a, b, o, t), y(a, b, o, i), z{a, b, o, t), «}, &o. 



Ill] 

as follows: 


MOTION OF A FLUID 


ai3 


or 


!C — + M,1/ U,Z Ut, &C., 


ai — UaU 4- Mu*' + «»«' + Mji 
^ 4- 4- VgW 4- Vi, 

i = w^u 4 - Wf,v + w^w 4 - Wi. 


In tlio meohamcs of a continuum the follo'wing equation con¬ 
necting Euler’s and Lagrange’s representations is fundamental 


where 


div = % -I- Vy -4 «j, = 


D 

jy 


D{x, y, z. 


i) = 

d(a, b, c) 


is the Jacobian characterizmg the motion. 

The reader may complete tQio proof of this and the corre¬ 
sponding theorem in two dunonsions by using the various lules 
for the difforentiation of implicit functions. 


6. Tanqentiaij Rbpresbhtation OB A Closed Cobvb 

A family of straight Imes with parameter a may be given by 

ajoosa,4' 1 /8ino-~ p(a) = 0, ... (1) 

where p(a) denotes a function which is twice continuously diffci - 
entiable and periodic of period 27r (a so-called tmymlial funckon). 
The envelope 0 of these lines is a closed curve satisfymg (1) and 
the fuither equation 

—® sina 4 y cos a — f'{a) 0. 

Hence 

a5=»pcosa~p'sma'l 

18 the parametric loprosentation of 0 (a being the parameter) 
Formula (1) gives the equation of tho tangents of 0 and is rofcirod 
to as the iangenUal eqmtim of 0, 

Since 

x' 


—(p 4 p") sma, i/ ~ (p 4 p") cosa, 
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wo at once have the following expressions for tlio length L and 
area 4 of 0 

p 2^ p 2ir 

L = l {f+p")da~f pda, 

*'0 ‘'0 

f 2rr /*2fr 

{xlJ—yx')da=^U (p + f')pda—l {p^-~p'^)da, 
*^0 ‘'0 


since p\a) is also a fnnetion oI period 27r ^ 

Prom tins we deduce the isoperimetiio inequality 

^ 4frrA, 


where the equality sign holds for the circle only» This may also 
be expressed by the statement among all closed ciuves of given 
length the oirclo has the greatest area 

Por the proof wo make use of the Pourior expansion of p{a) 
(Vol I, Chap. IX, p d47), 

y(a) === ^ -f S cosva + b^, sinm); 

then 

CO 

p'(a) S v{b^ conva — smva), 


so that (using the orthogonality relations of Yoh I, p, 438) we have 


Thus 


Xj 

^ - 4 dV 


7*2 

m particular, 4 = — only if ==i 6^ == 0 for v ^ 2> i.o. 
a 

4~ ax ooaa 4- sma; the latter equation defines a 
circle, as is easily proved from (2) 

• Since i){a)+o is obviously the tangential function of the parallel ouivo at a 
distance o from 0, the formuloe for tlio area and tbo length of a parallol ourvo 
(of VoLI, p. 201, Ex, 22, and p. 663) are easily dorivod from those oxpiosslous. 



CHAPTER IV 


Multiple Integrals 

The idea oi difleronliftliion and tlio opeiatious witTi derivatives 
in the case of functions of seveial vaiiables aio obtained almost 
immediately by reduction to tboir analogues foi functions of one 
variable As regards intogiation and its relation to differentiation, 
on the other hand, the case of sovoial viuiablos is more involved, 
since the concept of integral can bo generalized for functions of 
several variables in a variety of ways In tins chapter wo shall 
study multiple integrals such as wo have already met in Vol. I, 
Chap. X (p. 4.86) In addition to these, however, wo have also to 
consider the so-oalled lino integrals in the piano, and surface 
mtegrals, as well as lino mtegrals, in three dimensions (Chap. V, 
p. 343) In the ond, howovor, it is foimd that all questions of 
mtogration can bo reduced to the original concept of the integral 
in the case of ono indopondont variable, 

1. OrDINABY iNTEailALB AS ITuNOTIONS OP A PARAMETER 

Bofore wo study the now situations which arise with functions 
of more than ono vanablo, wo shall discuss some concepts which 
are directly related to matters already familiar to us. 

1 , Examples anil Definitions. 

If/(a5, y) is a continuous function of ai and y mthe rectangular 
region a ^ ^ P, a ^ ^ b, wo may m the fust instance tbmh 
of tho quantity aj as fixed, and wo can then mtograto the 
function f(x, y), winch is now a function of y alone, over the 
interval a^y^b Wo thus arrive at the expression 

r ^ 

which still depends on the choice of tho quantity x. In a sense, 

SIS 
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tlMiinfoio, wo aito iSOiiBuloiJiig not au mtogml bnl tho family of 

mLogralB J /(a., y) dy wlucli wo obtain for diHoioiit values of a?. 

I'liiH quantity, wlueh is kept fixed diiimg tlio nitogration and to 
wliiek wo uiin tiBsign any value m its nitoival, we call a parameter, 
Oiir onhiiaiy integral tlioieforo axipoara as a function of the para- 
mctn a' 

InU'gials wliiok nio functions of a paramotor frequently 
occur 111 analysis and its npiilioations 


'i'litiH, (US lUo subslltuUon my =•« loadily shows, 


r 


itidy 


fo ^7^T^aV)' 


are amv. 


Akiuii, in intoKnvling llio gonoral power’ fnnotion wo may logard tho index 
ns n iiiiimnuler and wiito aoouidiiigly 



1 

(Bd- 1' 


whoro wo nsaunio Umt» > — 1. 


[f wo lopioscnt tlio logion of definition of tho function/(®, y) 

geometrically, and make 
tlio paiallol to tho ij-axis 
corresponding to tho fixed 
value of !B intersoot tlie 
rectangle as in fig i, then 
wo obtain tho fimotion of 
y which IB to bo integrated 
by conaidoring tho values of 
tho funoLion f{x, y) as a 
funotion of y along tho lino 
of iiitoi’scotion AJi, Wo 
may also speak of intograt- 
iiig tho funotion /(», y) along the segment AB ^ 

Tliia goomotrical point of view suggests a gonoialization If 
tho region of definition R in which tho funotion/(as, y) is con- 
sidorod is not a lootangle, but instead has tho shape shown in 
fig. 2 (tliat 18, it any paiallol to tho y-axm outs tho boundary m 
at most two points), tlion for a fixed value of as wo can again 
integrate tho valuoB of tho hmotion/(a;, y) along the hue AB in 





IV] INTEGRALS AS FUNCTIONS OF PARAMETER ar? 

wJiicli tho parallel to the j/-axi8 uitoreoota tko region of definition 
R. Th .0 initial and final points of the interval of integration 



will tkemsolvos vary as x vanes In other words, wo have to 
consider an integral of the type 

f F{x), 

''u») 

that ia> an integral with tho variablo of mtogration y and the 
paramotor aj, in which tho parameter oooure both in tho mtogrand 
and in tho limits of integration 

If, for example, tho region of definition 10 a otrolc with unit radius and 
oontro tho origin, we shall have to oonsidor mtogials of tho typo 
. 1 

/ , /(»»!/) 


2, Continuity and Differentiability of an Integral with respeot to 
the Parameter* 


The mtegml 


R(x) = J f{x, y)iy 


,s a conhmous/undion of the paramelcD' x, %f f(x, y) is contimms 
%n the region m question 
For 


F{x-\-h)~F(x) 


jf (/(»-)r h, y) -fix, y))Ay 


•f. 


/(» + h, y) - /(as, y) 
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lu viiiuo of tho (miiform) contimiity of /(a;, y\ fox flufiiciontly 
small values of h the integrand on the light, considered as a 
function of j/, may be made imiformly as small as wo please, 
and the Biatement follows mmiediately In particulai, thcieloio, 
we can integrate the function J?[x) mill respect to the parameter 
X between tlio limits a and p, obtaining 


J^F{x)d<s /(®. 


The integral on the right we also write in the form 

J J 

wo call it a repeated vntegral or multiple integral (in this case a 
double integral). 

Wo now investigate the possibility of dillerentiating Fix) 
In the fiist place, wo consider the case where the limits arc 
fixed and assume that the funotioii /(», y) has a continuous 
partial derivative /a, throughout the closed rectangle I? It is 
natural to try to form the ®-donvative of the integral in tho 
following way. mstead of first integratmg and thou differentiating 
we reverse the order of these two processes, that is, wo first dif¬ 
ferentiate/with reapeot to x and then integrate with respoot to y 
As a matter of fact, the following theorem is tiuo 

If in the closed redangle a ^ x ^ a ^ y ^ b the fundion 
l(x, y) has a contmvms deriucUive until resped to x, we way dif¬ 
ferentiate the integral will resped to the pceramder under the integial 
sign,* that is,tfa^x^p, 

^ Prom this wo obtain a Biniplo proof of tho fact, which wo have already 
proved (Chap II, p 66), that in tho formation of tho iiiixod doiivativo ol 
a function g{x, y) tho order of differentiation can be ohanged, providod tliat 
g^ 10 continuouB and g^ exists ]?or if we put/(a;, y) «* gy{Xf y)y wo havo 


(?(*» y) = g{«, ®) + 1 /(®< 'n)dri. 


Slnoo /(a, 2 /) bss a continuous derivative with respoot to w in tho rootanglo 
a ^ a ^ Pi Cl ^b, it follows that 
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Proo/ It liotli X and a -f belong to the interval a g 
wo can wrilo 

F(!a + Jt) ~ P(a!} —J /(» + h, y)Axj ~J J{ 3 >, y)dy 


Smco wo have aBsumod that f(x, y) is difteicntiable, the mean 
value thooroin of the diftoicntial calculus in its usual form 
gives * 

/(* H- k y) — /(®. y) ~ ¥*(® + y)> o < 0 < i 

Moioovor, since the derivative /a, is assumed to bo continuous in 
the closed region audthoiefoio uniformly continuous, the absolute 
value of tiliG diftoroneo 

/«(* + Oh y) —/«(®, y) 


is loss than a positive quantity e which is indepondent of x and 
y and tends to aero with li Thus 




If WO now lot h tend to zero, € also tends to zero, and the 
relation 


lim 


^fux, y)dy == m 


vAf oncG IoUoY?B^ oiir Btaiomont is thus proved 

In a similar way wo can establish the oontmmty of the integral 
and tho rule for differentiating tho integial with respect to a 


ibiid lliorotore . 

III ilio Bamo way, V)* U^cioforo g^ 




-* iroio tho quantity 0 cloponda ou y, and may even va^ 

oiiBly ivILU V 'ku dL not oolWuons 

/i-‘( ffps \ /t. y) - Ib>, tf)) wo BOO at onoo i^hat + «a, yi » « 

fiinoUoti of * and i and 4 thoroforo mtogtaUo 



Z20 


MULTIPLE INTEGRALS 


[Chap 


pammetor when tho parameter ocoiars m tlio hmtts* H, for 
example, we wjsli to iffercutiato 

F{x) = f /(», y)dy, 

we staiij watl the expiossion 

F(«>) y)^y ~ "iKw. '*>> ®)> 

whoro M = ^;j(cb), V = Horo wo ftssumo that 1/4(3!) and 

^4(3:) have continuous dorivativos with lespoct to x tluonghout 
the interval and tliat/(3!, y) is continuously diikiontiablo (of. 
p. 62) in a region wholly enclosing tho region R By the chain 
rule wo now obtain 

dx^ dudx^'dvdx 

If wo apply tho fundamental theorem of the intogial calculus 
(Vol. I, p. Ill), tbs gives the formula 

r{x) == f %{x, y)dy ~ >i>M) + */V(»)/(»» 

Tlius if for JiP{x) wo tako the function 

^"( 0 ?) =5 f Bin{x'y)dj/, 

Jo 

dF(x\ 

—^- y 003 {%y)dy + 

Jo 


Wo obtain 


dx 


If we take 


we obtain the relation 


ion 

Jq 


aio ama?> 




as tho reader can verify direotly. 

Other examples are given by the intogials 


Jo 


f{v)dv. 


Fo{x)=f f{y)dy, 
Jo 
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whoro n la any positive intogoi and f{y) is a coniiinioua function of y only 
in the intoival under conBidoiatioHi Since the oxpiession aiiaing fiora 
diffoiontmtion with lospcot to the nppoi hmib x vanishes, the rule gives 

U0 

Since f(x)t this at onoo gives 

Thoioforo F„(a) la the function whoso (w + 1) th derivative is equal to 
/(a) and which, together ^vith its liist n derivatives, vanishes when ^ 0, 

it ai ises from by integration flom 0 to a; Honeo F^ifc) is the funotion 

which IS obtamed froin/(aj) by mtogiating 1 times between the limits 0 
and X, Tins ropoated integration can therefore ho replaced by a single 

mtegration of the funotion ^with respect to y» 


Tto rules for dillorentiatmg an integral with respect to a 
parameter often remain valid oven when diffoientiation under 
the integral sign gives a function which is not continuous every- 
where In such cases, instead of applying general oiiiena, it is 
more convenient to voiify whether such a diiloxontiafcion is per 
missiblo in each special oaso» 

As an example wo consider the oUiptio mtogral (of Vol. I, p. 243) 

The funotion 

y(i _ *2) (1 _ ih?) 

is discontinuous alx^ +1 and at a =^2 — 1, but tho integral (as an improper 
integral) has a moaning Formal difforontiation with rospeob to tho para 
meter k gives 

7it//Tx kx^dx 

~J~i V(i - i^) (1 - 


To investigate whether tins equation is ooricot, wo repeat tho aigumoni 
by wiiioh wo obtained our diifoiontiation foimula, Tins gives 


F{h^li)-F{h) 

h 




{I -f 


Tho dxfforonoo between this expression and tho mtogial obtained by formal 
differentiation is 

/ k+Oh 


J-i y 1 — x^ y 


V'(l ~ (i + 07i)"^=)* V(1 ~ W)’ 


) 


dx. 
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Wo musl allow that tins iiilcgral tonds to Jioro with h» Eor this purpose 
we maik oH about h an interval /i,q not contaming tho values 

J::!, and wo oliooso It so small that h -p OA lies in this mtcival Hie 
function 

h 

Vfi - 


ifl continuous m the closed region — 1 ^ a? ^ 1, ^ ^ — ^^i» tlioro- 

fore uniformly oontmuous The difference 


h + QA 

Va - (T+Ta)hy 



consequently romama below a bound e which is nidepondont of a and h 
and ^vhioh tends to zero with A Ilcnoo tho mtegial A also remame loss 
m absolute value than 


r+i x^dx 


Mz, 


where jtf is a constant mdopondont of e That is, the integral A tondB to 
zero os A does, which is what wo wished to show« 

Differentiation under tho integral sign is thoiefoie perrmssibla in 
tins case Similar oousidorationa load to the required result in othoi 
oases, 

Improper mtegials with an infinite lange of integration aro disousscd 
m the Appondi*? to this chapter, § 4, p 307, 


Examples 


L Evaluate 


pi 

W{y)^ / 

do 


2 Lot /(oJ, y) bo twice continuously dillorentiablo, and lot u{Xt y, z) 
be defined as ioUows 

f2ir 

/ /(a?+2Coa<p,y+zsm<p)d(p 

do 

Prove that 

+ «vu — ■“««) ~ “ 0 , 

3 *. If /(a) 18 tmoe oontmuouBly diftoientiable and 

I /•+' 




prove that 


5 ?— 1 


Iff + %. 
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4. The Bossol funotion i7o(aj) may bo defined by 




1 

v:J^l 




dt. 


Provo that 


c 


6, For any non negative mtogral indov n tho Besffel funotion J^ix) may 
bo defined by 

- 1. - 8.5 

Provo that 

(а) j„" i 4 (1 - =,0 (» 0), 

(б) (»fel) 

and s=: 


2. The Integbal of a Continuous Function oveb a 
Region of the Plane ob of Space 

1» The Double Integral (Domain Integral) as a Volume. 

Tho first and moat impoitant gonoialization of tho ordinary 
integral, like the ordmaxy integral itsolf, is suggeatcd by geo- 
metiical intuition Lot B bo a closed logion of tho ay-plane, 
bounded—as we assume all along—^by one or moro arcs of curves 
with contmuously turning tangents, and let y) be a 

function which is oontmuous m 22 Wo assume m tho first instance 
that/is non-ncgative, and represent it by a surface m ccy^i-spaoo 
vertically above tho region R Wo now wish to find (or, moro 
precisely, to define, sinco we have not yet done so) tho volume V 
below tho surface This has been done in detail for icctangular 
regions in Vol. I, Chap X (p 486), and, moreover, tho case is so 
similar to that of Uio ordmaxy integral that wo feel justified in 
mentioning it somewhat briefly hero Tho student will see at once 
that a natural way of arriving at this volume is to subdivide R 
into N siib-regions 22^, 22a,. • > having boundaries that 

are sectionally smooth (p 41), and to find tho greatest value 
and tho least value of / in each legion 22^. The areas of tho 
regions 22^ we denote by A 22 ^ On each region Ri as base we con- 
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gtruot a oylmdor of altitude Tins set of oyUnders completely 
ouoloses tlio volume uudei tiio siuXaco Again, with each region 
Hi as base we coustruot a cyhnder of altitude and bonce 
with volume these oylindois lie completely witbm the 

volume under the surface Then 

X 1 

These sums and we call the lower and upj^er 

sums respectively. 

If we now make our subdivision finer and finer, so that the 
number N increases beyond all bounds, while the greatest dia¬ 
meter of the legions Hi (that is, the greatest distance between 
two points of Hi) at the same time tends to zoio, wo see intuitively 
(and shall later prove rigorously) that the upper and lower sums 
must appioaoh one another more and more closely, so that the 
volume V can be regmded aa the common hmtt of the upper and 
lower sums as N tends to 00 

We can obviously obtain the same limiting value if instead 
of mi or Mi wo take any number between m, and Mu e.g /(a?^, yi)y 
the value of the function at a point (o;^, in the region Ri 

% The General Analytical Concept of the Integral, 

These concepts suggested by goometiy must now bo studied 
analytically and made more precise without ebreot reference to 
intmtion We accordingly proceed as follows Wo considor a 
closed legion H with area AiB, and a function /(a?, y) which is 
defined and continuous everywhere in including the boundary, 
As before, we subdivide the region by seotionally smooth arcs ^ 
into N sub-regions JJi, i22> »• > areas AJ!?i,. , , A72jy 

In Hi wo choose an arbitrary point (^,, r}i) where the fuuotion 
has the value^/(^n Vi) "tbo sum 

i 

The fundamental theorem is then as follows 

If the number N %nQreases beyond all bomds a/nd at the same 

* 1 0 area whioh are given m a suitable oo ordmato ayslom by an o<ruation 
y ^ wbcie ^ is a continuous funotion whoso dorivatlvo is oontinuoua oxoopt 

for a finite numoor of jump discontinuities (of, p 41) 
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time the greatest of the diameters of the sub-icgions tends to zero^ 
then Vj^ tends to a limit V 11m limit is independent of the par¬ 
ticular nature of the suhd/mdon of the regions R and of the choice 
of the point (^j, rJ^) in R^, The limit V we call the {double) integral 
of the function f(x, y) over the legion R in symbols^ 

jSjip, ym 

Goroliary Wo obtain tho same limit if wo take tho eum 
only over tboao eub-iogions R{ whioh ho entirely m tho interior 
of J?, that 18 , which havo no points in common with tho boundary 
ofi? 

This oxistonoG thcorom for tho integial* of a continuous 
function must bo proved in a purely analyLical way. The proof, 
which IS very sunilar to tho corresponding pioof lor one variable, 
18 given in tho appendix to this chapter (p, 293) 

We shall now illustrate this concept of an integral by considoi- 
ing some speoial subdivisions. The simplest case is that m which 
12 IS a rectangle a^x^b, e^y^d and tho sub-icgions J!2< 
are also rectangles, formed by subdividmg tho a-mtorval into 
n equal parts and tho </-inteival mto m equal parts, of lengths 

T b' ■ d ltd 0 

h 5=- and k — -. 

n m 

Tho pomts of subdivision we call ajj =3 a, «!, a^,... , £c„ == 6 and 

♦Wo can roflno this ilioorom fuithor in a way whioh is useful for many 
purposog In tho subdivision into N sub legions it is not nocoasary to ohooso a 
wluo whioh is actually nasumod by tho fimoiioii f{x, y) at a (lofmlto point 
\ Vi) oorrospouding sub region, it is sufidoionb to chooso valuos whioh 

cililor from tho valuos of the function Vf) by quaniltios which tond uniformly 
to zero as tho subcUviaion is raado flnoi in other words, instead of tho valuos 
of tho function/(f^, 7 ^^) wo can oonsidor tho g^uantitiee 

ft + <<.j» 

■ffhoro 1 < By, lim tg •• 0. (Tho numbor Is iheioforo tho thIToronoo 

botwoon tho value of tho function at a point of tho i th sub region of tho sub 
division mto N sub regions and tho quantity A with which wo form tho sum) 
This theorem is almost trivialj for, since tho numbers lend uniformly to 
zero* tho absolute valuQ of tho diiJoionco botwoon tho Wo sums 

and |(A+ 

is less than and can bo made as small as wo please if wo tako tho 

numbor suflloiontly laigo, K g if wo havo f(aj, y) ^ jP(a?, y)Q[Xy y) wo may 
take Ji ^ Pi Qi, whoio Pi and Qi aro tho moxima of P and Q In J?, wliloh aro 
in gonoial not assumed at tho same point. 


9 
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!/o = J/ii Vii > Vm— ^ respectively, and tlurougli iLeso 
points we diaw parallels to the y-axis and the a-axis icspectivoly. 
We then have N = nm. All the sub-regions are rectangles with 
area ATJf = hi = AxAy, if we put h = Ax, h == Ay For the 
point ((„ 7 j{) wo can talcc any point in the corresponding rect¬ 
angle, and wo then form the sum 

S/(^„ ■»?()Aa:Ay 

t 

for all the rectangles of the subdivision 

If we now lot n and m simultaneously incroaso beyond all 
bounds, the sum will tend to the integral of the function / over 
the rectangle R, 

These lootangles can also be oharactciized by two suflixoa 
jn and y, corresponding to the co-ordmates a + vk and 
0^ fjih of the lower left-hand coinor of tho rcctanglo in 
question Iloro v assumes integral values from 0 to — 1 ) and 
/X from 0 to (m — 1 ) With this identification of the rcotanglca 
by the suffixes v and fM we may appropriately write tho sum as 
a double sum * 

II—1 Ml—1 

S S m,%)AxAy 

Even when B is not a rectangle, it is often oonvoment to 
subdivide the legion into icotangular sub-regions Ri To do this 
we superpose on the plane the rectangular not formed by tho 
lines 

x^vh (i'— 0 , rhl>± 2 , .) 

y^nh (ft ^ 0, ± 1, ± 2, , , ), 

where h and Jc are numbers chosen arbitrarily Wo now consider 
all those rectangles of the division which lie entirely within R 
Those loctanglcs wo call Ri Of coui’so thoy do not oomplotoly 
fill tho region, on tho contrary, in addition to these leotanglcs 72 
also contains certain regions 72 t adjacent to tho boundary whicli 
are boimded partly by lines of tho not and partly by portions of 
tho boundaiy of R But by tho corollary on p 225 we can cal¬ 
culate tho mtegral of tlio function/ over the region 72 by summing 
over the interior rectangles only and then passing to tho limit, 

♦ If wo aio to wrilo tho sum m this way, wo must Buppoao that the poinU 
Vi) ohosOE so as to he in vertical or horizontal straight lines. 
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Auo-Llior lypo of faubdivjsion wluch is frequently applied is 
tlio subdivision by a polar co-oidmatc not (fig 3) Let ibo ongm 
0 of the polar co-oidmato system lie m the mtorioi of our region 
Wo subdivide the entire angle 2rr into n paits of magmtudo 



riff 3 —Subdivision by polftr co ordinate nets 


A 0 = 27 rln = hy and we also oliooso a second quantity h — 

Wo now draw the linos 0 — 0 , 1 , 2 , * , n — 1 ) tlixough 

tlio origin and also tlio concentric ciioles — ixJc{fi = 1 , 2 , » .) 
Those wluoh lie entirely in the mteiior of R wo denote by Ri 
and tlioii aioas by AB, Wo can then legaid the integral of the 
function/(a?, y) over the region B as the limit of the sum 

whore 77 ^) is a point chosen arbitrarily m Ri The sum is 
taken over all the suh-rogions Ri m the intoiior of B, and the 
passage to the limit consists in lotting h and I tend simultaneously 
to zero 

By olomontaiy geometry tho area AB^ is given by the equation 

== + l)h% 

if wo assume that Ri lies in the iing bounded by the circles 
with radii [xh and (/u. + l)l 

3 Examples. 

Tlio Bunplost oxamplo la tho function f(^| 2/) = 1 Horo the limit of 
tho aum is obviously indopondont of tho mode of subdivision and is always 
equal to tho area of tho region R Consoquontly, the mtogial of the function 




MULTIPLE INTEGRALS 


[Chap. 


zz8 


2/) “ I ovox tho region m also equal to this area This might have been 
expected, for tho intogial is the volume of the oylinder of uiul altitude 
with the region E as base, 

As a fmtlioi example wo considoi the integral of tho function/('r, y) ^ x 
over the equal e Ogy^I Tho iniuitivo inteiprotatioii of 

tlio integral as a volume shows that tlio value of our integral must bo J 
Wo can verify this by means of tho analytical doOiutiou of the integral 
Wo Bubdivido tlio leotangle into squares of side l/?j, and for the 
point 7 )^) wo choose tho lowoi left-hand corner of tho small squaro* 
Then each one of tho squares in tho voitioal column whoso loft hand 
side has tho absoissa v/t oontiibutcs tho amount to tlio sum. Tins 
oxpiGssion oooura n timos Thus the oontiibution of tho wholo column of 
squaiea amounts to ^ vA* If wo now form tho sum from v = 0 
to V = n — 1, we obtain 


s v/i"- 




2 


1 

2 


h 

2 


The limit of tins expression as A 0 is as wo stated. 

In a similar way wo can mtegrato tho product iry, or more gonoially 
any function /(a, y) Avhioli can bo repiesonted aa a pioduot of a function of 
fc and a function of y in the form /(^, y) ~ provided that tho 

region of integiatxon is a rootangle with sides parallel to tho axes, say 

a g a g 6, 
c^y^d. 


Wo use the same division of the rootangle os on p 226, and for tho value 
of tho function m each sub-reotanglo we take tho value of tlio function 
at tho lower left hand comer The integral is then tho limit of the sum 
«““1 m—X 

hi, s S <p{vA)^Hli), 

fi«0 

wliioh may also bo witten as tho product of two sums m tho form 

But m acoordanoo with tho deflmtion of tho ordmary integral, os A 0 
and 0 each of these factors tends to tho mtogral of tlio corresponding 
function over the interval from a to h or from 6 to d rospeotively Wo 
thus obtain the general rule* %f a function f(x, y) can he represented a 
product of tm funchom <p(x) and <^(y), tts douUe integral ovei a leclangU 
a^x^b, oiy^d can he resolved into the product of two inicgtaU, 

f ?(*)«*'»'-jf 

In virtue of this rule and the summation rule (ef. p. 231) we oan* for 
example, integrate any polynomial over a reotanglo with sides poraUol to 
the axes. 
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As a last oxamplo wo oonsidor a case in winch ib is oonvoniont to use 
a subdivision by tho polai co oidmato not mstond of a subdivision into 
reotanglos Lot tlio region U bo tho oirolo with unit radius and centre tlio 
Diigm, given by -h 2/® ^ h and lot 

/(»> y) = \/<l - S'® - 

m othoi words, wo wish to find tho voliimo of a homisphoro of unit ladius* 
Wo oonatiuot tho polar co ordinato nob as bofoio Fiom tho sub 
region lying botweon tho oiroles with ladii pfc and j i — ([x+ 1)^ 

and botweon tho Imoa 0= v/* and 0=^ (v+ wo obtain tho 

oontubution 

wliero for tho value of tho function m tho sub leglon Bf wo have taken 
tho valuo winch tho function assumes on an uitormodiato oirolo wibli the 

radius p. 5= sub-rogiona which ho in tho samo img give 

2 

tho samo contribution, and einoo thoro arc n ^ such regions tho 
contribution of tho wholo img la 

The intogial is thoroforo tlio limit of tho sum 

m-i __ 

S 27T yl — p/pyitL 

and, os we aheady know, this sum tends to tho single integral ' 

27c r r Vl ^ I == 

«/o V (0 ^ 

wo therefore obtain 

J = y. 

m agreomouti Svith tUo kno'wn formula for the volume of a spliore, 

i Notation. Extensions. Euniiamental Rules. 

Tho iGoUngular subdivision of tho region B is associated with 
tho symbol for the double mtogral which has boon in use since 
Tjoibmtz’s timo. Starting with tho symbol 

fi’-l m—l 
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for the sum over tlio rectangles, wo indicate tlio passage to tho 
limit, from the sum to tho mtcgial, by loiilacing tho doublo 
summation sign by a doublo intcgial sign and wilting tho symbol 
dxdy instead of tho podvet of the quantities Av and Ay Accord¬ 
ingly, the double integral is frequently written m tho form 

y)^^y 

instead of in the form 

II 

m which the area of Aii is loplaced by tho symbol dS Wo again 
emphasize that the symbol dxdy does not moan a pioduoi, but 
meiely refers symbolically to tho passage to tho limit of tho 
above simis of nm terms as n co and ^->-00 

It IS clear that lU double integrals, just as in ordinary integrals 
of a smgle variable, tho notation lor tho “ variables of integra¬ 
tion IS immatorial, so that wo could equally well Imvo writ Lou 

JJ^f(u, v)dudv or j 

In introduemg the concept of integral wo saw tliat for n 
positive function/{», y) tho mtcgial lopresonts tho volume under 
the surface z=f{x, y). In tho analytical dolinition of integral, 
however, it is quite imnoccssary that tho function f{x, y) should 
be positive everywhere, it may bo negative, or it may change 
sign, in which last case tho surface inteiscots the region R Thus 
m the geneial case the integral gives the volume in question with 
a defimte sign, the sign being positive for surfaces or portions of 
surfaces which he above tlio a:y-plano If the whole of tho surfaoo 
oorrespondmg to the region R consists of sovoial such poi lions, 
the mtegral represents tho sum of Uio conespondmg volumes 
taken with their proper signs In paitioular, a double integral 
may vamsh although tho function under tho mtegral sign docs 
not vanish overywheie 

For double integrals, as for single integrals, tho following 
fundamental lules hold, tho proofs being a simple ropotitioii 
of those m Vol. I (p 81) If o is a constant, thon 

f I y)dS^ of f{x, y)ds 
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Also, 

/ y) + y))^S=j'Jj(v, y)dS -\-JJ^<l>{x, y)dS, 

that IS. the mtegral of the mm of two functions ts equal to the sim 
of thei/i two integrals Finally, if tlio region R consists of two sub- 
regions R' and that have at most portions of the boundary 
in common, then 

f y)^s == f I 

that is* when regions are joined together* the corresponding integrals 
are added 

5. Integral Estimates anil the Mean Value Theorem. 

As m the case of one independent variable, there are some 
very useful estimation theorems for the double integral Since 
the proofs are practically the same as those of Vol I, Chap. 11 , 
section 7 (p 126), wo shall here bo content with a statement of 
the facts 

If /(a), j/) ^ 0 in iJ, then 

ffj{x, y)dS ^ 0, 

similarly, if/(a:, y) ^ 0 , 

/^/(». y)^s ^ O' 

Tills leads to tlip followng result. 

If the %neqnaMy 

/(». y) ^ y) 

holds everywhere %n U, then 

Jy^S y ^i(a5, y)d8, 

A direct application of tins theorem gives the relations 

/ y)^ ^ /y |/(®» y) I ^ 

/y/(!». yw ^ “/ y|/(ic. v)\ds. 


and 
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Wo can aiso combine theeo two moqnahtics in n single foiinula: 

\flf{<v,ij)ds\smf(x,i/)\il8 

If m is the lower bound and M the upper bound of tlio valitos 
of the function/(a:, y) m B, then 

m^R ffix, y)d8 ^ MAR, 

whore Ai2 is the area of the region B The integral can thou bo 
expressed in the form 

where fi is a number intermediate between m and M, tho oxaot 
value of which cannot in general bo spociflod more exactly 
This form of tho estimation formula wo again call tho mean 
value iJiemem of the mtegral calculus. 

Here again the following geneialization holds if fix, y) is 
an arbitrary positive continuous function in B, then 

y)f(.^> y)(^^ = M J 

where /x denotes a number between tho greatest and least values 
of/, which cannot be further specified. 

These integral estimates show as before that the mtegral 
vanes contmuously with the function More piooisoly, if /((c, y) 
and y) are two fimotions which satisfy tho mociiiality 

1 /(«> y) ~ i>i<s, y)\<e, 

where 6 is a fixed positive number m tho wholo region li! with area 
AB, then the integrals JJfix, y)dS mdfj ^{x, y)dS diflor by 

less than eAR, that is, by less than a number which lends to 
zero with e 

In the same way we see that the iniegxxl of a function va/^ies 
contmuomVy with the region For suppose that two regions 
and 22' are obtamed from one another by the addition or removal 
of portions whose total area is less than e, and suppose that 

fk 1 ^ of continiioua funotione of ono variable, ^yo oan abate 

that tiie value u is certainly assumed at some point of tlm region II by tho 
con^tmwwsfunction /(a;, y) uj. 
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/(«, y) is a function wMoh is continuous in both logioiis and such 
that I /(»> y) I < M, whole Jfcf is a fixed number. Then the two 

mtegials f f f(x,y)dS mi f f /(*, y)d)S difioi by less thanMe, 
J Jji J Jjff* 

that IS, by loss than a mimber which tends to zero with e 
The proof of this fact follows at once from the last theoiem of 
tho preceding sub-seotion 

We can therefore calculate the intogral over a region R as 
accurately as wo please by taking it ovor a sub-iegioix of R whoso 
total area dilieis from the area of i2 by a sufficiently small amount 
ITor example, m tho region R we can construct a polygon whose 
total area differs by as little as we please from tlio area of R 
In partioular, we may suppose this polygon to bo bounded by 
lines parallel to tho x- and y-axes alternately, that is, to be pieced 
together out of rectangles with sides parallel to tho axes 

6. Integrals over Begions m Three and More Dimensions* 

Every statement we have made for integrals over logions of 
the try-piano can be extended without further complication or 
tho introduction of now ideas to regions in three or more dunou" 
sions Hog wo consider the case of the intogral ovor a throe- 
dimensional region IJ, we have only to subdivide this region R 
by means of a finite number of surfaces with continuously varying 
tangent planes into sub-regions which completely fill R and 
which wo denote by iZa, *. *, R^f If /(a?, y, z) is a function 
which IS continuous in the closed region I?, and if Jd 

denotes an arbitrary pomt m tho region we agam form tho sum 

in which ARi denotes tho volume of the logion R^ Tlie sum is 
taken ovor all tho regions R^, or, if it is moio convoment, only 
over those sub-regions which do not adjoin the boundary of R, 
If wo now let the number of sub-regions increase beyond all 
bounds in such a way that the diameter of tho largest of them 
tends to zero, we again find a limit independent of tho particular 
mode of subdivision and of tho choice of the mtormcdiato points 
This limit we call the integral of f(x, y, z) over the region R, and 
wo denote it symbolioally by 

Iff 


(rOU) 
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If, in particular, we effect a subdiviBion of the region auto 
rectangular regions with sides Aa), Ay, tSz^ the volumes of the 
inner regions E, will all have the same value AtrAyA^e: As on 
p 230, we indicate the possibility of this typo of subdivision and 
the passage to the limit by mtroduemg the symbolic notation 

m addition to the one above All the facts which wo have men¬ 
tioned for double mtegrals lemam valid for triple intogials apart 
from the necessary changes in notation* 

Tor regions of more than three dimensions the miiltiplo 
integral can be defined m exactly the same way, onoo wo have 
suitably defined the concept of volume for siicli regions If 
m the fii’st instance we lestrict ourselves to reotangulai regions 
and subdivide these into similarly oriented rectangular sub¬ 
regions, and if W6 further define the volume of a rectangle 

as the product the dofimtion of integral involves 

notbng new, We denote an integral over the w-dimonsional 
region E by 

f f * * ♦ dXft* 

For more general logions and more general subdivisions wo must 
rely on the abstract dofimtion of volume which wo shall givo 
in section 1 of the appendix (p 287) 

In what follows, apart fiom section 3 of the appendix, wo 
can confine ourselves to integrals in at most three dimonsions. 

7, Space Differentiation, Mass and Density, 

In the case of smgle mtegrals and functions of one variable, 
we ohtam the mtegrand from tlio integral by a process of dif¬ 
ferentiation, takmg the integral over an interval of length A, 
dividmg by the length A, and then letting A tend to jsero, For 
functions of one variable this fact lopresonts the fundamental 
connexion between the differential calculus and the integral 
calculus, and we interpreted it intmtivoly m teams of the oonoopts 
of total mass and density For the multiple integrals of functions 
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of sovoral variables the same connexion exists, but hero it is 
not so fundamental in charaotoi 

We consider the multiple integral (domain integral) 

of a continuous function of two or more variabloa over a region B 
which contains a fixed point P with co-ordinates (ai^, y ^)—or 
(®o> i/o) h)> case may be—and winch has the content * 

AB, If we then divide the value of this integral by the content 
AB, it follows from the considerations of sub-section 6 (p 232) 
that the quotient will bo an intermediate value of the integrand, 
that IS, a number between the greatest and the least values 
of the integrand in the region. If we now let the diameter of 
the region B about the pomt P tend to zero, so that the content 
AB also tends to zero, this intermediate value of the function 
/(*> J/)— y> «)—must tend to the value of the functibn at 
the point P Thus the passage to the limit yields the relations 

^ I =/{®o. Vo) 

and 

0 AS // 1/^^' 

This limitmg process, wluoli corresponds to tho difierentiation 
desciibed above for intogials with ono mdependont vauable, we 
call the S'pacQ d/ifferenUation of the integral We see, then, that the 
space dvffe^enitation of a multiple integral gives the vniegrand 

This connexion enables us to interpret the relation of integrand to 
integral m the oaao of soveial independent vaiiablcs, as before, by means 
of the physical concepts of density and total moss Wo think of a mass of 
any Bubstanoo whatevoi as distributed over a two- or three dimensional 
region M in such a way that an arbitraiily small mass la oontamed in each 
sufficiently small sub region In order to define the spcoifio mass or density 
at a pomt P, wo first consider a neighbourhood B of tho point P with 
content AP, and divide the total mass m this neighbourhood by tho content 
Tlio quotient we shall call the mem density or average dmsity m this suh 
region If we now lot tho diameter of B tend to zero, fiom the average 
density in the region B we obtain m the hnut the density at the foint P, 

* Tho word content is used as a general word to molude the idea of length 
in ono dimension, area in two dimonsioTia, volume in tJireo dimensions, and 
80 on 
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provided alwaya that aiioh a limit oxiala mdepoudontly of tho ohoioo 
of tho sequonoo of logioiw If we donoto this density by {i((e, J /)—01 by 
z )— and agj^iimo that it is oontmuous, wo bco at once tliat tlio piooesa 
dosonhod ahovo iB aimply the space d.if!oiontiation of the miogial 

or 

taken over tlio whole region B This integral taken over tho whole region 
therefore gives ua tho total mass of tho substanoo of density \x, m tho 
legion * B 

JGVom tlio physical point of view such a representation of tho moss of 
a substance is naturally an idoahzation That this idealization is i easonable, 
1,0 that it approximates to tlio actual situation with suffloiont aoouraoy> 
is one of tho assumptions of pht/sics 

These ideas, moreover, retain their mathematical signiHoanco oven 
when (X is not positive ovorywhero, Suoh negative densities and masses 
may also have a physical interpretation, e g. in the study of tho distiibution 
of eleotno charge 


3. Reduction of thd Multiple Inteoral to 
Repeated Single Integrals 

The fact that every multiple integral can be reduced to smglo 
integrals is of fundamental importance m the evaluation of 
multiple integrals. It enables us to apply all the methods wluoh 
we have provimisly developed for finding indefinite integrals to 
the evaluation of multxplo intogi’als. 

1 Integrals over a Rectangle. 

In tho first place wo take the region I? as a rectangle a 
a ^ y ^ jS m tho a;y-plane, and we consider a continuous function 
f{x, y)mR In Vol I, CShap. X (pp 490^1) we used a process of 
outtmg the volume under tho surface — /(a;, y) into slioes in 
order to make tho following statement appear plausible. 

* What W 0 have ahown horo is that the distribution given by tho multiple 
integral hoe tho same space derivative as tho mass distribution originally 
given. It remains to he proved that this implies that the two distributions aro 
actually identical, in other words, that tho statement “ spaoe clifferoiitiation 
gives die density g oan be satisfied by only one distribution of moss The 
proof, wluoh IS not difficult, is passed over hero <It closely resembloa tho proof 
of tho Heine Borol co coring theorem) 
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To fmd tlie double miegral of I(x, y) over the region R, we first 
regard y as constant and integwle f(x, y) vnlh lespect to x between 
the limits a and b This integral 

ts a function of the parameter y, and tve have then to mtegiate it 
between the h/rmts a and jS In symbols, 

y) dy, ^[y) =jf{x, y) dx, 

or, mme briefly, 

fyW y)^^’ 

In order to prove ibia statement analytically, wo loturn to 
the definition ol the multiple integral on p 226 Taking 


7 b--a j 7 a— 8 
Ji 5=s- and Jo =- 


n 


m 


we have 


/I /> ft M 

I f f{<^i j/)d/S = Inn S S f{a + fih, a + pJc)JiJo, 




whore the hmit is to bo understood to mean that the sum on the 
right-hand side diiiers tom the value of the mtegial by loss than 
an arbitrarily small pre-aBsigned positive quantity e, provided 
only that the numbers m and n are both larger than a bound * 
N depending only on e. By introduoing the expression 

m 

0^ = S/(a + iih, a + pJc)h 
WO can writ© tins sum in tbo form 


f-j. 


If wo now cbooso an aibitrary fixed value for e, o g or 


100 10,000’ 


* Tlio root Idea of tho following proof is eimply that of xosolving tho doiiblo 
limit OB w and n moroaeo simultaneously into tlio two suooesaivo einglo limiting 
prooGsaos, fliat co when n is fixed and then (of» Ohap» II, Appendix, 

SGotlon 2 (p 103)). 
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and for n olioose any definite fixed number greater tlian N, wo 
know that 


[[M y)dS^ki% 


<c 


no matter how large the number m ii^, provided only tliat it la 
greater than If we keep n fixed during tlio limiting pioccss, 
the above expression will never exceed e In acoordanco with 
the defimtion of the ordinary mtegial, howevoi, m this limiting 
process the expiession tends to the integral 

f a + vh)dx — ^(a + vh), 


and we therefore obtain 

f f y)dS — /b S (/>{a “f* vh) 




For arbitiarily small values of e this inequality holds for all 
values of n which are greater than a fixed number N doponding 
only on € If we now lot n tend to co (i o let h tend to zoio), 
then by the definition of the single integral and tho continuity of 

J (f){y) we obtain 

hm jfc 2 ^{a + vjfc) = / <l>{y)dyi 

«-»co V^l Ja 

whence 

J<f>(y)dy ^ e. 

Since e can be chosen as small as wo please and tho left-hand 
side 18 a fixed number, this inequahty can only hold if tho left- 
hand side vanishes, i e. if 

~j[ ^yf y)^’ 

This gives the required transformation, 

This result acoordmgly reduces double vniegration to the 'pet- 
fomance of two successtve single integrations The double mtegial 
can be represented as a repeated smgUirOegral 

Smee the parts played by x and y are intorohangeablo, no 
further proof is required to show that the equation 
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/ jf% yW -^jT y)dy 

IS also true. 

2. Results. Ohango of Order of Integration. Differentiation 
under the Integral Sign. 

IVom tlio last two foimuloi of tlio preceding sub-sootion wo 
obtain tho relation 

//(». y)dx=J^ da,Jj{!e, y)dy, 

or, m words* 

In theiepeatcd integiolwn of a continuous function vnih constant 
UmUs of mtegraiion the older of vntegiatvm can be reversed. 

This theorem can also bo stated as follows 
If the function f{x, y) is continuous in the closed rectangle, then 
m this lectangle we can pet form the integtatum of the mtegral 

/ f(x, y)dx wUh respect to the parameter y by mtegiatmg mth 

lespect to y under the mtegral sign, that is, by mtegiatmg first with 
respect to y and then until respect to x. 

This theorem corresponds exactly to tho rule for the differen¬ 
tiation of an mtogial with respect to a parameter (of section 1 , 
p 219). 

Wo obtam a furtlier result if we regard one of the above 
limits, say b, as a variable parameter Wo can then difierentiato 
tho double integral with respect to this parameter, by tho fimda- 
mental theorem of the diftorontial and mtegral ealoiilus we obtain 
tho result 

Similarly, if wo regard jS as a vaiiablo parameter wo obtain 

^ =j[ /(®> 

Finally, from tho two equations we obtain 

by repeated dilloroiitiation» 
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In ofeliGr words* 

T>iff<yicntiaii0n of (he %niegYal mth respect to one of the upper 
hnnts leads to an ordinary mtegial omr the corresponding side of 
(he lectangh, mixed differentiation mth respect to the tioo upper 
hmits gives the integrand at the con espcmding comer of the rectangle * 
'fho tliGorom on the change of order in integration has many 
applications In particular, it is frequently used in the etphoit 
oaloiilation of simple definite integrals for wliioh no indofluito 
integral can bo found. 


Aa an example—^for further examples see the appendix, Bootion 3, 
pp* 313--O—ivo oonaider the integral 


/ 



0 ? 




wluoli converges for a > 0, & > 0. We can express 7 aa a ropoatod integral 
m the form 

Jq Jft 


In tlda impiopor repeated mtogral wo cannot at onoo apply our theorem 
on ohango of order If, howovor, we -nviiIo 


1 


^ lim 



by changing the order of integration we obtain 


1 


« lim / - dy =3 log — lim /- ay* 

y a y 


Sinoo m virtue of the relation 






I’d V 


-dy 


the aeoond integral tonda to zero aa T moroosoa, wo have 

I, 

/ / -- dx = log - * 

Jq 00 a 

In a eimilai way wo can prove tlio following gonoral thoorom* if f{t) is 
SCOtion ally smooth for ^ ^ 0, and if tho mtogral J di oxiats, thou 




^ ^^^(0)log t{a>0,l> 0). 


* Tho reader’s attention may bo drawn to tlio oonnoxion botwoon this 
formula and the theorem on change of order of diifoiontiatlon (of. p 66), ho 
should investigate for himaelf to what extent the two facts aio equivalcnb. 
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For heie wo oan again o'tpioss tho oinglo iniogral oa a ropeatod intogxal 

i r d'C f S'M^y 

dQ Jb 

and oliango tho order of intogratiou 

3 Extension of the Result to More General Regions* 

By a simple extension of tlio results ahcacly obtained wo 
can prove that our result holds for regions more gonoral than 
rectangles Wo begin by considering a convex region i?, that is, a 
region whoso boundary curve is not cut by any straight Imo 
m more than two points unless the whole straight hue between 



Fig \ —Gcnerftl convox region of Integration 

those two points is a part of the boundary (fig 4) Wo suppose 
that tho region lies between tho lines of support (of, ox* 1 (6), 
p 100) x^Xi and y^Vi respootivoly. Since 

for points of It tho aJ-co-ordinate lies m the interval cCq ^ a; ^ 
and tho y-co-ordinato m the mtorval y^^y^ wo consider 
tho integrals 



U*) 


which are talcen aloag tho eogmouts in which the linos y = const, 
and a: = const respectively intersect the region. Iloro and 
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^i(y) denote the abscissJB ol the points m which the boiindaiy 
of the region is intersected by the Imc y = const, and 1 ^ 2 ( 0 ;) 
and the ordinates of the points m whicli tlio boundary is 

mtorseoted by the lines aj= const The integral / f{s>, if)dx is 

therefore a function of tho parameter wheie the parametor 
appears both under the integral sign and in the upper and lower 

limits, and a aumlar statement holds for the integral f f (a;, y) Ay 

as a function of a; The resolution into repeated integrals is then 
given by the eq^uations 


I //(*. = / dy f{x, y)dx 

pfil pMx) 

— dx /(o?, 

‘'w*) 


To-prove this wo first ohooso a sequence of points on the are 
= ^a(aj), the distance between successive points being less than 



a positive number 8 We join sucoessive points by paths each 
consistmg of a horizontal and a vertical Ime-segment, lying in R. 
The lower boundary y ~ we treat similarly We thus 
obtain a region B in 12> consistmg of a fimte number of reofcanglos. 
The boundary of R above and below is represented by seotionally 
continuouB functions y and y =s= respectively 

(of* fig. 6), By the known theorem for rectangles we have 
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Sinoo and aro imiformljr continuous, as 8 -> 0 the 
functions ^/^^(a;) and ^^{x) tend uniformly to ilij{x) and ijjziai) 
reepGotively, and so 



i-l-O 

umformly in ». It follows that 

0*1' niitM ^+t(') 

hm f dxj f{x,y)(h = j dxj f{x,y)dx. 

J-»-0 ‘'x.' A, 

On the other hand, as 8 ->■ 0 tho region R tends to R Hence 
hm f ffix, y)dS =fff{x, y)dS 

«->0 /s '' ''it 

Combining the throe equations, wo have 

/ //(®, y)AS ==Jdx r/(», y)dy. 

The other statement can be ostabhshod in a similar way. 

A similar aigiuneut is available if wo abandon tho hypothoBis 


ij 

Fig 6 '^Non~convcx regions of Intcgrniion 

of convexity and consider regions of tho form indicated in fig. 6. 
We assume merely that the boundary ourvo of tho region is 
intersected by every parallel to tho sc-axis and by every parallel 
to the y-axis in a bounded number of points or intervals. By 

2/)% we then inean tho sum of tho integrals of the fimotion 

/(a;, f] for a fixed a;, taken over all tho intervals which the lino 
a! = const, has in common with the closed region For non- 
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convex legions the number of these intervals may oxcood unity 
It may change suddenly at a point a; = ^ {ns in fig 6, right) ra 
such a way that the expression Jf(^> y) % has a jump disoontmuity 
at this point Without essential changes in the pi oof, however, 
the resolution of the double integral 

///(®. yW *=/fM y)^y 


remains valid, the integration with respect to OJ being takon along 
the whole interval ^^ver which the region R lies. 

Naturally the conespondmg resolution 

/ y)dS=f dy ff{x, y)(ko 

also holds» 



Fig 7 —Circular ring db region of integrntlon 


If og. the region la the oirolo (fig 7) doQned by ^ 1> then tlio 

regolution is as follows^ 


/ / /(», y)dB = / doe f{v, y)dy 

•’ •'« '’-1 


H the region is a ouoular mg between the oirolea ir* + = 1 and 

»“ + » 4 (fig, 7), then 


f c ^-1 « + v'(4-*«) -Z p VV{.i—x') 

/ I /{®. y)d!isiy I d» f(x. y)dy + I dx f(x, y)dy 

•' -'a >'_V(4-s') "'i •'-v'(4-»‘) 

«+i .+1 -- 

+ / dv /(», y)# + / dx 

*'-1 ■'—✓(4-**) •'-X •'Vl 


hV<4-*») 


-y(4-»‘) 
+ V(l-*») 

/(». v)dy 

V(X-**J 
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Aq a filial oxamplo wo take os tlio logion R a triaiiglo (Og* 8) boundecl 
by tliG Imoa {r -=? 1 /, j/ = 0, and a; = > 0) If intograto fiiafc with 

respeot to x, 

f f f(^* y)ds^ f dijf f{x, y)(h, 

J Jn Jq Jy 

and if wo intograto first with respeot to y, 


f /'/(«'. = f dx I f{«, V)dy, 

J Jjt Jq Jq 



Fig 8 —^IVianglo aa regjon of integration 


Comparing the two lesulta^ wo have 



JQ 1/0 i/q dy 

In partionlar, if /(a, y) doponds on y only, our formula gives 

f dxf f{y)dy ^ f f{y) {a - y)dy. 

Jo Jq Jq 

From this wo see that if the mdofimlo integral J f{y)dy of a function f{x) 
Is integrated again, the lesult can bo oxproBSodby aslnglo integial (of p, 221). 

4 . Extension of the Results to Regions in Several Dimensions. 

TIxo coi’responding theorems in inoio than two dinaonBions 
axe so closely analogous to those alieady given that it will be 
8u£5.oient to stato them without proof. If wo first consider the 
rectangulax region (Bq ^ ^ ^ J/o ^ 2/ ^ ^0 ^ ^ ^ a 

function/(cc, y, z) which is continuous in tliis region, wo can 
reduce the triple mtogial 
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m several ways -to single integrals oi double mtogials Tima 

//^I 

Here 

f jj{«> y, »)(lxAy 

is tlio double integral ol tbe function taken over the rectangle 

z being kept constant as a parameter 
duxmg tins mtegration, so that the double mtegral is a function 
of the parameter z Either of the remaining co-ordinates x and y 
can be smgled out in the same way 

Moreover, the triple integral V can also be represented as a 
repeated integral in the form of a succession of three single 
integrations In this representation we first ooneider the oxpiession 

J{a,,y,z)dz, 

-t 


X and y bemg fixed, and then consider 

<^yj /(». y. 


X toing fixed, Wo finally obtain 


V^f dxf^dyf f{x,y,z)dz 

‘^yo 


In tluB repeated integral we could eq^ually well have mlegratod 
firat witli respect to x and then with respect to y and finally 
with reapeot to z, or we could have made any other change in 
the order of mtegiation; this follows at once from the fact that 
the repeated integral is always equal to the triple integral Wo 
therefore have the following theorem: 

A repeated integral of a conhmous function throughout a 
closed rectangular region is mdepmdmt of the order of mtegration» 


The way m which the resolution is to be porfoimed for non roofcangular 
regions m three dimenaions soarooly requires special mention Wo content 
ourselyes with writing down the resolution for a spherical region + 

S 1 


f J f fi^» Ify ^)dxdydz dufj 


dy f(x,yyz)dz. 
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Bxawles 

Evaluate tlio intogiala m E\ 1-8 

3* J ovor tho ouclo ^ 1, 

o r + 3 a ,^(^3 -1- «») ^ 

J J ( 0,3 + y3)?-- dxdijorcM^ tho oirolo x^ + yt^h 

^fff ^ ^^)^^dxdydz throughout tho sphoro a^ + y'^+z^ 

Sr* 

j*J* J'zdxdydz throughout tho logion defined by tho inequalities 
+ 2y® S z\ g 1, 

/ / / (^ + !/+throughout the region aj+y-f 15 gl, 
y^O, S5fe0 

rt err dxdydz 

^ J J J £8 4'^°+ (g~2r^ khrougliont tho sphere »»+ ya + r« g 1. 

dxdydz 


1. 


ifh 


+ + (« ~ i)^ 
dxdy 


tbioughout tho sphere x^ + if + z^^h 


\/y ' + y* equaie \x\ S 1, |yl S 1* 

0, Provo that if/(®) is a oontinuoua function 


4. TuAiisiroitMATioN 01? Multiple Integhals 

In the oaso of single integrals the introduotion of a new 
varmblo of mtogration is one of tho chief methods for trans¬ 
forming and simplifying given mtograls. The introduction of 
now variables is likewise of great importance m tho case of soveral 
variables, In tho case of multiple mtograls, in spite of thoir 
reduotion to smglo integrals, explicit evaluation is generally 
more diCicult than m the oaso of one independent variable, and 
the integration m terms of clcmontary functions is less often 
possible. Yet m many cases we con evaluate such integrals by 
introduoing new variables in place of tho original variables under 
the integral sign, Quito apart from the question of the explicit 
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evaluation ot double mtegralsj tlie ohango of variables is of 
fundamental importaace, since the transformation theory gives 
us a more complete mastery of the concept of integral 

The most important speoial case is the transformation to polar 
co-ordinates, which has obeady been earned out m Vol I, Chftp 
X (p 494 ) Heio wo shall ot once proceed to general tiansforma- 
tions. Wo first consider the oaso of a double integral 

y)dS^JJf{x, y)ixdy, 

taken over a region E of the aiy-plane Let the equations 

* = ^(u ,«) 
y i{si% v) 

givo a one-to-ono mapping of tlio region R on tlio olosed region 
i?' of tlio tiu-plano Wo assume that m the region R' the functions 
<f) and ijf have continuoils partial derivatives of the first order 
and that their Jacobian 










novor vanishes m the closed region Il\ to be speoifloj wo assume 
that it IS cvorjrwhcre pos^Uve Wo then know that with these 
assumptions the system of functions 00 = <!>{% v), y — v) 
possesses a unique inverse y), t;=A(a?, y) (p 152 ). 

Moieover, the two families of curves const and v— const, 
form a net over the region JS, 

Ileuristio considerations readily suggest how the mtegral 


f f be oxpiessed as an mtegral with respect 

to u and V* We naturally think of oaloulatmg the double integral 

f f abandoning the reotangular subdivision of the 

region R and instead uanig a subdivision mto sub-regions JRi by 
means of curves of tho net u — const ot v — const. We there¬ 
fore consider the values vh and v ^ fih, where h — Aw and 
ft Au are given nUnibers and v and fi take all integer values 
such that the lines vh and jail intersect K (so that 
their images are outves in R) Those curves define a number 
of hixd for tho Sub-regioris R( we choOSe those ’meshes 
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which he m the interior of R (figs 9 , 10 ). Wo now havo to 
find the area of such a mesh 

If the mesh, instead of hoing bounded by curves, wore an 



Figs 9 ^ to ‘■Dccompoaition of regions m a tninsformntlon 

ordinary parallologiam, half the parallologram bomg foimod by 
the tiiangle with the vertices coiiosponding to the values 
(%» \)» {% + and + k), thou by a formula of elo- 
mentaiy analytical geometry (of Chap. I, p 14 ) the area of 
the parallelogram would bo given by the determinant 

+ k v^) <f,(u„ + h) ~ <!>{%> v^) 

</»(«. + k ~ .//(«„ + 7c) - v^) ’ 

which IS approximately equal to 

Uk, Mu,, V ^ 

Mu„%) 

On multiplying this expression by the value of the function/in 
the corresponding mesh, summing over all the regions J?j lying 
entiroly withm 22, and then performing the passage to the limit 
A ->• 0 and Ic -4- 0 , wo obtain the expression 

f f ^)> v))Ddudv 

for tho integral transformed to the new variables. 

This discussion is incomplete, however, since we have nob 
shown that it is permissible to roplaoo the ourvilmear meshes 
by parallelograms or to replace tho area of such a parallelo¬ 
gram by the expression {(f>u!>l>v "• that is, we havo not 

shown that the error thus caused vamshos in tho limit as A -4 0 
and A-4 0. Instead of completing this method of proof by 
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making these estimates, we piefer to develop the proof of the 
transfonnation formula m a somewhat different way, winch can 
subsequently be extended directly to regions of higher dimensions 




]?or this purpose we uso the results of Chap III, section 3 
(p 160 ) and perform the transformation from the variables ai, y 
to the new variables u, v m two steps instead of in one. Wo 
replace the variables x, y by new variables a?, v by moans of the 

equations 

0? 

y= a?). 

Here we assume that the expres¬ 
sion 4 >v vamshes nowhere in the 
region 12, i o that is every¬ 
where greater than 2oro, say, 
and that the whole region JR can 
be mapped in a ono-to-ono way 
on the region B of the aji;-plane. 
We then map this region B in 
a one-to-one way on the region 
iJ' of tho w-plane by means of a second transformation 

a? = v) 

V, 

where we further assume that the expression is positive 
throughout the region B, We now effect tho transformation of 

the mtegral JJ f{(Cy y)d^dy m two steps We start with a sub- 



Fig* jg 
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division of the region B into rectangular sub-rogiona of sides 
Aa; h and == ]c bounded by tbo lines x ^ const = and 
^ = const = 111 the a?i;-plane Tins subdivision of B corresponds 
to a subdivision of the region R into sub-rcgions each sub-rogiou 
being bounded by two parallel Imcs x^x^^ and aj === + A and 

by two axes of curves ?/= a?) and y — h, a)) (figs 11 , 12 ) 

By tbo elementary iiiteiprctation of tbo single integral, tlio 
area of tbe sub-region (fig* 13 ) is 

AJ 2 , = / + h,x)~ x)]dx, 


which by the mean value theorem of the integral calculus can bo 
written in the form 


AR, = 7j[<I)(«^^ -I- 

where »„ is a number botwoon x, and x^ + 1 i By the mean value 
theorem of the difEorontial calculus this finally becomes 

Alti — hJc<Ji>„{v^, xj), 

in wluob denotes a value between and + h, so that 
(tJ^) ®^) are tbe co-ordinates of a point of tbo sub-iegion in B 
under consideration, Tbo integral over R is therefore tbo limit 
of tbe sum 

S/,AB,= S7t/c/(®„ *,) 

as A ->■ 0 ) /c -4- 0 . Wo see at once that the expression on tbo right 
tends to tbo integral 

/ {y = <I)(u,»)) 

taken over tbe region B Tboroforo 

y)dxdy == Jj'j[x, ypjxdv. 


To the mtcgral on tbo right wo now apply exactly tbo same 

axgument as that ]ust employed for J J /(cc, y)ihiyy tiansforming 

tbe region B into tbo region 7 Z' by moans of tbo equations 
05 == v), 1 ; =: tJ. 
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The integral over 5 tEen becomes an integral over W with 
an integrand of the form/^&e'Fy, and we finally obtain 

/f /(*. 

Here the quantities a; and y are to be expressed in terms of the 
independent variables u and -y by means of tlie two transforma¬ 
tions above. We have therefore proved the transformation 
formula 


y)^^y — ///(»> y)^^yn(iudv. 


By mtroduomg the direct transformation a? ^ 'V)^ y^ v) 

the formula oan at once be put in the form stated prevxoiislyr 

Chap. IIIj aeotion 3 

(p. 147) we have 


d{u, v) 




We have thorefore estabhshed the transformation formula for all 
oases in wluoh the transformation a? =5 v), y =: can 

be resolved into a succession of two primitive transformations of 
the forms 0 (t;, x) and a? = v) 

In Chap. Ill, section 3 (p. 161), however^ wo saw that wo oan 
subdivide a closed region 12 into a fimte nuxabor of regions in 
each of which such a resolution is possible, except poihaps that 
it may also be necessary to replace uhj v and v by — w; this 
substitution 18 merely a rotation of the axes, and wo see that it 
does not aScot the value of the integral, m fact, even the simple 
heuristic argument at the beginning of tMs sub-seotion is periootly 
rigorous for this case, We thus arrive at the following gonoral 
result t 


* We have a&aiimed above that the two dorivativefl C)* and are poaitive, 

^ sonous roBtrlotion. For tlio inequality 
> 0 showa that these two derivatives must have the aamo elgft If they 


were both negative, we should merely have to replace a by and hy - w, 
whioh leaves the integral unohanged The two primitive transformations then 
nave positive Jacobiana 

tThe above proof m the first instance holds only for every closed reclon 
flil fi^tir^y within i? Since, however, can be ohoson so as to oooupy 

transformation formula 

continues to hold for R itself* 
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If the tmnsfonnation x = ^(u, v), y = ^i{u, v) represents « 
conhtmms one-to-one mapping of the dosed legton R of the xy-plane 
on a region of the uv-plane, and if the funcltons <l> and i// luxve 


continuousfwst dot voalvoes a/nd thevr Jacobian 
is everywhere positive, then 


a(x.y)_ 


0 (u, v) 

8(05, y) 




J jf/(». y)daidy = Jfj{<l>{u, v), x}s{u, d)) dudv 


For oomploteii688 wo add that tho trauaformation formula 

remaina valid if the dotermuiant vanishes without, how- 

8(m, u) 

ever, changing its sign, at a finite number of isolated pomts of 
the region. For then wo have only to cut these points out of i2 
by enclosing them m small circles of radius p The proof is valid 
for the residual region If we then lot p tend to zero,’" the trons- 
formation formula continues to hold for the region U m virtue 
of tho oontmuity of all tho functions involved. 

We make use of this fact whenever wo introduce polar co- 
ordmates with tho origm m tho mteiior of tho region, for the 
Jaoobian, being equal to r, vanishes at tho origin. 

In Chap, Y, section i (p 317) wo shall loturn to transfoma- 
tions with negative Jaoobians, and we shall see that tho argument 
remains essentially tho same Nevortholoss, wo would point out 
here that provided the Jaoobian D does not vanish the hypothesis 
D > 0 m a sense involves no loss of generality, for wo can always 
change the sign of B by intorohanging u and v A different 
method of proving tho transformation formula will be given m 
Chap V, § 3, p 373. 


Regions of mote than Two Dimensions. 

We can of course proceed in tho same way with regions of 
more than two dimensions, e g. with regions m thi'oo-dimonsional 
space, and obtam tho following general I'esnlt: 

If a closed region R of xyz . -space is mapped on a region B' 
of uvw ... -space by a one-to-one iramfonmtion whose Jacobian 

8 ( 35 , .) 

8(m, u, w, ...) 

* l^or another appUoatlon of thia mothod> boo aeotlon 5, p, 2Q2 
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is everywhene posiltvoy then the trmsfmrmlion fo) mula 


If 

-If 


y, 2, 
f /{». y, 2 > 


» )dxdy(lz 

) ^ dnichdw ... 

d{% V, w, .) 


holds In n dimensions the Jacobian is an w^rowed detor- 
mmant of similar construction to the Jacobian in two 
dimensions 


As a special application, wo can obtain the transformahon foi'imild for 
polar co-ordtnates m another way In the oaso of polar oo oidinatos m tho 
plane wo must write r and 0 instead of u and v, and wo at onoo obtain 

the expreasiou =« r (of p 144 ) In tho oaso of polar co ordvtiaies 

space, defined by tho equations 


r ooa<p Bm0 
p *= r smf sm0 
z s= roosO, 


m whioh 9 ranges from 0 to 2??, 0 fiom 0 to n, and r from 0 to + oo, we 
must identify v, tu with r, 0 , 9, as the expression for the Jacobian wo 
obtain 


8(g. y. 8) 

9 (n 0, (p) ^ 


0039 sm0 
31119 8m0 
00a 0 


r 0039 0030 
r am9 oosO 
—f amO 


—r 8m9 sinO 
r 00S9 smO 
0 


= r^smO. 


(This value r® sm 0 la obtamed by expanding m terms of tho olomonts of 
the third column) The tiansformation to polar 00 ordmates in apaao us 
therefore given by the formula 


y, z)dxdydz^ f f f BinQdrdOd<f* 


As m the coixeapondmg case m the plane, wo oan also arrive at the trane- 
formation formula without using tho general theory Wo have only to 
start with a subdiviBion of apace given by the splieres r = const, tho 
oonea 0 — const, and the planes 9 = const The details of tins elemontory 
method are similar to those of Vol I, Chap, X, section 2 (p 494 ) and can 
bo left to tho reader 

In tho oaae of polar 00 ordmates m space our assumptions are not 
satisfied when r = 0 or 0 = 0, smoe tho Jacobian then vanislies Tho 
validity of the transformation formula, however, is not thereby destroyed* 
Wo can easily convince ourselves of this, as we did m the case of tho 
plane. 
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ExAMPIiE3 

I*** Evaluate the integral T f taken over the triangle with 
verlioes (0, 0), (0, 1), (1, 0) 


!5 Evaluate the mtogial 


• dxdy 


(o) over one loop of the lomiu'icato (a;® J/®) — 0, 

(&) over the tiianglo with voitioes (0» 0), (2, 0), (1, V 3 ). 

3 Evaluate the integral 


J j JtbyzdxdyUz 


^2 ^2 1^2 

taken thiougbout the ellipsoid ^ ^ ^ 


4 * Provo that 




{where denotes the half-piano a? S a > 0), by applying the transfoi- 
mation 

a;a + 2/^ « -f a\ y 

6 Provo that 

I//<•■■ -f •Uy^)dvdy I 

la invoiiant on inversion, 

8 . Evaluate the intogial of Ex» 4 , p, 247 , by using throe dimensional 
polar GO ordinates 

7 . Evaluate the integral 


J=/J|c08(*5 + y/} + z^)d^di\d^ 

taken throughout the sphere •+• /)® -|- ^ 1* 

8 . Prove that 

J j oo8(»^ + yrji)d^dt^ == 2 Ji(r)/r, (r = + y*)) 

where the integral is to he extended over the ouolo H- ^ 1 and 
denotes the Bessel funotion defined m Ex 6, p* 223 * 
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6 Impropeh Integrals 

In the case of Jtunotions of one variable we found it necessary 
to extend the concept of integral to functions other than those 
which aro contmuouB m a closed region of integration In faot^ 
wo did consider the integrals of functions with jump discon¬ 
tinuities and of functions with infinite values, and also integrals 
over infinite intervals of integration The corresponding exten¬ 
sions of the concept of integral for functions of several vanablos 
must now be discussed. 


1 , Eunobons with iTump Disooutmuities, 

Eor functions which have jump discontinuities in tho region 
of integration R the extension of the concept of integral la 
iramecbate We assume that tho region of integration can be 
subdivided by a finite number of smooth arcs of curves * into 
a finite number of sub-regions Ri, R^^, ,, in such a way that 

the integrand / is continuous in tho intonor of each sub-region, 
and as tho boundary of such a sub-region is appioached from tho 
interior the values of the function tend to definite contmuous 
boundary values; but the limiting values obtained as wo 
approach a point on a curve separatmg two sub-regions may 
difier aecordmg as we approach the point from one sub-region 
or the other The integral of the function / over the legion B 
we shall then define as the sum of the mtogials of tho function/ 
over the sub-iegions Ry. Tho integrals of / over the regions R^ 
are at once given by our original defimtion if for each sub-region 
wo suppose that the function is extended by including the boun¬ 
dary values, so that it becomes a continuous function in tho 
closed region R^ 

As an example we oonsider a function /(«, y) which is defined m tho 
square 

/(a:, y)^l for y< x, 

2 /) == 2 for y ^ z. 


Eor this funotion the line y ^ x is n line of discontinuity, and by tho 

process closonbed wo find that the improper integral / / f(x, y)dxdy tolcen 
over the sqLuare has the value ^ 


By a smooth aro of a curve wc mean an arc with a oontmuoualy turning 
tangent. 
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2. Functions with Isolated Infinite Discontmnitios, 

If tho integrand becomes infmito at a single point P of tlio 
region of integiation, wo dofmo tlio integral of tho function/ over 
tho region P by a process analogous to that for one mdopondout 
variable Wo mark oil a noighbourliood U^, about tlio point of 
discontinuity P, so that the closed residue R -- lao 
longer contains the point P Thoro aro many possible sequoncca 
of neighbourhoods ?7^ whoso diamotois tend to zoio as v incioasos, 
e g* tho sequence of circles or spheres about tho point P with 
radiuB o==^llv If the sequence of tho integrals over the residual 
region R^ tends to a lumt I, i o if 

f f I, 

V->CO ^ 

and if this limit is independent of the particular choice of the 
Boqucnco then its value is called tho integral or, moro 
aocuiately, tho improper integml of tho function / over tho region 
R, and we write 

Such an integral taken over the region P is somotimos called a 
conmgmt vntegml (or is said to convcfige). If no limiting value 1 
exists, the integral is said to bo divergent (or to diverge) Tho 
definition of couiso remains valid if P is an isolated point of 

mdetermonaoy, such as tho oiigin for tho function sm (s 

If in the neighbourhood of P tho absolute value of tho 
function remains below a flxod bound, the integral is always 
convergent. 

Tho general conditions for tho convergence of an integral can 
therefore be stated as follows To every positive € thoio corre¬ 
sponds a bound 8 8(e) for which tho following condition is 

satisfied* if TJ and t/' aro any two (open) sub-rogions of P wliiol 
contain tho point of discontinuity P and whose diameter is 
amaller than 8, then tho integrals of tho function / over the 
closed residual regions (? — 17 and ff — differ in absolute 
value by less than e Wo shall illustrate these ideas by moans of 
a few examples. 

Tho function 

/(»> V) “ logV^M^ 


(BW2) 


10 
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becomes infinite at tbe origin of the xy plane Thoroforo m 01 dor to oaloul ato 
the integral over a region U containing the origin, 0 g over the oaolo 
fc* 4- ^ 1» wo must out out tlio origin by surrounding it witli a region 

whose diameter is less than 8, and wo must then investigate the ooii- 
vergenoe of the integral taken over the icsidual logion ^ U— X)i 
as S 0 The neighbourhood XJ^ coitainly lies within a 011 olo of radiua S 
about the origin In accordance with section 4 (p 25 d) wo transform 
the mtegral to polar 00 ordinates and obtain 



where the mtegral on the right is taken over the icgion of the rO piano 
corresponding to the region In our ease this la a icgion which oontnins 
the rectangle 0g0^27r but does not moludo tho stiaight 

line r =: 0 The function r logr is continuous for r = 0 , however, if wo 
assign the value 0 to it at that point, for hm ^ log? — 0 Wo can theioforo 

let S tend to 0 and regard the transformed intogial 

fir logrdrdO hm f f ? logrdrdO 
Jn 

aa an ordmary mtegral m the sense of section 2 (p 224 ) The oonvoigonoo 
of the integral is theiofoie established 

At the same timo this example shows that;, as m the oaso of 
one mdependent variable, a properly chosen transformation of 
co-ordmates sometimes changes an improper integral into a proper 
integral This fact clearly shows how inadmissible a rostnotion 
we should lay upon oxtrselves if we refused to consider improper 
mtegrals 

As a further example we considei tho integral 



taken over the same region If wo fii‘st think of the integral as 
t^aken over the region obtained from i2 by cutting out 0 
cirole with radius 8, and then transforming to polar co 
oidmates, we obtain 



or, as a repeated mtegral, 


h 

/ / 


^ dr 
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Urom Vol I (p 2d6) we loiow that the integral j is convergent 

if, and only if, a < 2* Wo therefore concludo that the doxihle 

integral f f -— , is likewiso convergent li and only if, 

a < 2 As in the preceding oxamplo, tho convergence is inde¬ 
pendent of tho paitieular choice of tho sub-iegions 

This remailc can readily bo used to obtain a suffiedeni (by no 
means a necessary) oritenon for tho convoigouco of improper 
dcnhlo mtograls, which is apphoahlo in many special cases. 

If m the closed region B the function f(x, y) ^s continuous every¬ 
where except at one point P, which we ialce as the mngin x = 0, 
y = 0, and f becomes infinite at P, and if time ts a fixed bound 
M and a positive number a < 2 such that 






M 


(yja ^ yiy 


emyv}lm& m R, then the mtegml 


jjS¥>yW^y 

comerges. 

The proof is obtained from tho above by considering tho 
relation. 


ff/(x.y)My if I Ax,y) dxdy^Mff. ^^^^^y 


whore B is a region not containing P and lying within a small 
circular neighbourhood of P. 

We can deal with tho tuple integral 



in a Bimilar way If R contains the origin, we introduce polar 
co-ordinates and obtain 

A discussion similar to the preceding shows us that oonvergenco 
occurs when a < 3 As a general criterion wo have the following: 



26o 
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The inicgii/l of a function f(x, y, z) wlmh becomes infinite at the 
origin, hul is continuous at every other point of a region E containing 
the origin, u convergent, if these is a fixed, hound, M and a positive 
number a < 3 such that the inequality 

X, tr, z) .. - V - . 

{Vx^ if -{■ 

holds everywhere in the region 

IVom theflo critorift wg conclude more generally that integrale 
ol the form 

ff giic,y)dxdy ^ o\ 

Jj,(Vix--ar + \y^'b)^r ^ ^ ^ 


over a two-dimensional region and integrals of ilio form 



g{Xy j/, z)dxdydz 


(a < 3) 


over a threo-dimcnsional region converge, wlioro {a, b), or (a, 6, e), 
is a fixed point in the interior of the region R and is a continuous 
funotion in tho closed region 72, Wo have only to transfer this 
point to the origin by translation of the co-ordinate system and 
then to apply our criterion 


3 . Functions with Lines of Infinite Disoontmuity. 

If a function/(®, y) becomes infinite not only at a single point 
but along whole curves G in the region 72, wo can proceed to 
define tho integral of a function/over the region 72 m an exactly 
analogous way Wo cut the curve of discontmuity G out of tho 
region R by enclosing it m a region Vg of area loss than e. If 
then as € tends to 0 the integral of tho function / over tho ro- 
gion 72 — tends to a Imut I independent of tho particular 
choice of the region Z7,, we say that the integral oj i over the region 
E %s emvergent (or converges) and wo take this limiting value as 
the value of tho integral 

Tho simplest example is tho case in which the curve 0 consists 
of a portion of a straight line, say a segment of tho y-axis. If 
the relation 


M 
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wheto M IS a fixod bound and a is less than 1, is valid everywhere 
in tlio region B, then tlio intogial over tbo region B converges. 
The pioof 18 similar lo the proofs of -Llic preceding sub-scctiou 
For Gsampio, wo may cut the y-axis out of the region by means 
of straight linos parallel to rt 


i. Infinite Regions of Integration. 

If the region B extends to infinity, wo approximate to it hy 
a sequence of suh-regions iij, JRj, , F,, . , which are all 
bounded and bavo the property that every aibitrary bounded 
sub-regiori of B is contained in every B„ for which n is greater 
than a certain m, (If, for example, B is tlio whole plane, for 
we can choose the circular region of radius v about the origm) 
If Iho lunit 

lim f f J{x,y)dS 


oxiata and is mdopondont of tlio particular choice of the sequonco 
of 8ub-rogioii8 jBj,, we call it the integral of the funokon/ over the 
region, ft. 

To illwBtrate this staioment by an oxamplo, wo oonsidor the mtogral 

J J 

whore the region of integration ib the whole a*^'plane4 In order to establish 
tho Qonvorgonoo of this integral wo fiiist choose the sub regions as the 
oirolos with radius v, 

^ vS 

these obviously satisfy tho above requirements. Wo have therefore to 
investigate the hnnt of tho integral 


J JSv 

^ ^ 00^ put YfQ have already evaluated this integral (Vol I p 

and have found it to bo equal to 7 t(1 — o”*'*) Now 
lim 7^(1 — 7T. 

V-r^CO 

If wo also show that not only tho eeq.uonoe of oiroloa, hut also every other 
soquenoo of sub-regions JB with tho properties moutioiied, loads to to 
same value then aooording to our definition the number z Will bo 0 
value of tho improper integral. 

liot any sequence of such regions Jtu ♦ be given. By hypo hos s, 
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eaoE oirole is contained m tho mteiior of provided v is suifioionfcly 
large* on the otlioi hand, every is bounded and is thoroforo oontaincd 
m a oirclo of sufficiently largo radius M Smoo tho integrand cr» v 
IS positive ovoxywhero, it follows that 

As m and M increase, tbo integrals ovesr and have the same limit tc* 
00 that the integral over R^, must have the samo limit, this proves that 
the integral must oonvergo to tho limit tt 

Wo obtain a particularly interesting result if for the regions we ohooso 

tho 0q[uarea | | ^ v, 1 2 /1 ^ v Tho integral JJ can then bo 

reduced to two simple integrations (of seotion 2, p 228 )j 

f f j J (T^'dy ^ (^J e^^'dx^ ^ (^f ^' 

If wo now let v tend to 00, we must again obtain tho samo limit tt. Ilonco 


or 




/" 


er^*dx=^ 
m agreement with Vol I, p 496 


5, Summary and EKtensious 

It IS useful to consider the concepts of this section again from 
a single unifying point of view* Our extension of tho concept of 
integral to oases m which tho definitions in section 2 (p 22 d) 
are not immediately applicable consists in regarding the value 
of the integral as tho limiting value of a sequence of integrals 
over regions which approximate to tho original region of in¬ 
tegration -B as V increases For this purpose we regard tho region 
R as op&n instead of closed, we assign all the points of dia- 
contmuity of the function / to tho boundary and consider tho 
boundary as not belongmg to R Wo then say that iJie region 
is approximated to by a sequence of regions R^, Rg, * , R„, . * . 
if all the closed regions R^ he in R and evay aibitrarih/ chosen 
closed sub-region in the interior of ’R is also a sub-iegion of the 
region provided only that n is sufficiently large If m particular 
the sub-regions 2J„ are so chosen that each one contains tho 
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procoding one in its inteiior, wo say that thoy converge mono 
iomcally to the region R 

Eor the sub-rogiona R^ wo can at once apply the original 
dofiintion of the integral given in section 2, p 224 We now 
say that the %nteg)al off over the legion R co7ive)ges if the integral 
over Rn has a Umitmg value independent of the particula) choice 
of ike sequence of regions R„* It la -useful to state specifically the 
lollowiug general facts which have been illustrated by the pievioiis 
examples» 

(1) If the function / is nowhere negative in the region it la 
auflicient to show that for a single monotonic sequence R^ the 
Beq^iienco of values of the integral converges, in older to ensure 
convergence to the same limit for an aibitra)y sequence RJ 
Proof i?p, being a closed region in the mtorior of R, is con^ 
tamed m all regions R^, from a certain n{v) onward Conversely, 
every region JB' is contained in a ceriam R^^ for the same reason, 
Smee the function is nowhere negative, it follows that 

f ^ /£/(*' y)^^y- 

As V increases the two outer bounds tend to the same limit; the 
sequenoe of integrals JJ /(ai, y)dxdy must therefore converge 

to that limit, and our statement is proved 

In particular, if for R^, wo choose a monotonic sequence of 
regions tending to jR, it follows that the function /, which is 
nowhere negative, has a convergent integral over the region S, 
provided only that the sequence of integrals over R^, remains 
below a bound M Eor these integrals then form a sequence of 
numbers wbioh is monotomo nomdeoroasmg and bounded, and 
therefore convergent 

The case in which / is nowhere positive in JR can at once be 
reduced to the preoodmg if we replace / by —/ 

(2) If / changes sign in the region JR, we can apply the previous 
theorem to |/1. If the mtogral of this absolute value converges, 
it 18 certain that the integral of the function / itself converges 
This is most easily proved by the followmg device We put 

/=^/l ^/2> 

where A = / i£ / ^ 0, otherwise A ^ A == ^/ ^ 
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othermso /e — 0 Tho two functions /i, arc nowLero negative, 
are continuous where f is continuous, and in absolute valuo 
never exceed /itself Hence, if the integral of (/1 remains boimded 
for a monotonic sequence i2„, the integrals of/i and/a convoige, 
and with them the integral of their diEeronco, 


' 6. Geomjstbioal Applioations 

1. Elem^niatv Onlculation of Volumes 

The concept of volume forms the startmg-point of our 
defimtion of integral It is immediately obvious, therefore, how 
w© can use multiple integrals m order to oaloiilato volumes 

For esample, m order to oaloulate the volume of the dltpsoid of 
revokUtm 

+ , 

WQ write the equation m the form 

*= 2/*) 

The volnmo of the half of the ellipsoid above the plane la therefore 
given by the double integral 

^ ~ 

taken over the circle If we transform to polar oo-ordijiatcQ> 

the double integral becomes 

f J ^ r^)drdQ, 

or on resolution into single integrals 

V h h t 

-5=-/ dO/ — r3)dr = Stt-/ r 

whioh gives the required value, 

F = ;7V»'>6 
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WO mako tko transformation 

a = apoosO, 

and for half fcho volumo obtain 

?=“/X ~ ' S / X/ 

Holo the logion It* is tho reotanglo 0 ^ p ^ 1, 0 ^ 0 ^ 2 k. Thus 
V 




2 


or 


a1 2 

^ aboj dOj p ^/(l — *== “ Kflio 


y - Krt6c* 

o 


ITinally, we shall oaloulato tlio volumo of tho pyramid onolosed by the 
three oo ordmato planes and the piano ax + hy -h c2j — 1 — 0, whoio wo 
assume that a, &> and o aio positive, For tho volumo we obtain 

^ “ e/ IjP' — ~ 

whoio tho region of mtogration ia tho tiianglo Oga,^!, O^l/ghl — aa) 
mthoi^-plano Thoieforo "« * 


7 = 


1 rVa Ml^ax)}b 

- I dx (1 — ate — hy)dy 

0 Jq Jq 


Integration with respoot to y gives 


(1 - ax)y - - 1 / 


0 


2h * 


axid if we intograto again by moans of the substitution 1 -- au ==1 wo obtain 
w 1 1 \V<* 1 

We could of course have obtained tho result from tho theorem of elementary 
geometry that the volume of a pyramid is ono third of tho product of baso 
and altitude 


In order to calculate the vohimo of a more complicated solid 
we can subdivide the solid into pieces whose volumes oan bo 
expressed directly by double integrals. Later, however (m par¬ 
ticular in the next chapter), we shall obtain expressions for the 
volume bounded by a closed surface which do not involve this 
subdivision 

(B012) 10* 
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2 . General Remarks on the Calculation of Volumes. Solids of 
Revolution. Volumes in Polar Co-ordinates. 

Just as we can express the aiea of a plane legion 22 by the 
double integral 

jjdS^f^dsdy, 

vro may also express the volume of a tlirec-dimensional region It 
by the integral 

y=j jjdxdydz 

over the region R In fact tins point of view exactly coiresponde 
to our defimtiou of integral (of Appendix, p 291) and expresses 
the geometrical fact that we can find the volume of a region 
by cutting the space into identical parallelepipeds, finding the 
total volume of the parallelepipeds contained entirely m fi, and 
then letting the diameter of the parallelepipeds tend to zero. 

The resolution of tins integral for F into an integral 

expresses Oamhen^B principle, known to us from elomontary 
geometry, according to which the volume of a solid is determmed 
if we know the area of every plane cross-seotion which is per¬ 
pendicular to a definite line, say the «-axis The general expression 
given above for the volume of a three-dimensional region at once 
enables us to find various formulae for calculating volumes. l?or 
this purpose we have only to mtroduco new mdependont variables 
into the integral instead of x, y, z. 

The most important examples are given by polar co-ordmatea 
and by cyhndiical co-ordinates, the latter will be defined 
below. We shall oalculate eg the volume of a solid of revolution 
obtained by rotatmg a curve ^{z) about the ^f-axis We assuino 

that the rotating curve does not mtersect the j5-axis and that the 
solid of revolution is bounded above and below by planes const 
The solid is therefore defined by inequalities of the form a 
and 0 ^ + y^) ^ volume is given by the inte¬ 

gral above If we now introduce the cylindrical co-ordinates 

Z, d—arc cos-=!= arc instead of x, y, z, 

P P 

we at once obtain the expression 
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y J J doodydz d^y d6j pdp 


for fclie volume If wo pexform the single inlogiations, wo at once 
obtain 



(of. Vol I, Chap V, section 2, p» 286) 

We can also obtain tins expression intuitively. If wo cut 
the solid of xovolution into small slices by planes 

perpendicular to the j^-axis, and if by wo denote the minimuin 
and by M^, the maximum of the distance <l}{z) fiom the axis in 
this slico, then the volume of the slice hea between the volumes 
of two cylinders with altitude Ai?: ==» and radii and 

Mj, respectively. Hence 

By the definition of the ordinary integral, therefore, 

If tlio xogion R coDtainB the origin 0 of a polar co-ordinato 
systom (r, d, j>) and if the surface is given in polar co-ordinates 
by an equation 


ivhere tie function/(d, </>) is single-valued, it is frequently advan¬ 
tageous to use these polar co-ordinates instead of (jb, y, z) in 
calculating the volume. If we substitute the value of the Jaoobian 

== Sind (as calculated on p, 261) mthe transformation 

0(f, d, 

formula, we at once obtain the expression 


y~JJJr^ sm.6Ard0d^>~J d<f>J sinOddy 


r^dr 


for the volume Integration with respect to r gives 

V^l f%fm<j>)Bm0dd. 

6 ‘'o *^0 


In the Bpeoial ooao of tUo Bpboro, in wbioh /(O, 9)» is constant, we 
at once obtain the value for the volume of the sphere. 
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3* Area of a Curved Surface. 

We have already expressed the length of are of a curve by 
an ordinary integral (Vol I, p 279) Wo ixovr wish to find an 
analogous expression for the area of a curved siulaco by means ot 
a double integral We regard the length of a curve as the limiting 
value of the length of an inscribed polygon when the lengths of 
the individual sides tend to zero* For the measuroment of areas 
a direct analogy with this measurement of length would bo as 
follows m the ourved suirface we msonbe a polyhedron formed 
of plane triangles, determine the area of tho polyhedron, maho 
the inscribed net of triangles finer by letting tho length of the 
longest side tend to zero, and seek to find the limiting value of 
the area of the polyhedron This limiting value would then bo 
called the area of the ourved smfaoe. It turns out, however, 
that such a definition of area would have no precise moauing, for 
lu general this process does not yield a dofiinto limiting value. 
This phenomenon may be explamed in the following way. a 
polygon msonbed in a smooth curve always has tho propeity, 
expressed by tho mean value theorem of the diHeiontial calculus, 
that the direction of the mdividual side of the polygon approaches 
the direction of tho curve as closely as we please if the subdivision 
18 fine enough With ourved smfaces tho situation is quite 
difierent The sides of a polyhedron inscribed in a curved surface 
may be mchned to the tangent plane to the surface at a noighboiu- 
mg pomt as steeply as wo please, even if tho polyhedxal faces 
have arbitrarily small diameters The aioa of such a polyhodron, 
therefore, cannot by any means be regarded as an approximation 
to the area of the ourved surface In tho appendix wo shall 
consider an example of tbs state of affaus in detail (pp, 3il~2). 

In the definition of tho length of a smooth curve, however, 
instead of usmg an msonbed polygon we can equally well use a 
Circumscribed polygon, that is, a polygon of which every side 
touches tho curve This defimtion of tho length of a curve as tho 
limit of the length of a circumsoribed polygon can easily bo 
extended to curved surfaces The extension is even easier if we 
start from the following remark we can obtain the length of a 
curve which has a continuous derivative/'(a?) and lies 

between tho abscissse a and 6 by subdividiDg the interval between 
a and b at the pomts Xq, jcj, . ., into n parts of equal or different 
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loiigtlis, olioosmg aa arbituuy point m tho v-tli sub-nilorval, 
conatructmg tlio tangoiit to tlio oiuvo at this point, and measuring 

the length \ of the portion of this tangent lying in tho stiip 

« 

^ ® ^ Tho Bum SZy thou tencla to tho length of tho 

v=i 

Quivo, i 0 to tho iutcgiaiy \/{l -{-f'{^Y}clx, if wo lot n iiioioaso 

beyond, all bouiulB and at tlio same time lot tho length of tho 
longest aub-intorval tend to zero Tina Btatomout follows from 
tho fact that Z,= (aiHi- +/'(U'} 

Wo can now doflno the aioa of a curved surface in a similar 
vr&y, Wo begin by considoring a suifaco winch lies above tho 
region R of tho a:y-pIano and is lopresenled fay a function 
y) with continuous derivatives Wo subdivide R into 
tv sub'iegions R^, R^,, ,, with tho areas AR^,..., AR„, 
and in these sub-regions wc choose points (^j, %),.. , (^«, •ijn) 
At tho pomt of tho suifaco with tho co-ordiuatcs ijp and 
Cu~f{^y, -riy) we construct tho tangent piano and find tho area 
of the portion of this piano lying above tho region R,. If is 
the angle which the tangent jilano 

^ ~ C=A(^v. '>).) (® — t) +MCv> Vy) {y ~ %) 

makes with the ai^-plano, and if At^ is tho area of tho portion r, 
of tho tangent piano above Ry, thou tho logioii R, is tho piojootion 
of Ty on the a:y-plano, so that 

ARp = ATpCosttp. 

Again (of. Chap III, socUoii 2, p, 130), 

1 

aud therefore 

. ARy. 

If we now form tho sum of all those areas 

n 

S Ar^ 

and let n moroaso beyond all bounds, at the same time lotting 
the diameter (and oonsoquently the area) of tho largest sub- 
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division toad to zero, then according to our definition of integral 
this sum will have the limit 



This mtogral, which is independent of the mode of subdivision 
of the region we shall define as the mea of the given swfaoo* 
If the surface happens to bo a piano suidacc, this definition agrees 
with the precochng, for example, \tz^ /(a?, y) ^ 0, wo have 

It is ocoasionally convenient to call tho symbol 

da = = Vl^UTUdady 

the dement of arm of the surface z=f{x, y) The area integral 
can then bo written symbohcnll 7 m the foim 

We arrive at another form of the oxpiossion for tho area if 
we thiolc of tho surface as given by an equation <^{x, y, z)e=s 0 
instead of z—fim, y) If wo assume that on the surface r^g =j= 0, 
say > 0, then the equations 

^ _ 

at once give the expression 

/ if ^ dxdy 

for the area, tho region U again being the projection of tho 
surface on the ccy-plane, 

As an example of the application of the area formula wo consider tlio 
area of a spherical surface* The equation jf =» Vrepresents 
a hemisphere of radius M We have 

dz (c 02 ; ^ y 

dx — ^a _ Qy ^ a;3 _ 

The area of the hemisphere is therefore given by the integral 
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wheio tho rsgion of integration B' la tho oirolo of radius B lying in the 
iUtf-plano and huTing tho origin ns its contio By intiodnoing polar co 
ordinates and resolving the integral into smglo integrals wo fuithor obtain 




/•Sir /*^ 

dO 

Jo Jo 


rdr 


Y'(ija _ r*) 



rdr 


Tho ordinary integral on tho right can easily bo evaluated by means of 
tho substitution 'wo havo 

I n 

2tizR\ 

0 


In agreoment with tho faot, known from elomontary geometry, that tho 
area of the surface of a sphere is 


In. tlio definition of area wo liavo hitherto singled out tho co¬ 
ordinate z If, however, the surface had been given by an equation 
of the form 05 = £c(j/, z) y{x, z)^ wo could equally well have 

represented the area by integrals of tho form 

/ JVO- + + xj‘‘)(lpdz 01 JJVO- + + y»^)dzdx, 

or, i£ tho suriaco toio given implicitly, wo should havo 

or 

That all those expressions do actually define tho same area 
is self-evident Tho equality of tho difEoront expressions can, 
however, be verified directly ]?or example, wo apply tho trans¬ 
formation 

x^x{y,z), 

y^y 

to tho integral 

ffyM±ll±J^dxdy. 

Here as = cb(j/, z) is found by solving tho equation ^{x, i/, 2 ) = 0 

for X. The Jacobian la ^ and therofoie 

«) 



*72 


MULTIPLE INTEGRALS 


[Chap, 

f r j/ W+tf+A-) „ f fVMi±i!±M dyiz 

^ 9z J 4 <k 

Th.6 intogial on tlio right is to ho takon over the projeotion R* 
oi the surface on tlie ^;2J-plaue 

If in expressing the area of a surface we wish to get rid of any 
special assumption about the position of the suiface relativo to 
the co-’Ordinato system, we must represent the surface in the 
parametric form 


» ^ (j>{u, V), yv), z^x 


A definite region if' of the tiy-plaiic then corresponds to the 
face In order to introduce the parameters ti and v in the 
above formula? wo first consider a portion of the sirface and 

assume that for tins portion tho Jacobian = D is every- 

d(Uf V) 

whore positive According to Chap III, section 3, p» IBS, for this 
portion we can then solve for u and v as functions of x and y, 
obtaining 








for fcho partial derivatives, 

In virtue of the equations 


02 ! dz , dz 

s5" 


and 


we obtain the expression 

n /{^+(£)'+(!)’} 



dz , dz 




H wo now introduce n and v as new independent variables and 
apply the ntles for the transformation of double integrals (p 253), 
we find that the area of the portion of the surface corresponding 
to if' la 



GEOMETRICAL APPLICATIONS 


»73 


IV] 


In tliia expression tlioro la no longoi any diatinotion l){‘tw<'(>n i-Iio 
co-osdmates y, and z Sinco wo ninvo tlio saiuo nitngial 
ospresaion for the area no matlor wluoli ono of tlio Hppoinl non- 
parametric representations wo start with, it follows tiiiit nil 
these expressions are equal and roprosont tiio area. 

So far we have only considcicd a poition of tho sniface on 
winch one paxtioniai Jacobian does not vanisli Wo rcncii tho 
saino result, however, no matter wincli of tho tl(i(>o Jaeobiiuia 
does not vaniBli If then wo suppose that at oaeli jioiut of 
tho surface om of the Jacobians is not Koio, wc can subdivido 
tho whole surface into poitious like tlio nhovo, and ilniH find Unit 
the preoeding integral still gives tho aiea of tlio wliolo siirfaon; 


Tho expression for the area of a surface in jiaraniotno ro- 
pteseiitation can bo put m another noteworthy form if wo mivlco 
IK® of the ooefficionts of tho lino element (of Chap Ilf, sootion d, 

p. 168 ) , VI,, 

(Is® = + Wknh + Qdv\ 

that 18, of the expressions 

- <l>i? 4 - 'A,® -I- Xu*. 

'' . XmXv* 

A simple calculation shows that 

, {xjs^xv— Xnihf-]-{Xu'h-^ 

I Thus for tho area wo obtain tho expression 

JfV(EC}~i'^)dudv, 

And. for the element of area 


F^)duav. 

wiitb ^ the aion. of a eplioro with mdhi» Jl, 

wawa we now teptesont pMemotrloally by tUo oquatlona 


»t=t J2 ooBU flinv, 
JR Bmu flint;, 
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where u and v range over the region 0 ^u^ 27 C and 0 A Blmplo 

oalouJatton once more gives us the oxpicssion 

f du f =s 

‘^0 *'0 


for the area, 


In partiioular, wo can apply oiir result to the surface of revolu¬ 
tion formed by lotatmg tbo curve z — <f){x) about tbo z-nxiB. 
If we refer the surface to polar co-ordinates (u, v) m tho jr^-plauo 
as parameters, we obtam 

cosV, y^u sin^;, z = 

Then 

+ 0^u\ 

and the area is given in the form 

^ dvj^^ u \/l + ^'%u) du = 271 jf u^/l^du. 

If instead of u we introduce tho length of aro $ of the meridian 
curve z = ^(^^) as parameter, we obtam tho area of the swface 
of revolulton m the form 



where u is the distance from the axis of the point on tho 
rotating curve correspondmg to s (Guldm^s rule, cf. VoL I, 


Aa^example we oarloulate the eurfaoe areo of the lorus or anchor nng (of i 
Ubftp, lu, aeotioQ 4, p 106) obtained by rotating the oircle (j/ — a)® 4- js* s= r* 
about the z axis If we mtroduee the length of are a of the olrok ns a 

parameter we have w = « + r cos?, and the area is therefore 


r^nr rZnr / \ 

uda^ 2jtj^ (a + r oos?j ds = 2rca , Znr 

the ciieinn. 
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Examples 

1. Ca.loulftto tho volurao of tho solid defined by 


% !l?ind the volume out o££ from the paraboloid 

^ ^ •L, t=si Z 

by tho piano z = h 

3* !Fmd tho volume out off fioin tho ellipsoid 


by tho plane 




h + "iny + nz^ p 
4t. (o) Show that if any oloaod ourvo 0 =* /(<(>) ib drawn on the surface 

y2 as a® COS 20 


(1“, 0, 9 being polar co ordmatoa m space), the area of the suifaco so enclosed 
la eq[ual to tho area enclosed by tho piojeotion of tho ourvo on tho sphoro 
r — a, the origin of oo ordinates being tho vortov of pio]cotion 

(6) Express tho area hy a simple integral 

(c) Find tho area of tho whole suifaeo 

6* Ijiud the area of tho suifaee of tho spheroid formed hy rotating an 
ellipse about its major axis, and show that if the fourth and higher powers 
of the eooentrioity e may bo neglected, tins aioa as equal to that of tho 
sphere whose volume is equal to that of the spheroid 

0 Emd the volume and surface area of the solid generated by rotating 
the triangle ABG about the side AB 

7* A tube suifaoo is generated by tho spheres of unit radius whose 
oentrea form tho closed plane ourvo L Provo that tho aioa A of the 
surface is Sir times tho length of L, 

3*. (a) Calculate tho volume of tho region defined by 

^ + 2/^ + i r® 
jfc® + y® — roj ^ 0 
+ + rx SO. 

(6) Caloulate the area of tho spherical part of tho boundary of this 
region, i e the area of the suifaoe 

x^ + -3 r® 

a;® + 2/® — raj ^ 0 

a?® + 2/® + ^ 
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9. Cakiilato tho area of thab paifc of the screw surface 

y — CP tan ? — 0 
h 

for wJnoh 

10* Cdloulate tlio area of the onrfaco 

(a;® + — y\ 


7 Physical Applications 

In sootion 2, No 7 (p 235) wo Iiavo already soon liow tlio 
concept of mass is connected with that of a multiple intogial 
Hero wo shall study some of the other concepts of mechanics, 
We bogm with a more detailed study of moment and of moment 
of ineitm than was possiblo m Vol I, Chap X (p* d96)* 

1. Moments and Centre of Mass, 

Tke inommt with respect to the xy^plane of a pa)tide loith mass 
m is defined as tho product mz of the mass and tho z-co-ordimte. 
Similaily, tlio moment with respect to tho 2 /;e:-plaiio is mo? and that 
with respect to tho 2 !a?-i)lano is wy, Tho momeyits of sevoal tides 

combine addtiively^ that is, tlio three moments of a system of 
particles with masses %, *, m„ and oo-ordmatos (®jl, j/i, %), 

^ • y Vm ^n) givon by tho expressions 

— S fy =3 S m,y^y 

>'*“1 

If instead of a finite number of paitiolos wo aio dealing with 
a mass distnbuted oontmuonsly with density /x — p{x, y, is) 
through a region in space or over a surface or onrvo, wo define 
tho moment of the mass'distribution by a limiting process, as m 
VoL I, Chap X, sootion 6 (p. 497), and thus express tho moments 
by integrals* For example, with a distribution m space wo sub¬ 
divide the region R into n sub-regions, imagine tlio total mass 
of each sub-rogion concentrated at any one of its points, and 
then form the moment of the system of these n paitiolos Wo 
SCO at once that m and at tho same time tho greatest 

diameter of the sub-regions tends to zero the sums tend to the 
limits 



IV] 


PHYSICAL APPLICATIONS 


277 


ff y^"cdxchj(h^ 





yi^^dxdydZi 


wliioh we call tlio mojncnts of the vohme-d%$tnhvlion 

Similarly, if the mass la disiributcd over a surface 8 given 
by tlio equations v)y ^y), 2 = 

Biirfaco density /t(w, v)^ wo dofino tlio moments of the surface dts- 
tnbiUwn by tho oxpicssions 


^v=J J p-'!/dcr= J jT fiy s/ EQ — F^dud/o, 

Tf=JJ [izdcr— JJ fji,isVEQ — E^dudv 


]?mally, tlio moments of a cw ve x(s), y(fl), 2 (s) %n space with mass 
density ix{s) aio defined by tlio expiossions 

pSi p 5 i pSi 

T„=j fjtxds, 1\ — j nyds, Tt~j nzds, 

jg Ig ^0 


wLeio s denotes the longtli of avo 

The centroid [centie of mass) of a mass of total amount M 
distributed tlnougli a region E is defined as the point mth oo- 
ordmatos 





For a distiibutioii in space tho co-ordiiialos of tho centro of mass 
are therefore given by tho expressions 


wff ^> whore M—Jj'Jfidxdydz 


As an oxamxilo wo flist oonsidor the imiform homiaphonoal icgiod B 
with mass density 1: 


-h 2/^ + ^ 1, 


2^0. 


xilxdydz. 


The first two moments 
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ydxdydz 


aro zero, ainoo the integration Tvith rospeot to x or with respeot to y gives 
the value zero For the tlnrd, 


Jf ^dxdydZy 


wo introduce oyhndrioal co ordmatea (r, Zy 0) by means of the equations 


and obtain 


Zy 

x^i cos0> 

y^f smO 


a*) fz^ Z^\ 

lo H lo' 


TZ 


Since the total mass is 2 tc/ 3, tlio oo-ordinatos of the oontro of mass are 

ajt=0,2/5=5 0, 

Wo shall next oaloiilo-to tho oontio of mass of a hoiniaphonoal surfaoo 
of unit radius over wluoh a maas of unit density is uniformly distributed, 
For the paramotrio representation 

X 5= 003w sinv, y = amu amv, cosv 


we oalculato the siufaco element from tho formula on p, 273 and 
find that 


'S/EG — jP^dudv =* ainvdudt) 
We accordingly obtain 

T„^j Bux^vdvJ ooBudu^ 0 , 

=5J Qin^ vdvj amudu^Of 

^ alnv oosvdti f du^2n I 


Tjg = / alnv oosvdti / 

JQ Jo 


=s TT 

'o 


for tho three moments Smoo tho total moss is obviously 27r, wo soo that 
the centre of mass lies at the point with oo ordinates » » 0, j/ « = J, 

2. Moment of Inertia, 

Tho generalization of the concept of moment of inertia is 
equally obvious. The moment of mertia of a paiHcle with respect 
to the x-ems is the product of 'its mass and +z^, that is, 

the square of the distance of the point from the aj^axis, In tho 
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eame way, wo define the moment of ineitia about the a:-axia of 
a mass iatubuted with density /a(a:, y, z) thiough a region R 
by the expression 


/ z^)dxdydz 


TliG momonta of inoitia about tlxo otlior axes aro represoniod by 
similar oxpicssions Ocoasionally tbo momont of inoHm with 
respect to a pointy say tbo on^/w, is defined by tbo oxprossion 

11 Ij z^)dxclydz^ 


and the momont of inertia with respect to a plane^ say tbo 
j/ 2 ;-plane, by 

J J J i^x^dxdydz 

Sumlarly, the momont of inoitia, with respeot to the cc-axis, of 
a aurfaoo distubution is given by 

/ f i^{y^+ 


where v) is a contmuous function of two paramoiors u and v, 
The momont of moitia of a mass distiibuted with density 
y> tbiougb a region By with respect to an axis parallel to 
the jjj-axis and passing through the point 17 , C), is given by the 
expression 

/! ~ 

If in parlioiilar we let (f, rj, 1) bo the contro of mass (of. p. 277} 
and xeoall the relations for the co-ordmates of the contro of mass 
(given on p 277), wo at onco obtain the equation 

/ z^)dxdydz== J JJjAiy — v)'^ + (*— Q’^]^dydz 

+ (’?*+ S®) J f J (zdxdydz 

Since any arbitrary axis of rotation of a body can bo chosen as 
the jK-axis, the meaning of this equation can be expressed as 
follows* 

The moment of vnefiim of a ngid body with respect to an arbit/rary 
ems of rotation is equal to the moment of inertm of the body abcyiU 
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a parallel axis through ^ts centre of mass plus the prodmt of the total 
mass and the sqime of the distance between the centre of rnass and 
the axis of rotation (Stemor’s iheoiem) 

Tho pliysical meaning of the moment of inerfcia for regions m 
sDVoral dimensions is exactly tRo same as that already stated 
m Vol L Chap V, section 2 (p 286). 

The Hnetto energy of a body rotatvng uniformly about an ans 
ts equal to half the ptoduct of the square of the angular velocity and 
the moment ofvnerlia 

The following examples may servo to illuatrato tlio conoept and the 
actual calculation of tlio momont of inertia m eimplo cases 

Por tlio Bphero V with centre at the origin, umfc radius and unit density, 
wo see by symmetry that the moment of inertia with leapeot to any axis 
through the oiigm is 

7 + y^)dxdydz J + z^)dxdydz 

+ x^)dxdydz. 

If we add the three integrals, wo obtain 

3/ p=s J' J' + z^)d%dydzt 


or, if we introduce polar oo-ordmatea, 

2 2 1 Sic 

2 - f r^dr } smvtfv / dw — -. -. 2.2w — r?* 

8Jo Jq Jq 3 6 16 


Por a beam with edges a, h, c, parallel to tho x axis, tho j^-axis, and 
the z-axis respootively, \vitli unit density and centre of mass at the origm 
wo find that the moment of inertia with respect to the a;y-plano is 




S, The Compound Pendulum. 

The above ideas find an application m tho mathomatioal treatment of 
the compound pendulum, that is, of a rigid body which osoiUates about a 
fixed axis undor the mduoneo of gravity. 

Wo consider a plane through <?, tho centre of mass of tho rigid body, 
porpondioular to tho axis of rotationj let this piano out tho axis in the 
point 0 {fig 14) Then tho motion of the body i$ obviously given if wo 
state the angle <p = 5 = <p(^) which OG makes at time t with tlio downward 
vertioal line through O In order to determme this function <p(^) and also 
the period of oscillation of tho pendulum, wo require to assume a kuow^* 
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ledge of certain phyeical facts (of Chap VI, BeoUon 1, p 412) Wo make 
UBo of bho Jaw of conseivation of energy, which atatos that during the 
motion of the body the aum of its kinotio and potential enorgies romains 
constant Iloro V, tlio potential energy of the body, is the product Mgh, 
whore M is the total mass, g the gravitational 
aeooleration, and h the height of the centre of 
mass above an arbitrary horizontal Imo, eg, / ^ 1 

above the hoiwontal line through the lowest k H r 

position reached by the centre of mass during / A] // 

the motion If wo denote the distance of j j'^'V / 

the centre of mass fiom the axis, by a, then / J\ l\ \ 

7 = ikfp 5 (l-QOS 9 ). By p 280 the kinotio / qI U 
energy is given hy T ^ where X ifl the / J I \ 
moment of inertia of the body with respect io j j / \ 

the axis of rotation and wo have written 9 for / ^ / \ 

d<^/di The law of conservation of energy there y J 

fore gives the equation 


Mgs 00 s 9 


Fjff 14 —compoiiiid 
pcnUclum 


If WO introduce the constant t = I/Ms, this is 
exactly the same as the equation previously found (Vob I, Cliap. V» 
p, 302) for the simple pendulum; I w aooordlngly known as the hngih of ths 
egztwahnt aimph pendulum 

Wo can now directly apply the formuloc previously obtained (?oo. 

The period of oscillation is given by the formula 

____ 




.^^0089' 


where 90 corresponds to tho groatoat displacomont of the oontro of mass; 
lor small angles this is appro^matoly 

irhe lormula for tho simple pendulum is of couiso included in this os a 
special case, For if tho whole mass Jlf is oonoontiatod at tlio centre of moss, 
theni = Ms^ so that $ 

Investigating further, wo recall that J, tho moment of inertia about 
the axis of rotation, is oonnootod with X^y tho moment of Inertia about a 
parallel axis through tho centre of mass, by tlio relation (of. p. 270) 

Henoe 

or, if wo introduce tho constant a Iq/M, 


1 I ^ 

a-h -• 



MULTIPLE INTEGRALS 


[Chap, 


zSz 

Wo see at onco tliat in a compound pendulum I always oxcoeds a, 
so that the poiiod of a compound pendulum is always greater than that 
of the simple pendulum obtained by concentrating the mass M at tbo 
Qontro of mass Moi cover, wo no to that the period is the same for all 
parallel axes at the same distance fiom the centre of mass J?or the 
length of the eq[Ui 7 alont simple pendulum depends only on the two guan-* 
titles 3 and a ^ Iq/M, and therefore remains the same provided neither 
the direction of the axis of rotation nor its distance from the oontro of 
mass 13 altered 

If in the foLUiula ? a ’-j- a/a ^7o replace the quantity a by a/s, that 
18 , if tbo axis 18 moved from tlio distance s to tbo distance a/s from the 
oontro of mass, then I romains unchanged This means that a compound 
pendulum has the same period of oscillation foi all parallel axes which 
have tbo distance s or a/a from the centre of mass, 

The formula shows at onoo that the poiiod T 

moreosea beyond all bounds as a tonds to zero or to infinity It must 
therefore have a mmimum for some value s^ By difieientiating wo obtain 

A pendulum whoso axis is at a distance == ^/I^/M from the centre 
of mass will bo relatively insonsitivo to small displacements of the axis 
ITor in this case d^JP/ds vanish os, so that first order changes in a produce 
only second order changes in T This fact has been applied by l^rof 
Schuler of Gdttingon in tho oonstruotion of very accurate olooks 


4, Potential of Attraotmg Masses. 

We have seen m Chap, 11, section 7 (p 00) that according to Nowton^a 
law of gravitation the force which a fixed particle Q with oo-ordinatos 
IQ, 0 m exerts on a second paitiolo P with co oxdmates (a?, y, z) 

and unit mass is given, apart from the gravitational constant y, by 


where + (y — is tho distance between tho 

points P and Q, The direction of the force is along tho Ime joining the 
two particles, and its magnitude is inversely proportional to the square 
of the distance If wo now oonsidor the force exerted on P by a number 
of points Qi, Qn respeotive mosses Wi, Wj, , wo can 

express tho total force as tho gradient of the quantity 

^ 4 . 4 , 4 , 

— -^ — , 

where r,, denotes tho distance of tho point Q,, from tho point P If a force 
can bo expressed as a gradient of a function, it is customary to call this 
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function tlio potential of the foice, wo ooooidmgly dolino the grovitational 
potential of the eystom of partiolos Q^, Qv .,., at tho point P as the 
expression 

9t 

S 




~ -I- (1/ - Yl,)« +(Z~ 

Wo now supposo that ni'jtoad of bomg concontratocl at a fimto number 
of points tlio giavitatmg masaoa aio clistiibiitccl witli continuous density (ji 
over a portion of apaco or a surface 5 oi a ourvo Q Thou tho potential 
of tliia mass distribution, at a point with 00 oidmates {% z) outaido the 
systora of masses is dofmod as 


III 




dW/ldC, 


or 


or 


II 

L 


lido, 


ds. 


In tho first case tho Infcegiation is takon tliroughout tbo region i2 with 
rcotangiilax 00 ordmalea (?, /), ^), in tho second oaao oYor tho suifaco 3 
vnth tho olomont of surlaoo day and m tho thud oaso along tho oiir^o with 
length of aro In all tin00 f01 inula) r donotoa tho distance of the point 
P from tho point (?> tj, 0 of tho region of integration and |x tho mass 
density at tho point (5> 7), 0* 

Thus o.g» tho potential at a point P with 00 ordhiatcs (a?i »)* duo to 
a splioro K of constant density equal to unity, wiUi unit lodius and contro 
tho origin, is given by tho integral 



_ dUpdK 

V(a!-5)®-I-(y-# + (*-*;)• 



hV(l-n 









In all these expressions tho 00 ordhmtes (^, y, z) of tho point P appear, 
not OB variables of mtogiation, but as parameters, and tbo potentials are 
fimotions of these parameters. 

To obtam tho components of the force from tho potential wo have to 
dlfifoTOntlate the mtogral with respect to the pararaotoi's The rules for 
difleroiitiation with rospeot to a parameter extend dirootly to mulliplo 
integrals, and by section 1 (p 218 ) tho differentiation oan bo performed 
under the mtegial sign, provided that tbo point P does not belong to the 
region of integration, that is, piovidod that we are certain that there is 
no point of the closed region of integration for which tho distonoo r bos 
the Value zoio. Thus, for example, we find that the components of ihe 
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gravtiahonal force on imifc mass duo to a mass diatribnted with unit 
density tlirough a region S in apaoe are given by the expressions 

Pmally^ wo point out tliat tlio expressions for the potential and its 
first derivatives continue to have a moamng if tiio point P lies in the 
mteiior of the region of mtogration. The integrals oro then impiopor 
integrals, and, na is easily sllO^VIl, tlioir convorgenoo follows fiom the 
oiitena of eeation 6 (p 267)* 

As an example- wo shall oaloulato the potential at an mtoinal pomt 
and at an external point, due to a spliorioal surface 8 with radius a and 
unit surface density, If wo take the ceutio of the sphere as origm and 
make tho a: axis pass Uixough tho point P (mside or outside tho sphoio), 
the point P will havo tho oo ordinates (a?, 0, 0), and tho potential wiU bo 


V 



da 


If wo introduce polar co ordinates on tho sphere by means of tho e(iuations 


then 


I = a oos 0, 

7 ) a smO oos(p, 
a smO sm^p, 


17 


=r-= 

Jq v'(» 


a® sm 0 

u cos 0)2 + sm® 0 



. /’"■ a^sinO 

2w/ - . 

*7o V (U® + 2aa;oosO 


If wo put — Zax oos 0 =» r^, so that ai? sm 0 dO ^ r dr, then (provided 

that a? 0) the integral becomes 


U 


27 Ta 


2Ka 


{|»+»|-|R!-a|). 


For I a? j > a wo 


therefor© have 




4:7va^ 


and for I «I < a 


U =5 


Honoo tlio potential at an external pomt is the same as if tho whole 
moss 4na2 woro oonoeiitrated at the centre of tho sphere, On tho other 
hand, throughout the mtonor the potential is constant At the surfaoo 
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of tlio sphere tUo potential is contmiioiis, the expression for 17 is still 
defined (as an impioper mtogial) and has the value 47ra Tlio component 
of foroG m the x direotion, however, has a jump of amount —dir at the 
Burfaoo of the sphere, for if [ | > a* wo have 



while ^ 0 if I a I < a. 

The potential of a solid splioro of unit density is found from the 
above by multiplying by da and then integrating with lospeot to This 
gives tlio value 

for the potential at an oxtornal point, whioh is again tho same as if the 
total mass were oonoontratod at tho centre 


ExAM^Lias 

1 Pind the position of tho centre of mass of tho curved suifaoe of n 
right cone* 

2 , Pnid the oo ordinates of tho centre of mass of tho portion of tho 
paraboloid 

out off by tho plane x ^ {Tq. 

A tube surface is generated by a family of ephorca of unit rodiua 
with thoJr centres in tlio ay-plano. Lot bo a poilion of tho surface 
lying above tlie xy x^lnno and 11 tho area of tlio projootion of 8 on tho xy* 
piano Provo that tho z co ordiimlo of tho contio of mass of 8 is ouual 
to H/jS 

4, Calculate tho moment of inertia of the solid onoloaod between the 
two oyhndora 

and > JR') 

and the two pianos z^U and «t=a — 7i, with rospoot to (a) the s;-axifl, (ft) tho 

6 . If A, iJ, (7 denote tho moments of mortia of an arbitrary solid of 
positive density with respect to tho x ^ y-^ z axes, then tho trianglo in- 
equaliiioa 

A + B>0, A-VQ>By B-\-0>A 

ttte satisfied 

6 . Pind tho moment of inoitia of tho ellipsoid 

with respeot to 
(a) the z axis. 



zS6 


MULTIPLE INTEGRALS 


[Chap, 


(6) an arbitrary axis through tho origin, given by 
X y 2 =^ a p Y 


7*. Ij^d the envelopes of the planes with respect to winch tho ellipsoid 


^3 + 


1 


has the same moment of inertia h» 

8* Let 0 be an arbitrary point and S an arbitrary body, On every lay 
from 0 we take the point at tho distanoo IjVl from Ot whoio I denotes 
the moment of mertia of S with respect to tho straight lino coinoidmg 'With 
the ray Prove that the pomta so constinoted form an ellipsoid (tho so 
called momental elhpsotd) 

9 Find the momental ellipsoid of the ellipsoid 




at the point (5» >)» K)* 

10 Find the co ordinates of tho centre of mass of tho siiifaco of tho 
sphere + 2 ® =5 1, the density being given by 


11 = 


_ 1 _ 

V(»-i)* + j»» + *''‘ 


11 Find the x co ordmato of tho centre of mass of the oolant of the 
ellipsoid 

0 ^ c® 


12 A system of masses S oonaiats of two paits and I 

tho respective momenta of inertia of S 2 f B about three parallel axes 
passing through the rcspeotivo centres of mass Provo that 


/= /i + /a + 


irii + ^2 


d% 


where Wj and m 2 are the mosses of Bi and B^ and d tho distanoo between 
the axes poaamg through their centres of mass 

13 Calculate the potential of tho ellipsoid of revolution 

+ 1 “ ^ 1 

ft* ^ I.S 

at its oontre (5 > a) 

14 Calculate the potential of a solid of revolution 


at the ongin 
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Appendix to Chapter IV 

1. The Existence oe the Multiple Integral 

1. The Content of Plane Regions and Regions of Higher 
Dimensions. 

In oidei to obtain tbo anal 3 H;ical proof of tbo cxistenoo of the 
multiple integral of a continuous function, wo must bogia with 
a study of the idea of conimU 

In Vol I, Chap V (p» 269) wo saw how the content of a plane 
region can in general bo oxpiessed by an integral Without 
maimg use of that fact, and without considering the exist onco 
of the area as guaranteed by intuition, wo sball now proceed to 
givo a general definition of the idea of content and investigate 
iindor what conditions this concept has a meaning. 

Wo hegm with a rectangle with sides parallel to the <c~ and 
y-axea, and define the aioa of such a rectangle as the product of 
the base and the altitude If the given lectangle is subdivided 
into smaller reotangles by a number of parallels to tho sides, it 
is clear from this definition that tho aiea of tho rectangle is equal 
to the sum of tho aieas of all tho sub-rectanglos Tho area of a 
region which is composed of a finite number of lootanglos can 
now be defined as tho sum of tho areas of those reotangles 

Tho area thus defined is indepoiidont of tho way m which tho 
region IS subdivided (or resolved) into lootanglos For if we are 
given two dilloiont resolutiouB, wo can find a third resolution 
which is a finei subdivision of tho two original ones Wo do 
this by prolonging throughout the region all tho linos which 
occur in either of the resolutions Those hues subdivide the two 
subdivisions into still smaller rectangles Tho sum of tho areas 
of these small rectangles is equal to tho sum of tho areas of the 
rectangles both of tho first resolution and of tho second resolution. 

Now in order to define tho area of an aibitiary bounded region 
B we fom an inner approximation and an outer approximation 
to the region, that is, wo find two regions Bi and Bo, eaoh con- 
sistmg of rectangles, the legion Bi being entirely wthin B and 

* Througliout tins sootion tho woid rootanglo wjH nhvaye bo uadorstood 
to mean a rcctnnglo with sides paiallol to tho axes 
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the extenor region containing B Tor tins purpose we first 
onoloso the region 5 m a large square Then we divide tins 
square into small rectangles by drawing parallels to tlio axes 
Tiose rectangles having points in common with B together form 
a region which encloses JB, those rectangles which lie wholly 
witlim B form a region Bi which is contained in B, 

Wo now wish to define the area 0(B) of B in such a way that 
for every choice of and the area of B hes between that of 
Bi and that of B^. 

0(B,)^0(B)^0(B,) 

If we mal<e the subdivisions finer, so that the diameters of the 
rectangles tend to zero, then the aieas 0{Bd form a mono- 
tonio moreasing sequence and the areas G{B^ form a mono- 
tomo decieasmg sequence Tor to the regions B^ rectangles can 
only bo added, and from rectangles can only bo removed. 
Therefore C'(B^) has a limit and so has O(B^) If time two hmits 
are eqml, we call ths common hmtt the aiea of the region B. 

Under what conditions are the two hmits, 0(B^) and C?(B^), 
equal? Of conrso the answer is, when the difference 0{B^) — O(B^) 
tends to zeio as the fineness of the subdivisions increases Tho 
region B^ *— B^ consists of those rectangles which have points in 
common with the boundary of B Thoieforo if tho area of this 
region B^ — B^ tends to zero, it follows that the boundary of B 
can be enclosed in a region composed of rectangles and having 
as small an area as wo please, namely m B^ *— B^ Conversely, if 
the boundary of B can bo enclosed m tho mtorior of a region S 
consistmg of rectangles with a total area as small as we please, and 
if the subdivision is suffioiently fine, tho rectangles B^ — B^ will 
all lie m B, the area of B^ — B^ will then he less than that of B, 
so that it tends to zero. 

Tho result is as follows’ the Umtls of C(Bj) and C(BJ ore equal 
ify and only if the boundary o/B can he endosed in a region consist- 
mg of rectangles of total as small as we please. In this case 
ow dejimtion actually does assign a content ^ to B. 

* JjiVom tho geomotneal point of view it ih aomowhat misatjsfaotory that 
m deftning tho oontonfc ivo have singled out a partioular oo ordinato aysiom. 
As a matter of fact, howovor, there is no difficulty m showing that tlie oontonfc 
ia indopundonb of tho oo ordinato aystom, not only for two dimensions hut also 
for n dlmensioiifi. We shall, however, oiuifc this disouasion hero. Por, on 
the one hand, it ia not necessary for our partioular purpose, whioh is the 
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In tlio next sub-section (p 291) wo shall prove the intuitively 
plausible fact that every sectionally smooth continuous cm ve {that 
is, eveiy continuoua curve winch has a continuously tinning 
tangent except at a finite mimbei of points) can be enclosed in a 
region f(Timed fmn rectangles^ whose aiea is as small as wc please. 
The condition is therefore satisficcl whenever the region B con¬ 
sists of a finito number of parts, cacli bounded by a finite number 
of sectionally smooth oiu’ves Suoli regions have a unique area, 
others do not arise m practical applications 

We shall show on p« 292 that if a region jB is subdivided by 
sectionally smooth curves the sum of the contents of the sub 
regions is equal to the content of the whole region B Hero wo 
shall moroly show that the present definition of aioa agrees with 
the mtegral formula) obtained previously 



rig 15 •—Approxlmntlon to ti region by sets of rcctanglni 

We begin by considering a region B boundod by tho avaxia, 
tbo linos a— a, by and a curve y=f(x) For the regions B, 
and Bf, lespootivoly contained m and containing B, wo can take 
tbo regions composed ol rootangles sbown in fig. 16 (tbo ono by 
dotted lines and tbo other by continuous linos). According to 
tbo definition of a simple integral in Vol. I, Chap 11, sootion 1 
(p. 78), tbo areas and J3„ aio respectively an upper sum 

and a lower sum for tbo integral f ydx. In addition to om 
foimula " 

G{B,)^0{B)^C{B,) 

proof of tho oxififconoo of tlio cloutlo liiicgiat and, on tho otiior liauch iho 
iao(/ tlmb tho oontout ig indopondont of tho oo oichtmlo eystom follows immo 
dlaloly when wo lonrosont tlio contoiil hy a multiplp liitogial and rooall that 
tho tranefomation formula ehowa that tho valuo of thia iufcogrnl is unohaogod 
whon now rcotangular oo oitlinatoa aio introdiiood* 

(B012) II 
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we aocordmgly have tlio further mequality 

by tli6 definition of intogial Since lim G{Bi) — lim 0{Sq), it 

follows that C{B) = Jf{x)dXi m agieement with what wo have 
said aheady ^ 

In tliQ case of an arbitrary region subdivision of the 
region by fines parallel to tlio axes shows that our definition 
of content agrees with the expression for tlie area’ 

J J dxdy 

The present dofiimtioii of the area can immediatoly bo extended 
to three-dimensional regions, and in fact to regions m n dimonsions. 
The content of a parallelepiped with sides parallel to the axes is 
defined as the product of the lengths of the three sides Wo then 
extend the definition to regions composed of a linite number of 
such parallelepipeds For an aibitrary region B we then find 
regions compobed of parallelepipeds and lymg in B and similar 
regions containing J5, The defimtiouof the content of the region 
B as the common hmit of the content of and that of B^ again, 
has a moaning, provided that the boundary of the region B can 
bo enclosed m a set of parallelepipeds of arbitraiily small total 
content In the next sub-section (p, 292) we shall show that this 
can always be done for regions bounded by surfaces having 
section ally continuous tangent planes As before, we shall hence¬ 
forth restrict ourselves to such regions The word region is always 
to mean a bounded closed region whose boimdary consists of a 
finite number of surfaces with sectionally continuous derivatives, 
The volume of a cylinder with its axis m the direction of the 
e-axis and its haso m the cc^z-plane is the product of the area of the 
base and the altitude This is at once clear when the base is 
composed of rectangles with sides parallel to the axes In the 
general case the cylinder can be enclosed between two oylmdors 
whose bases are regions composed of rectangles and whose 
volumes differ from that of the given cylinder hy arbitrarily 
small amounts The theoicm therefoie holds for oylmders with 
any base From this it follows as before that the double integral 


y)^dy 
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gives the volume of a poHioii of space bounded above by tho 
suifaco ^ = /(a3, y), below by the plane legioii and at the sides 
by the veitical hues by wlucli tbo edge of the surface is projected 
into the boimdaiy of B Further^ wo see that the definition of 
volume for a general region in space U agiccs with the integial 
expression 



2» A Theorem on Smooth Arcs* 

In discussing aieas wo used the theorem that a continuous 
curve with a continuously turning tangent at all but a fimto 
number of points can always bo enclosed in a region composed 
of rectangles with sides paiallcl to the axes and having an arbi- 
tianly small total content It is obviously sufliciont to prove the 
theorem for the individual arcs with continuous tangents Let 
such an arc bo given by tho equations 


X = (}>{8) 

y =='/'(«) 


a ^ s 


h, 


whoro tlio paramotor s is tho length of aio nud ^(s) and i/t(s) aro 
continuously difloiontiablo functions 'I'lion 

!f(s)lgi 

By tho moan value thooiem of tho dilToroiitial calculus, for any 
two values s and Si of 5 in tho interval a ^ ^ 6 wo liavo 

I 3! — 3!^ I = I ,/j{s) ^{Sj) [ ^ I S — Si [, 

I f/ - j/i I = I iA(s) — lA(Sl) I ^ I S - «1 |. 


If, tlioioforo, wo subdivide tho curve into n arcs of length 
6 = (6 ~ a)/w and denote tho initial point of tho r-th aro by 
(®,.i t/y) arbitrary point of that arc by (a), y), wo havo 

105 — OJ,, I ^ c or — c ^ a; ^ e, 
\y—y^\^e or y,~ e-^y e 

Tho points of tho r-tli aio thoioforo all ho in a square with side 
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2€ and aioa The whole curve is included in n sucli squares, 
whoso total area is at moat 

=5 4e(i — a) 

This quantity can do made as small as wo ploaso by tating « 
sufficiently small, 

Theie is no difficulty m proving the corresponding theorem 
for surfaces in spaoo do:tood by the equations 

a; = v) 

y = v) 

whore the functions x seotionally continuous derh 
vativea. It is found that every such surface can be enclosed in a 
region of arbitrarily small volume, consistmg of a number of 
parallelepipeds 

A oonsoquenco of this theorem is that if a plane region 12 
hounded by a scctionally smooth curve is subdivided into two sub- 
regions Bfy 72" which are separated by seotionally smooth arcs, 
the area of 72 is equal to the sum of the areas of 72' and 72", Tor 
wo can subdivide the plane by straight hues parallel to the co¬ 
ordinate axes and so close together that all the rectangles which 
have points in common with the boundary of 72 or with the 
ares separatmg 72' and 72" have an arbitrarily small total area* 
As before, we define 72^ as the region consistmg of all rectangles 
having points in common with 72, and 72^ as the region consistmg 
of all rectangles entirely within J?, the regions 72^', i2/, 72/', 72/' 
are similarly defined, The regions 72/ and 72/' together cover 
72^, some rectangles bomg counted twice, hence 0(72/) + 0(72^") 
^ 0(72/ ^ 0(72) Again, 72/ and 5!/' are contained in 72^, and 
are completely separate, hence 0(72) ^ ^ 0(72/) + 0(72/'), 

Smeo 0(72,') and 0(72,") can be made to approximate as closely 
as we desne to 0(72') and 0(72") by malnng the subdivision fine 
enough, the first of these inequalities gives 0(72') + 0(72") ^ 0(72), 
the second similarly gives 0(72') + 0(72") ^ 0(72), Taken to¬ 
gether, these inequalities prove onr statement 

It is clear that this addition theorem still holds when the 
region 72 is subdivided mto any finite number of regions 72^^1, 72^^\ 
p ♦,, 72^"\ The extension to more than two dimensions follows the 
same lines and ofiera no difficulty at all 
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3 The Existence of the Multiple Integral of a Continuous Eunotion. 

Lot the function /(ai, y) bo continuous in the interior and on 
the boimdaiy ol a logion R Wo wish to show that as tho cbamotors 
of tho sub-rogioiis tend to zero tho upper and lower sums 
(dofuiod in Chap IV, section 2, p 224) tend 
to a common limit which is indopondont of tho mode of sub- 
division Tho proof is essontially tho same as tho coriespondmg 
proof in Vol I, Qiap II, Appendix (p 131), and can thorofore 
bo given quito briefly lioro. 

Wo first suppose that tho subdivision of R into sub-rogions R^ 
is oflocted by polygonal paths Wo choose tho nm\imiim diametor 
S of tho sub-rogions so small that foi every two points whoso 
distance apait is less than 8 the values of tho function diflor by 
less than «. Then m each of those logions wo have 

— m, < e. 

Thus for tho diflerenco between tho upper sum and tho lower siun 
wo have 

SM, Aie, - Afl, < SeAK,« eO{R). 

Every subdivision obtained by subdividing tho given subdivision 
further obviously has a lower siun which is botwcoii tho upper 
and lower sums of tho original subdivision 

Tho proof IS oomploto onco wo show that for every two sub¬ 
divisions of R into sub-regions with diameters loss than 8 tho 
oorrospondiug upper and lower sums of tho two subdivisions 
difior from one another by as littlo as wo please, provided only 
that 8 is chosen sufficiently small 

If wo are given a second subdivision into sub-rogions R/ 
which have diameters loss than 8, then m this subdivision also 
tho upper and lower sums will dillor by less than eO(R): 

SM/AE; - S<AE/ < € 0 (R). 

Tho two subdivisions together define a now subdivision which is a 
further subdivision of each of tho two and which is obtained by 
oolleotmg tho common points of each pair of regions and i?/ 
(if such points exist) into a region E,,/'. By tho previous remark, 
tho lower sum of tliis third subdivision is not smaller than tho 
lower sum of the two otigbral subdivisions, and difiors from 
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pach of thrin by Iprh lli.in TlH-ff-.n- tlu- l.m»-r wims 

and ilia/A//.' differ by l.w (Imu '(A*) Jf 
lot € tone! to /oro, it follovvH from I’mieliy'M tt'Nl. tlin! th» lower 
sums have a limit mdoiiondent of tlm mmli' of rmbdiviwitii 
Sinco wo havo already snnu tliat tho upper huiiim iliffer fnum (lie 
lower Bums by as liUlo as wo please, tlie upper «iii»h have (be 
same limit. Tlus proves tho oxmteuee of llie double mlej{riil 

JJ fim, y)clS for polyj^onal mibiliviHioiis of U 

Wo made tliis assumption in order to be sure I lint a eoiuuioii 
subdivision into a finite number of legions rieilly exwUi 
If, for oxamplo, tho boimdaneH of the sub-n'Kions are i nrvc's, and 
a poition of a boundary oiirvo ni oiio snlidivmion roiwiats of 
tUoImoajBs Oaud a portion of a bmmdury in (he other roiwista 

of tbo oui’vo .t* Bin *■ “ y, tUon tlio coniinnn subflivmiou will 


havo an inrinito niimiior of colls in tlm neiglibonrlirnHi of x <0 
Wo can, Jiowovor, easily got rid of this assmiiption of jailyKoiml 
subdivision. Ifor by p. 201 wo can rojilace everj' eurvilimnir eiib 
division by a polygonal subdivision sueli that the total tliffert'iico 
of tbo areas, and lionco tbo cliftoionco of tho correHtHinding low 
sums, 18 arbitrarily small. Tliis obviously roditec'B llio eaao of 
sub-rogions of arbitrary boundary to tho speeial case alrtmtly 
diBonsBod 

Tho proof is clearly indopoiulont of tho number of diniension*. 

Tho ooiollarios on tlio oxisUuioo of tlio double integral »bited 
in Chap. IV, sootion 2 (p, 226) follow immiHliatoly fihuni Uio 
approximation fonmilo dovolopod tlioro and roquiw no further 
proof boro 


2. Qenjirai, Formula for tkh Arba (or Voc^wmr) or a 
RmaroN noiwnBD ny iSfomkntb or Btraioht Iun«« 
OB PuNR Abbas (Qumun’s Vormola). Tjik Polar 
Planimjutmr 

TJio kansfonnations on pp. 290-300 enable ub to give a 
simple proof of tho following tbooroma; 

If a straight'lino segment S of constant or variable length I 
is in motion in a piano, and if t roprosonts timo, thou the areo 
swept out by tlio moving sogmont is 
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where and <j coiroapond io the initial and final positions of 
the segment S, and dn/dt is tlio component of tho velocity of the 
mean centre of S in the dueotion perpcndiculai to S. 

Again, tho volume V sivept out by a moving plane area P 



whore dn/dt is tho component velocity of tho mean centre of the 
area A perpendicular to tho plane of P 

Both m these formiileo and in tho proofs, wo assume to begin 
with that tho moving segment S or piano area A passes once and 



once only through each point of the region swept outfsoo fig. 10), 
Wo first give tho proof m tho ease of a segment moving in a 
piano Tho generating segment must bo represented by an 
equation of tho form 

aW»+i3(«)2/ + y(0 = O> ‘ (a) 


or else in tho form obtained by solving this equation for tho 
variable t^<l>{x,y) 

We first carry out tho transformation of /f = JJdx dy 
by moans of tho formula on p. 299 for tho special case 




Denoting by iJ? tho lino olomont taken along tho segment <S, 
we obtam tho expression 


-M r. 


h I grad^ I 
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for tie area. It is easy to see, by substituting t — y) bi 
formula (a) and differenbatmg with respect to ® and j/, that 

Hence the area is given by 

±A^f dtf {q!x + jS'y 

*'ti 

Hero a\ y> denote the derivatives of a, y with respect to t 
The integrabon with respect to $ is to bo taken along the seg¬ 
ment S. 

The single integral with respect to s is equal to 


whore (X, T") are the co-ordinates of the mean centre of S But 
X and r satisfy the equation oX + ^Y + y = 0, On differen¬ 
tiating this equation with respect to we obtain 


Thus 


a'X + ^'y + y' + oX'+^r ^0. 

--(a'X + jS'Y + y') = aX' + 


Here a, j8 are the components of the imit vector perpendicular 

to the segment S, and X\ Y' are 
the velocity components of the 
mean centre at the time t The 
expression a'X + Y + y' is thus 
equal to the velocity of the mean 
centre perpendicular to S Tins 
proves our formula^ 

This result can be shown to bo 
intuitively plausible by the follow¬ 
ing argument We consider two 
neighbouring positions of the segment S^PQ and P'Q\ say (fig 17) 
These two segments determine an area which is given approxi¬ 
mately by the product of the length PQ of jS and the distance 
M'M of the mean centre of one segment from that of the other. 
The error m this approximation is of higher order than that of 
the increment of time corresponding to the displacement. It 


O' 
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would bo an instruoiivo example for the reader to tiy to fill 
m the details of this geomotucal orgumeut and provide a strict 
prooi 

The corresponding theorem in three dimensions can bo proved 
m the same way by the use oi the transfoimation formulte for 
volume integrals given on p 300 There is no need to go thiough 
the pioof heie 

In the spooial case of a plane region which is rotated about 
an axis while retaining its oiigmal size and sliape, we have the 
pioblom already considered in Vol I (Oliap V, p, 285), where 
Guldiu^s rule for the volume of a solid of revolution was given. 

Our formulos associate a definite sign with the area of the 
region swept out. In the two-dimensional case the sign depends 
on which of the two dncotions noimal to S is regarded as posi¬ 
tive, (The same is true in three dimensions) The area obtained 
is positive if the segment jS, as it passes through any pomt, moves 
in the diiootion of the positive normal; otherwise it is negative. 

These observations allow us to extend our lesults to cases in 
which the sogmciiL or piano area does not always move in the 
same sense, or covers part of the 
plane (or space) more than once 
The miogials given above will then 
express the algcbiaio sum of the 
areas (or volumes) of the parts of the 
region described, each taken with the 
appropriate sign. Wo leave it to tlie 
reader to work out how this may bo 
taken account of in practice. 

As an example, lot a segment 
of constant length move so as 
to liave its end-points always on two fixed curves 0 and O' in 
a piano, as in fig 18, Thom the arrows sliowing tlio positive direc¬ 
tion of the nozinal wo can determine the sign with which each 
area appears in the mtogral, and wo find that the integral gives 
the difforonco between the areas enclosed by 0 and O'. If 
O' contains zero area, as when it dogonorates into a smglo seg¬ 
ment of a ouivo, multiply-dosoiibod, the integral gives the area 
enclosed by 0 

This principle is used in the oonstruotion of the woll-known 
polar plammotor (Amslor’s planimotor). This is a mechanical 

(BIU2) 11 , 
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apparatus for measurjng piano areas It consists of a rigid lod at 
the centre of which is a measuring-wheel which can roll on the 
drawing-papci The piano of the wheel is perpondioular to the rod. 
When the instrument is to be used to measure the area enclosed by 
a curve G drawn on the paper, one end of tho rod is moved round 
the curve, while the other is connected to a fixed point 0, the pole, 
by means of a rigid member ]omted to it This end of tho rod 
therefore describes (multiply) an arc of a circle^ that is, a closed 
curve containing zero area It follows that the normal motion 
of the mean centre of the rod gives the area enclosed by 0, apart 
from the constant multiplier I But this normal component is 
proportional to the angle through which the measuring-whoel 
turns, provided that the oiroumferenco of the wheel moves on 
the paper a a the rod moves, m which case tho position of the 
wheel is only affected by the motion normal to the rod 

In the instrument as usually constructed tho wheel is not 
exactly at the centre of tho rod, but this only altera the factor of 
proportionality in the result, and the factor can bo determined 
directly by a calibration of the instrument 

Exampl® 

Let ^ be a tube aurfaoo (of p, 182) generated by a family of unit 
spheres whose oonfcres lie on a closed curve 0 m the o.'y plane Prove that 
the volume onolosed by jSf is w times tho length of 0 

3. Volumes akd Areas in Space op any Number 
OP Dimensions 

1. Resolution of Multiple Integrals 

If the region JR of the covered by a family of curves 

y) == const in such a way that through each pomt of R there 
passes one, and only one, curve of tho family, we can take the 
quantity (f){x, y)^ ^ m b, new mdependent variable, that is, wo 
can take the curves represented by y) = const as a family 
of parametric curves^ 

Dor the second independent variable we can take the quantity 
provided that we restrict ourselves bo a region JB m which 
the curves y) ^ const and y ^ const dotormme tho pomts 
uniquely. 
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If wo mtiodiico those now variables, a double integral 
// transformed as follows* 

/ fn^, y)Mj =f 

If we keep ^ constant and mtogi'ato the right-hand side with 
lespoct to 7 ), the mtegral with respect to rj can bo written m the 
foim 


/: 


Since 


dr) 


'■dr). 


this integral may bo regarded as an integral along the ourvo 
(f>{x, y) — the length of arc $ boing the variable of integration 
Thus we obtain the resolution 

jjM * 


for our doiiblo integral The intiutivo meaning of this resolution 
is very easily rccogmzcd if we suppose that coriosponding to tho 
ciu'vcs y) = const there is a family of orthogonal curves 
which intorsoot caoh sepaiato curve (fi = const at right angles, 
in tho duootion of the vector grad If tho orthogonal curves arc 
represented by tho functions x{a) and y{ai), whoro cr is tho length 
of are on them, then 


Since 


dx__ dy __ <l>y 

do da -V 


da 




wo obtain 




Wo now consider tho quadrilateral mesh bounded by two curves 
(j>(x, y) = ^{x, y)~ A^, and two orthogonal curves which 

out oil a portion of length As from ^(®, y) = The area of this 
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mosli 13 given approxunately by the product AsAo-, and this 
in turn is approximately equal to 


Til© tranaformation of the double integral, 

///(«, =///(*, y) 




Simply means ttifl, instead of calculating the double integtal by 
mbd/md/hng the region mto small squares, we may use a subdivision 
determvned by the cimes <ji(x, y) const a/nd thevr orthogonal 
ourves, 

A similar resolution can bo efiected in three-dimensional 
space. If the region R is covered by a family of surfaces 
== const on such a way that through every point there passes 
one, and only one, surface, then wo can take the quantity 
^ ^ iji z) as a variable of integration. In tins way wo resolve 
a triple integral 

f J jj{x,y,9)cb}dyiz 


■ fdfiff V’ + <f>v^ + 


dyd» 


into an mtegration 

ff __ da 


over the surface ^ — i and a subsequent integration with respoot 
to 


////(», 


2. Areas of Surfaces and Integration over Surfaces m more 
than Three Dimensions. 

In w-dimeuaional space, that is, m the region of sets of values 
with n co-ordinates, an {n — l)-dimen8ional surface is defined by 
an equation 




, a:„) = oonat. 
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Wo suppose that a poiiiion of this suifaco coriesponda to a cortain 
region B of tho vaiiablca ccg, ♦ , whoro 0 ;^ la to bo 
calculated fiom the oq[uation ===" conat 

Wo now define the aiea of this portion of siufaco as tho 
absolute value of the integral 


A = ff .,,±.■ +■ dx,dx^ 
J •> Jb <}>^ 


In tho first instance this definition is only a formal generalization 
of tho formiiloo for tho area obtained by mtintion m tho case of 
throe dimensions. Novoitholoss, it has a certain justification in 
the fact that the quantity A is independent of the choice of 
the co-ordinate This may bo proved in tho same way as for 
the three-dimensional case (cf Chap IV, section 6, p. 271). 

Tho integral of a function f{x^, aij, ,,., a;J ovoi this (w — 1)* 
dunensional suifaco we define as 


Jj'' • ®8> • • •> ®n)do' 

=// . % ..., a!„) dXi (lx, . . . 


where, as before, wo supposo that x„ is expressed m terms of 
(Cl,.. , a„_i by moans of tho equation , !»n) — const. 

Wo ogam find that tho expression is independent of the choice 
of the variable x„. 

As m tho oaso of two or throe dimonsious, a multiple integral 
over an n-dunonsional logion 22, 


J'j' ‘' "J"f (®i> * • • > ^i>) • • • ^i» 


can bo resolved as on p 300. Wo assumo that the region 22 is 
covered by a family of suifacos 

(j){xi, x„ , x„) = const. 


in such a way that thiough each pomt (a^, .., , x,,) of 22 there 
passes one, and only one, surface. If instead of ..., a)„_j, x„, 
we mtroduoo 

a^,. >., ®»-i, f ~ • • • > ®n)j 


as independent variables, tho multiple iutogial becomes 
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3. Area and Volume of the /^-Dimensional Unit Sphere. 

As an example we shall calculate the area and volume oi 
the sphere m n-dimensioual space, that is, the area of tho 
(n — l)-dimensional surface determined by the equation 

+ , -f- aJ„® = 

and the volume mterior to the («— l)-dimensional surface, 
which IS tho volume given by the inequality 

Let a continuous function/ (r) of r = •v/(®i^+ •+*»!*) be given 
inside tho sphere. We shall first find the multiple integral 

I '' */(foi ... da>n ever the sphere -f- • • • 4- ^ 

We mtroduoe tho now variable 

-f . . -f 

and in vutue of the relations 

d(r®) = 2f dr 

we obtam the resolution 

//.. //W cfei., da;„ ==JjmI ./da /(r)fl„(r) dr, 

where £2„(r) is the area of the sphere . -f- 

Acoording to our general definition, the area of a hemisphere 
of radius r is given by the integral 


where the integration is extended throughout the mterior of the 
(n — l)-dimensional sphere 
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If instead of tlie variables wo mtioduco tlio quantities 

r 1 

wo obtain 

Q„(r) = ./== 

whoro wo denoto ibo aroa of tho nmt sphoro + ♦ * ♦ + 1 by 



Then it follows that 


Wo can now calculato conveniently from this formula; we 
extend the integration on tho left throughout tho whole . aj„*' 
space (i e. wo lot R moreaso beyond all bounds) and for /(r) 
wo choose a function for which both the n-tuplo integral on the 
left and tho single integral on tho right can bo 03q)lioitIy evaluated. 
Such a function is 

f[r) = I 


With this function tho equation takes the form 


Since 




g-r‘yn-1^^ 


(p. 262) and 


(p. 324), wo obtain 



2(v^7r)'' 

WlW 


r (!) 


means tho elementary expression 



I if« 
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IS even and ~ ^ ^/ 1 r \l n is odd, Eor tlio gcneial 

defimtiou of tlic gamma function, see Vol I, p. 250, and pp. 
323-5 of the present volumo In order to find tho volumo of tlio 
n-dimonsional xmit spliero wo now pnt/(r) == 1 and obtain 

^ ^nj =: 

bonco 

^ r((« + 2)/2) 

4 aenoralizations. Farametrio Representations. 

In w-dunenflioual space wo can consider an r-dnnensional 
manifold for any r ^ n and seek to define its content For tins 
purpose a parametric repiesentation is advantageous Let the 
f-dunonsional manifold be given by the equations 

== <f>i{u^f • • •, Wr) 


where the functions possess continuous derivatives in a region 
B of the vanables (%*, . . . , Uf), As the variables zq, . .. , 
range over this region, the point (o^, .,, a?„) describes an r-dimon- 
sional surface. 

liom the rectangular array 

^doi>x dx^ dxn" 

9 % dui * * * 9 % 

dXi dx^ dXn 
du2 ^^^a ' 9^2 

dXi dx^ dXn 

du^ * 

we now form all possible r-rowed determinants 

o, (■'- 1 ,.. ,(”)). 
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tlie fii'st of wluoh, for oxamiilo, is tlio clotciimiiant 


3a;x 

9®2 

dXf 


3«x ’ 

' 9!{x 

dxi 

9*2 

dsy 

du^ 

9Ma 

9«2 

dvi 

93 

9a!,. 

dUf 

diif 

diif 


The content of llio r-dimoiiBional surface is then given by tho 
integral 

f,. .f + A® + .. • + 

By means of tho tlicorora on tlio transfonmation of miilUplo 
integials (Chap. IV, scotion 4, p, 21)4), and simple oalculalions 
with detennmants wluoh wo shall omit hero, wo can prove that 
this expiosBion for tho content lomains unchanged if wo roplaco 
tho parameters Mj, .. , m,. by otlioi paiaraoloi’s. Wo hkowiso 
800 that in tho caso r = 1 this rodiiccs to tho usual formula for 
tho length of aio, and m tho caso r = 2 m a space of throo dimoU" 
Bions it becomes tho formula for tho area 

We shall give a proof for tho caso r=n~~l, where n is arbi¬ 
trary; 10 wo shall jirovo the following thooiom; IfV>(»ii 
is an arbitrary («~ l)-dimon6ioual portion of surface in n- 
dimensional space, and if tlus portion can also bo roprosontod 
parametrically by tho equations 

Xf = ..., (t — 1,..., w), 

thou its area is given by 

wheie Di is a Jacobian of (a ~ 1) rows 

2J _ 9(0?i) . « ») a!,|) __j / » » ' > ^n-l) _ 

9(iq, •. I, I ii'i—ii • • ■! O'h) 

Here, as always, wo assuiuo tlio oxistonco and continuity of all 
tho derivatives involved. 



3o6 multiple integrals L^hap 

Without loss of generality wo may assume that ^ 0, 
Theu-j aiuoQ by p 301 A la given by 

A = ( 

WQ have only to show that 

— [ grad ^ ^ VSZ),® dUj^ . 

rixht » 

or 

f grad^ p - J(W) (;^ill-L^jy== SDP. 
Now from the properties of Jacohiaus we have 

=: ^1+1? * > ^w) / ^(%> > ^«-l) 

9(% . 

^(^l> • ) ^n-i) 


This last Jaoobian corresponds to the mtrodiiotion of (Xi, *. .« 

* • > a?n) instead of (a?j^ , , as independent 

0 X 

variables. But as the partial derivatives ~ are obtained from 
the equations 

03/ 

^«71 0> = 1, ♦ • , W 1), 


we have ± 


Honco 


which proves the formula for A 

It may be mentioned here that the expression may be 
represented as a doterminaut of (?^ — 1) rowS) ^ 


2 —. I Xui ^ujf ] — 


* * ♦ f 






Un-i 


G, 


so that 
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f VOdiix 

Horo tlio olomcnts oi the dcterminaut arc tlio inner products of 


16 , the expiessioiis 


fe. 


1 

1 and Xm ~ 1 —. 

dx„\ 

\3m/ 

0M,/ 

\9Wft 

’duj' 


I dUi dUfy 


Examplps 

1 Calculate tho volume of tho 71 dlmonsioiml eUipaoid 




+ 


-f. hi. ! 


2* Exprosa tho Intogzal / of a funoUon of doiioncling on alone, 
ovor tho unit splioro + . * • + « 1 m w (Umonsional space, as a 

single intograh 

4, Imphopeb Integrals as Functions oe a Parameter 

1, Uniform Convergenoe, Oontmuous Depenaenoo on the Para¬ 
meter, 

Improper integrals fioquonily appear as luuotions of a para- 
motor; thus 0 g, tho iniogral of tho general po\Yor 

1 


f T^y- 


«+1 


in tho intoival —1 < » < 0 is an unpropor integral. 

Wo liavo soon that an integral over a finite interval is con¬ 
tinuous when regarded as a function of a parameter, provided 
that tho integrand is continuous. In tho oaso of an mflmto 
interval, however, the situation is not so simple. Lot us consider 
o g. tho integral 

7(.) = r2£S'ii,. 

‘'o y 

According as a: > 0 or » < 0, this is trausformod by the substi 
tution xy = z into 


r^^dz or 


amis; 
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Tlio integral J dz convergea, as wo have seen in Vol I (pp. 


262, 418), and m laot it lias tlio value 7 r /2 (7oL I, p» 460, and 
p 316 tolow) Thus in spite of the fact that the function 
(sinajj/)/^, regarded as a function of a? and y, is continuous 
everjrwhore and its integral converges foi every value of a?, 
thefiinetiou jP(a>) is discontinuous, it le equal to 7r/2 for positive 
values of a;, to —^ 7/2 for negative values of x, and to zeio for 
a? 0 


In itself this fact is not at all surprising, for it is analogous 
to the situation winch wo have already met with in the case of 
infinite soiics (Vol I, Cliap» VIII, p. 394), and we must 
remember that the process of mtogration is a generalized sum¬ 
mation In the case of an mflmte series of continuous functions 
wo required, if we wore to be sure that the senes represented a 
continuous function, that the convergence should be um/oun, 
Hera, in the case of convergent integrals depending on a para¬ 
meter, wo shall agam have to introduce the concept of unifoim 
convergence. 

Wo say that the comergent mtegral 


•^(«) — / 7 (®) v)<^y 
0 


converges uniformly (m x) in the interval a ^ x ^ ^8, provided 
thaZ (he ** refnamder ** of the integral can be made mbilmily small, 
simulta/neously for all whies of x in the interval under consider ahon, 
more precisely provided that for a given positive number € 
there is a positive number A ^ A(€), which does not depend on x 
and is such that whenever A 



< 


As a useful test wo mention the fact that the 
J f(x, y)dy converges uniformly {and absohUely) if from a point 
omvard the relation 

\Si^>y)\ 


.M 


holdSy where M a positive cemstant and a > 1 . Ifor in this case 
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m 



/(». y)(^y 



^y = M 

ya 


1 




1 


thci riglit-haad side can bo made as small m wo please by eboosmg 
A sufficiently laige, and it is independent of a; Tins is a straight¬ 
forward analogue of tho test foi tho unifoim oonvergonco of 
senes given in Vol I, p 392 

Wo readily seo that a unifomhj conveigent mtegial of a con¬ 
tinuous function ts itself a continuous function I'or if wo chooso 
a number A such that 


fy(^,y)dy 


< e 


for all values of a: in tho interval undor consideration, wo have 


F{x + h) ~ F{x) 


< 


f^{f(x-jrky)~fix,y)}dij 




In virtue of tho continuity of tho function/(a>, y) wo can oliooso 
k BO small that tho finito integral on tlio right is loss than e, 
winch piovcs tho continuity of tho integral 

A similar result holds when tho region of integration is finite, 
but tho integrand has a point of mfinito discontimiity. Suppose 
o,g, that the fanotion/(a?, y) tends to infinity as y ->• a. Wo then 
flay that the convergent integral 

^(! b ) /(». y)dy 


converges unifoimhj in a ^ x g p if for every fositm mmh&r e 
me cmfmd a nwmhcr k such that 


I. 


a i h 

/(.<»> y)dy 


<e, 


provided h^k, whoe k i$ independent of x. Vnifom convergence 
in tins seyiSG occurs if in the neighbourhood of the point y == a the 
relation 


!/(». y)!< 


M 

(y - ay 


holds, where as hoforoM is a positive constant and tf<l* Just 
as above, wo show that in tho case of uniform oonvergonco -F(aj) 
ifl a continuous funotion, 
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If t]io convergonco is uniform, the improper integials 
are continuons m a certain interval, say in a ^ a? ^ We can 
then miegrate them over tins interval and thus form the corre¬ 
sponding impiopor repeated integral 



Instead of the finite interval a ^ aJ ^ we can of course also 
consider an infinite inteival of integration 

2 Integration and Differentiation of Improper Integrals with 
respect to a Parameter 

It js not true in general tliat improper integrals may be 
differentiated or integrated under the sign of integration witli 
respect to a parameter In other words, these operations are not 
interchangeable in order with the original integration (of the 
example on p 316) 

In order to dotormine whether the order of integration m 
improper repeated integrals is reversible, wo can often use the 
following test, or else make a spceial investigation on the Imes 
of the following proof 
1/ the impoper mtegral 

F(x) =jf7(». v)^y 

converges uniformly %n the interval then 

To prove this we put 

/7k y)^y=‘f /K y)^y + 

Then by hypothesis | \ < where ^{A) is a number 

depending only on A and not on x and tondmg to zero as ^ co. 
In virtue of the elementary theorem for oidinary integrals we 
have 
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/ P pP pA. pp 

A®.y)'^2/+y 

pA pp pp 

=dyj /(», ■\-J RA{^)dx, 

whence by the moan valiio tlioorom of the lulcginl caloulus 


I !^daiQ{x, y)dy dyjj{x, y)iU 


e{A) /S •— a 


If wo now let A tend to infinity, wo obtain tlio foiimila staiocl 
above 

If the integration with rcepoct to a paramotci also takes 
place over an mfiiiito interval of lutogmiion, tho ohango of oidor 
13 not always possible, ovon though tlio convorgonco is uniform 
It can, however, bo poiformcd if tho coirosjionding improper 
davhU integral exists (of Chap, IV, section D, p 2132 ct seq,), 
Thus 0 g. 

I dxj fix,y)dy= dy f{x,y)dx, 

‘'o "'o ‘'o ^0 

if tho double mtegial f f /(a?, y)dxdy ovor tho wholo liist quadrant 
exists, ^ ^ 

The proof of this follows fiom tho fact that tho improper double 
integral 18 independont of tho mode of approximation to tho region 
of integration. In ono caso wo porfoim this approximation by 
moans of infinite skips parallel to tho OJ-axis, in tho other by 
strips parallel to tho 2 /*-axis 

A similar losult also holds if tho intorval of mtogration is 
finite, but tho integrand is cliscontinuous along a fmito number of 
straight Imes y ^ const, or on a finiio number of inoro general 
ourvoa in tho region of mtcgiation. Tho corrospondmg tliooiom 
is as follows 

If vih^n X lies m the %ntm val a ^ the function f (x, y) ts 

discontinuous only along a fmtte numbe)* of sbmgU Unes y:== 
y — a2,«.., y — a^, and if the integral 

f fi^>y)dy 

converges uniformly tn x, Him %n this interval U represmts a cm- 
timous funetton of x, and 
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jf y)Aij — jf dyjj(x, y)dx 


Tliat undor tlicas liypotliesea tlto order of latogmtion can bo 
ebauged Tho proof of tio theorem is analogous to that given 
above. 

It 18 equally easy to extend the rules for dillorontiation with 
respect to a parameter The following theorem holds 

V Junction f(x, y) }ias a sechonally continuous dd'^vatvoo 
mih )cs;pect to x m the %nterval a ^ x ^ j6 and the two integrals 


f{x,y)dy and f Ux,y)dy 
‘'0 •'0 


converge umfomilyy then 

A(«i y)dy. 

*'0 


That IS, under those hypotheses the order of the prooesaea of 
integration and of diflerentiation with respect to a parametor can 
bo interchanged ]?or if wo put 

^0 


then, using the theorem of intorohaugeabihty jusfc proved, wo have 
^ &{x)dx dxj^ f^{x, y)dy = dyjj„{x, y)dx. 

The integrand on the right has the value 

y)dx=M, y) -/(o, y)\ 

therefore 

fG(^x)dx^F{i)~F{a)\ 

•'a. 


hence li wo differentiate and then replace ^ by ® wo obtain 

E^^Gix)^rUx,y)dy, 


as was to be proved 

We can similarly extend the rule for differentiation when one 
of the lirmta depends on tie parameter x For wo can write 
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f /(®, = / Jip>,y)dy + rf{x,rj)(ly, 

where a is any fixed value in the interval of integration, and wo 
oan then apply ruloa previously proved to each of the two terms 
on the right 

As above, our rules of differentiation also hold for improper 
integrals with finite intervals of mtegiation. 


3. Examples* 

L As an example wo consider the mtogral 

1 


L 


CO 




n IT ^ 1 this mtogral oonveigos imiformly, sinoo for positive values of A 
W0 have 

-V(iy = 


f er^^dij^f i 

•^A 


where the right hand side no longer depends on x and can bo tntulo as small 
aa wo please if wo ohooso A aufiioiontly largo The same la tiuo of the 
integrals of the partial doiivativea of the fimotion with rospoot to x. 
repeated differentiation we thus obtain 

lit m portioular, we put 1, wo have 

r(n + 1) — / t=9 n \. 

Jo 

This formula has already boon ostablishod m a difforonb way in Vol, I, 
Ohap. rV (p 261 )* 

2 Further, lot ua consider the mtogral 

dy K1 
/ 0 jr® “b y* 2 aj* 

Again it is cosy for ua to oonvmoo ourBolvos that if tr ^ a, where a is any 
positive number, all the assumptions required for difforonfclation under 
the mtegral sign are aatisflod* By repeated differentiation wo theoroforo 
obtain the aequenoo of formula) 


f 

Jo 


L 

L 


dy 


0 {«” + !/=)» 
dy 


K 1 1 /•*_ 

' 2'2 ’ *?>’ 7o («’ 


dy 


n 1 3 . 


+ y‘)' 

( 2 )t - 3 ) 1 


w 1.8 1 

2 * 2 . 4 V’ 


0 (a:* + jT 2 2 4 . ...( 2 »- 2 ) «!««-»■ 
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From theae formula} we can derive anotlioi proof of Wnllm a product 
for «(of Vol I, CHOP IV. aeotion 4. p 224) For if wo put a! = wo l.ovo 

r ^ ? lii!_ 

h (l + ffV»)” 2 2 4 2) '' 

Aa » inoreases the left hand eide tends to the integraljT c-v*dy =» J y'jc. 
For the difference 

satisSea the inequahty 


I r“ . I r*! -» 1 

I (i +77»)rt I ^ io r (1 + yVn)” i 


Jo (l + yVn)' 

or, ainoe (1 + yV'*)" > V^> 


dy 


But if we choose T ao large that f e~v'(ly+ m<\> and then ohooao n 
large that ’’ 


/•*' 1 
I ff-V' - 

Jo (1 + y^r 


dy < I 


as IS possible in virtue of tho uniform oonvorgonoo of tho process 

lim (1 + yVn)-” = e-v‘, 

«-> 0 O 

it follows at onoo that 

This establishes tho relation 

, 13. (2n-S) , 1 

which IS equivalent to tliat obtained m Vol I, p, 224. 


lV4-i U» VK/ V41U^V JLT-UJ. f \IA 

sln^ 

3 With a view to oaloulatmg the integral / —^ c??/, wo shall dls- 

amt/ ^ 

0 UB3thefunotioaJ'(a!)ss= / ~ dy This integral convorgos o^iiformly 

y 

if a: ^ 0, while the integral 
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oonverges umfoimly if ^ S > 0, where S is an arbitrarily email positive 
number Both these statements will bo proved below, Thoreforo F{a) is 
oontmuous if a; ^ 0, and if a S S wo have 


F^(x) smydy 


Wo nan easily ovaluato tins last integral by integrating by parts twico; 
we obtain 


W\x) - -- 


1 


!From this we oan find the value of F(x) by mtogralion, this value as 
F{x) = are cota; + Oy 

where <7 la a constant In vii tue of the relation 

I f%v —U f%vdy = « 1. 

\do V I ‘/o U ® 

which holds if a ^ 5, we see that lim = 0 Since lim arc colop «=* 0, 

\“->oo ;v~>-cQ 

0 must also bo 0, and wo obtain 

F{x) — are cot a?* 

On account of the oontiiiuity of F{x) for ai ^ 0, 

hm F{x) «= i<’(0) = dy, 

do V 

7C 

which, Binoe hm arc ootr» s=3 , gives the required formula 
«->-o 2 


/ 


smw _ 7 ? 

— ft 


(eh Vol, I, p. dCO, footnote), 

We now return to tho proof that 

Jq V 


oonvergos uniformly if a; ^ 0 If id is an arbitrary numbor and ^jrc is tho 
least multiple of whioli exceeds id, wo can wnto tho “ romanidcr of 
tho Integial m tho form 


Ja y Ja V •-=* jy> 


(p+i)v 

^XV^dlJ 
inr V 


The terras of the senes on tho right have altoinating signs and their absolute 
values toad monotomoally to zero By Loibmtz^s test (Vol, I, p 870), 
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fcherOifore^ fclie series oonvergoa, and the absolute valiio of its sum is loss 
than that of its first term. Hence wo haye the mequahty 


y 




y ^ Jj^ A A 


^(ft l-l)n* 1 

I’ 


2k 


in which the right-hand side is independent of x and can be made aa small 
aa wo please, Tina establishes the uniformity of the oonvergonoo Tlio 
uniform oonvorgonoe of 

/ Biaydy 

for a? ^ 8 > 0 follows at once from the relation 


J j siny dy^J' dy * 


On p, 310 wo learned that uniform oonvergonco of the integrals ia a 
Buffioxenb condition for mterohangeabihty of the older of intcgiation, Mere 
OQi\.mgence la nob sufficient, as the following example shows* 

K we put /(«, I/) =s (2 — then smee 

/(»» 

the integral^* y)dy exists for every x in the interval 0 ^ a? ^ l> and 
m faob for ovory such value of x it has the value 0* Therefore 


f dx f f{x, y)dy « 0* 
*^0 do 


On the other hand, alnoo 




for every ^ ^ 0 wo have 


and therefore 


jf di/J^ /(», f/)dse ^jT peri/dff = 6"*'dy =» 1. 


Henoe 
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4. Evalnatioo of FreanoPs Integrals. 

The mtegials 

Fi —J sin (t®) dr, cos (t®) dr, 


which are of importance in optics, are loiown as Presnel’s integrals. 
In order to evaluate them, wo apply the aubatitution t® = t, 
obtaining 




^COS^ 


Here we put 


0 *^0 ^/t 

L I e~‘^'^dat 

IT'’a 


dt. 




(this follows from the substitution x ~ rj-^/t) and change the 
order of mtegration, as is pormissiblo by our rules Then 

Fi = f dxf Bint dt, Ft — f dxf «“**' coatdt. 

y'n''Q •'o ■yrr'^o •'o 

Tho mnor integrals are easily evaluated by integration by parts, 
and. I’l and J’a reduce to tho oloraontaiy rational integrals 

2 r” /kS 


JP ^ J-g« 4" /"t 

■s/tr^o 1+®* V’T*'© 1 


-j- a!* 


da>. 


Tho integrals may bo evaluated by the mothods given, in Vol. I 
(cf Vol. I, p 234); tho second iiitogial can be i educed to tho first 

by moans of tho substitution x' = and both have tho value 

-. That IS, 


2 V 2 


F, 




1. Evaluato j 


EXAMPfiKS 

Jo 

2 How mxiBt a, 6, o bo ohoson m order that 

J^to J^OO 
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8 Evaluate 


/ -f-M c+W 

/ «-{<»•+2iw+o'')(^aJ + Wxy + Cy^)d%dy, 

-00 «/—00 

(b) / / 2hxycy^)dxdij, 

J^oo */-.-00 

(a > 0, CO — &^ > 0). 

4» Evaluate the following integrals* 

/•CQ 

(a) iC(a) == I cosadJaf 
■^0 

^00 g - l»V _ 

^0 


‘ oonxdx^ 


(h) f 
(^) == 
<d) f 


* sm(aa;)J^Q(iia;) 


6* Prove that 
and that 


i 


X 

8m®cw; 


X 


dx (whore Jq denotes the Beasol function 
defined in Ex 4, p 223)« 

dx 13 of the order of logrt when is largo, 


r 

Jo 


sin^oo? — ain^ta; , , . o 

-daj =: J logT 

0 X Q 


6* Replaoo the statement the integral / /(a?, y)dy is not uniformly 

Jo 

oonvergent ” by an equivalent statement not mvolvmg any form of the 
words “ uniformly convoigent ** (Cf* Vol I, p 46, Ex» 1.) 


5 The Fourier Integral 


1. Introduction, 

The theory given in section 2, p, 310 et seq, is illustrated by 
the important example known as Fourier’s integral theorem It 
vnll be remembered that Fourier senes give a representation of 
a seotionally smooth but otherwise arbitrary periodic function m 
terms of trigonometric functions Fourier’s mtogral gives a corre¬ 
sponding trigonometrical representation of a function f{x) which 
IS defined m the whole interval — oo < a? < + oo and is not sub¬ 
ject to any condition of periodicity 

We shall make the following assumptions about the function 
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(1) /(») is scctionally smooth, that is, tho function/(a;) and 
its first doiivativo are continuous in any finite mteival, except 
possibly for a fimte number of jump diseontmuitics 

(2) Tho mtogral 

/ \f{%)\dx=0 

is convergent. 

(3) At a discontinuity x of tho function it is assumed that 
f{x) is tho arithmctio mean of the limits on the right and loft. 
Thus 

/(a!) = |(/(a+0)+/{®-0)). 

Fouiici’s integral theorem may then bo stated as follows: 
f{x) = 1 f dr f f{t) cost(< —• »)(?<, 

IT-'q ''-<0 

or, in complex notation, wo have tho cqmvalont formula 

2i7T''~m •'-CO 

Wo may also state the thcoiom in tho following form, if 

V2ir -« 

thon 

/(a,) = ^ J giry^^dr, 

V ^TT "«> 

Tho two foimulra last wntton are reciprocal equations for 
f{x) and g{x), each equation being tho solution of tho other If 
tho variable p == t/2w is introducod and finally replaced by r 
again, wo oan express Fourier’s integial theorem by means of 
the two reciprocal formulro 

/i(t) =» fix) = rh{t)e^''>‘’<dt, 

where 

A(t) — <7(2717), 

Wo shall give some examples to illustrate this theorem and 
thon proceed to tho proof. Wo first observe that if f(x) is an 
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even functioa—i o if /(*) = /(—a;)—^thea a short calotilation 
shows that the theorem may be stated in the simplified form 

/(a?) ^ j cos (ra?) dr j J{t) cos {rt) dt, 

^•^0 •'o 


If, on tlio other hand, f{x) la an odd function—if 
/(a>) —/(—a;}—we obtain in tho same way 

/■(«) = - / 6m.{'rx)drf f(t) am(ri)dt. 


EXijLiktpriisa 


!♦ Let f{x) ^ I when < 1, /(«) zar 0 when aJ* > 1, Then 

cos(Ta5)dk J cos{i'v)dt 
fO, 

[h d^<l 

Tho mtogral on the nght has played a part m mathematioal literature 
tiader the name of Diriohlefc^a disoontmuous factor, 

2, Let/(it) «{h > 0) whoa » > 0 and /({»)*=*/(—«:)« It la easy 
to show that 


2 r^^ eiuT 008 (ti?) 
ttJq t 




2 

I c 

TtJfi 


coa(Ta:)dT J ooayT)d^ ^ 


2 r^h co3{xv) 


f Z 

TiJa I 


1^ + ^ 


dT* 


But xf wo put /(—a?) --“/(a?}, wo obtain 


f{x) b=5 - r fliii(Ta?)dr f 8m(^T)d^ - T 

^ •'O *'6 Irt + T* 


Heuoo we obtain the two integral formula) 


cQa(Ta;) ^_ n sm(Ta?) 

4 " 2 fc ’ I 


h>0 


3 The funotion f{x) s= givcg an interesting illustration of tho 
reciprocal formulesi Since 



</> 

ooart(U 


(see p 81$, Ex. 4a), the two reciprocal forrnuJ© for fi'(T) and /(«) 
coincide* 
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2. Proof of Fourier’s Integral Theorem. 

The essential stops m the proof of Fourier’s integral formula 
are a transfoimation and a Bimplo limit opoiation applied to 
Diriohlet’s limit formula 

■nf{x) — lim f f(ib -I- 1) dt, 

which holds foi aihilrary positive values of a Wo shall first 
prove this foimula, although the substance of the proof has been 
given m Vol I, Cliap. IX, § 6 (p* 4D0) Wo rely on the elementary 
limit formula (of Vol I, Chap, IX, p 448) 

rP 

lim / sin(Ai)5(0<ft — 0, 

CO a 

winch holds when is continuous or scciionally continuous in 
tho interval ^ but is otliorwiso arbitrary, 

Lot us first consider tho intoival fiom 0 to a In this mtorval 

s{t) _ /(» + t)--/(a!4-0) 
t 

is a seotionally continuous function which, by tho assumptions 
about/(*), must have tho lumt/'(a! + 0) as t tends to zero. Thus 

+ i) ^ dl + 0) ^ (U ~\-f^s{i) 8m{A;) dt, 

and tho elementary formula given above shows that tho last 
integral on tho right tends to zero os X tends to infimty. 

The first intogial on tho right has tlio limit 

Inn /(®+0) dcr=/(a!+0) ~ f(x-j-Q) 

or ^0 a Jit 

(of p. 316) If wo now apply the coriesponding argument to tho 
integral from —a to 0, wo obtam Diiiohlot^s formula. 

The next step in tlio proof of l^’oiuior’s theorem is the sub 
slitutiou of tho expression 

sm(A0 

t ‘'0 


(8 012 ) 


12 
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in Dirichlct’e formula We also introduce the notation 

+ t) dt = //(« + t)^j\oaiir)d^ 

—Jdrj f{x -(- 1) co8(<T)(f< = F{\ a), 

Dmohiot’a formula then states that 

w/(ic) = hm F{X, a). 

Since this lumt is mdependent of a, we may write 
~ hm lim F{X, a) 


If it were permissible to mterohange the order of the limit 
operations m this formula, that is, if wo might take the lumt as 
a tends to infinity under the sign of mtegration, we should at 
once have 


^^0 /% C0 

Trf{x)— lim jj,Tj /{oi-f <)cos«T)d<=J drj /(»-{-«) cos 


This immediately givee Fourier's integral formula if we write 
i' and then replace t' by t. Thus the proof will be com¬ 
plete if we estabhsh tbo change of order of limit operations 

lim hm F(A, o) == lim lim F{\, a) 

X—>«> X-^oo 


Our previous work (p. 310; cf also p. 104) shows that it is 
sufficient to prove that the limit 

lim F{X, a) = //(» -f- 1) dt 


exists imiformly with respeot to A 

To prove this> we must show that if € is given in advance 
we can find A mdependent of \ such that j jP(A, a) — jP(A, 6} j < < 
whenever a and b both exceed A But 


F(X, a) ~ F{X, b) 1 +1) I it 
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It lollowB at onco that 

80 that it la only neccBRaiy to tiilco A =- 20jc Tins gives the proof 
of unifoim convorgouoo, and complotcs tlio proof of Fourier’s 
intogial tlieorom. 


6 Tiiio Euleuian iNTKORAts (6AM^^A Function) * 

Ono of tlio moat important oxnmplos of a function doRaod 
by an impropor integral involving ii paiamotor is tho gamma 
fimotion r(a!) Hero wo shall givo n fairly detailed diaoiiBsion 
of this function 

1, Coflnitiou and Fuuolional Eauatlou. 

Tho function r(a!) la doflnod for ovory » > 0 by tho improper 
integral 

r(a:) 

Jo 

In Vol. I, Cliap. TV, pp 250-1, wo studied this intogral for integral 
arguments »«=» « Tho method used thcro shows at onoo that 
tho mtogtal convevgoa for nuy »> 0, tho convorgouoo being 
uniform iii ovory closed interval of tho positive ai-axis which docs 
not iuoludo tho point »!« 0 The function r(x) ts therefore cm- 
linuous /or X > 0. 

By simple substitutioiiB wo can transform tho integral for 
r(!8) into other forms wliioh nro often used. Iloro wo only 
mention tho substitution t •-= u®, which tiansforms tho gamma 
tunotion into tho form 

r(!i;) -a 2 f 

Jq 

Thus the froquoiitly-ocoumng intogral 

f e-At^du (a>—1) 

Jft 

* A dlRauralon oloaoly rolalod lo llio nrosont ono Is given l)v F Arttn, 
Um/fl/inoiji ni </i« 2’A«>rte der 1' F«aA(io» (l/olp/lg, 1031), 
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can be expressed in terms of tho gamma function fts 



(of section S, p. 303) 

Integration by parts shows, as in Vol. I, p, 251, tliftt UiO 
relation 

r(ar+l)«a;r(i») 

holds for any *>0 Tbs equation is onllod the functioml 
equalum of ike gamma fmciion. 

Of course r(a!) is not uniquely defined by tbo property of 
being a solution of this functional oqiiiition, la fact, wo olilain 
another solution merely by multiplying r(®) by an aebitrnry 
penocho function pf*) with period unity On tho othor Land, 
the functions 




' « V jr\^ » */ — 

represent the aggregate of all solutions ot tho oqiiaiion: for if 
«(«) IS any solution, tho quotient 


/(*) 


= t<(®) 


Fiich can always be formed since r{«) ^ 0, satisfies tho equation 

/(»+!):=/(a). 

M p^^i^ fu ^ r(®)> it is fiequontly more oonvoniont 

^co^der tie Wian «(*)« lagr(*); since 4) > oZT> 0 

tr'siX.4' “ 

«(®+l)-«(»)== log®. 

■.rfert«,pe,rfyt!»LtoL?S “ 2 T”? 

supplement tie ^ ^queljr, tliorofore, wo munt 

4.4 IS r®'™ 0"« 

theorem, due to H Bohr ^ following 

^ « solution of the d^ffermce egvntion 
“(®+ 1) — k(®) = log® 
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lentical mth the function logr(x) in the interval 0 < x < 00 , 
nt p&iJutfs for an additive constant 

Jonvex Functions, Proof of Bohr^s Theorem, 

N o say that a function f{<o) is converi m a region a ^ a; ^ 6 
■r every two points and of the region and every two 
Live mimbois a, jS, where a+ jS— 1, the expression 

sr changes sign, or, intuitively speaking, if the chord joining 
points of tlio curve y ===5 f{x) cither never lies beneath or 



Fig 19 — A funclion which ia convoK downwards 


3 r lies above the arc of the curve itself between and 
fig, 19). (Of also Chap I, section 1, p. 8 and Chap II, p 100.) 
Before proving this theoiom we shall establish coitain pro- 
les of convex functions We restrict ouiselves to functions 
3h are ** convex downwards for which 

"‘H’ ^/(^a) ^ 0 

is; functions which are convex upwards can always bo 
igod into fimoLions which are convex downwards ** by 
Uplying by —1. 

[£ a convex function/(a?) is twice continuously diiforcntiablo, 
expression 

a/(ai) + + Pak) 
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can be represented by the double integral 

as IB easily verified TJuis tho inequality of tlio dofinition is 
certainly satisfied, provided that 

/»^ 0 , 


On the other hand, the passage to tho limit aig -> aij eliowa that 
this condition is also uocessaty, and it is thoroforo a oliaraotoriatio 
property of convex funotions which are twice oontinuonBly dif¬ 
ferentiable 

A fact which is noteworthy and usefid in applications is that 
we need not assume the continuity of a convex function y(®)| 
on the contrary, this property follows from tlio definition of 
convexity We can m fact xeplace the above inequality by an 
apparently weaker one, which, however, is equivalent to it, 
expressed m the following theorem. 

If for every ^cmdhfor which ike arguments x ± h shll lie in 
the region of definition (he houndedfuruMon f(x) satisfies the inequaUty 

/(« + A) — h) — 2/(a;) ^ 0, 


that w, if the mid-^ovni of every chord of the curve y = f(x) ties 
cibove or on the curve, (hen f(x) is <mvex 

We first show that every bounded function f(x) which satisfies 
the ineqmhty 

f(x + h) -f-/(a! — A) — 2/(a!) ^ 0 

IS cofttoiious 

To prove this we write the condition in the form 


/(*) -/(® ~ A) ^/(»+ A) ~/(a!), 
from which we derive the inequalities 
f(x- vh) -f{x - (V + 1)A) g/(a, -I- A) - /(») 

5/(®+ (y-f- 1)A) —/(aj-f. vh), 

yahd for every integer . ^ 0 If we add those for values of v 
= M — 1, wo obtam the estimate 


V 

from V 0 to 




n 


^/(a! + A)-/(a!)^ 


/(a> + nh) 
n 


-/(<») 
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and honco if we assume that |/(a:) | ^ 0 , 

n 

Hero n can bo any positive iiitogcr suob that the argument 
a; i nh lies in the interval of definition If we lot h tend to zero, 
the largest possible number n increases without limit, that is, 
the expression/(a? + A)—/(a;) tends to zero This proves the 
continuity oif {x) 

I’lom the continuity of/(a;) wo can now easily prove its con 
voxity, that is, wo can establish the inequality 

/(^ “h ^^2) ^ 

From the inequality 

/(») -/(® ~ nil) < n{f(x + h) -/(a:)}, 
by moans of tho suhstiliukon 

^=x — nh, 

wo obtain tbo relation 

m-m +(«H- m ~m 

»-{-1 ’ 


n 


and honco in gonoral 


m 


0<m^n 


If wo put ^ H- nh = ii, a few transformations givo 

which is exactly tho inequality wo roquiio for rational values of a 
and /S. Wo then deduce its validity for any values of a and ^ 
from the oontmmty ^ of/(a?). 


* ]?rom tlio inequalitloa 

/(« + 0) H a) ' 

0 a 




.fico + 6 ) - 

r 


m 


wlioso validity for any numbora c^a^b difloring from zero is a direob con 
floquonoo of tlio doflnltion of convexity, wo seo that tho difforonco quotient 

g) bounded and monotonlo if a tends to zoio through positive 

a 

values or through nogativo valuod, and it thoroforo possosaos a limits Thus a 
oonvox: function has a derivative on tho right and on tho loft at ovory point. 
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Pmally, we apply iho following inequality, wlncli is obvioiifl 
from the geometrical mterpietation of a convex funotion: 

f{x + h) +/(*- A) - {/(a- + S) +/(» - 8)} ^ 0. 

Here S and h are two positive ntimbors, S g K 
This IS proved by adding the two relations 

I + 0“^^® -- ^0 + 2 (l - 0/(® + ?0 ~f(^ - 8) ^ 0, 

I “ 0'^^® “ A) + -2 (l + 0/(® + A) ~ /(a; 4- 8) ^ 0 

We now return to the theorem of Bohr staled above (p. 324-6). 
We see at once that Iogr(a;) is convex Eor if wo wiito r(a!) 
in the form 

r(a:) = 

“'o 

where h has any positive value and x any value giealor than h, 
and apply Schwarz’s inequality (cf. Yol I, Chap IX, p. 451), 
we have 

{V{x))^^V[x-^h)V[x~-hl 

and therefore * 

Iogr(aj ^h) + logr(® — 70 — 2 logr(a;) ^ 0. 

Agam, if f{(o) and g{x) are two continuous convex solutions of 
the functional equation 

ti{x 4-1) -- u{x) :=a logo?, 

♦ This fact k a Bpeoial oaso of (i general theorem If tho fnnotionq / (x), 
V 1, 2, . , n satisfy tho condifclom ^ 

/,(») k. 0 and S 4 (a ~ «/,(* H ft), 

80 that tho functions log/„(a!) are convex, then tho sum S/„(«:) also satisflo* 
these conditional i 

For if W0 write m the form 

n » 

? V/,(B - A) V/„(» + ft) t*). 

and use the relation 
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fcho clillorouco 

</'(») ~/(®) ~ ff(a;) 

is a continuous periodic lunction of ponod unity Moioovor, sinco 
and 

/{x) —/(x - 1 ) = log(» - I), 
f(x) satisfies the lolatiou 

/(* + 1 ) +/(» - 1 ) - 2 /(*) = log - 1 ^. 

Smco f{x) 18 ooiivox, tho inequality 

/{® + h) +f{x - h) - 2f{x) ^ log , 

X — i 

holds for every h m tlio range 0 < ^ 1 (of. p 328), 

Wo likewise obtam 

g{x -I- h) -t- p(a! — 4) — 2g(x) ^ log — 

and thorofoio 

I <j>[x -h 4) + <l>{x - A) - 2,l>(x) I ^ 2 log 

X — 1 

If wo now lot X inoioaao beyond all bounds, the expression 

X 

log-^ tends to zero, and so does tlio function 

aj — 1 

(J){x 1i) “|- (j){x — li) — 2</>(a:), 


wo obtain tlio lno(|uality 

{S4(«))> ^ (S VWTV, )•( 

If wo now opply Sohwai/.’a liioqtmllly to tho rijjhl hand oldo, wo havo 

A)|/> I A). 

All Aimlogoiig thooiom holds tor Intograls ot tho form 

Jjix. t)<U, 

U for all valuofl of tho paiamotor I Uio tnnoUnnfi/f^r, 0 Raliafy tho conillliofiB 
/(a, 0^0 and {/(*, I)1‘ £f{t» - h, t)f{x I A, f). 

Tho gamma (uuoUon Is of this typo. 

IBUW) >2* 
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Since this fiuiotiou is peiiodio, wo obtain the equation 

+ A) + ~ A) — 2j>{x) = 0, 

valid for ovory » > 0 

A continuous periodic function ^(x) which satisfies such a 
condition for ovory positive value of A and every value of x greater 
than A must bo a constant * This, however, proves that any 
continuous con vox solution of tho equation «(»-!-1) — «(») ~ log® 
can difEcr from log r(«) only by on additive constant 


S. The In&nite Produot for the Cramma Funotion. 

In this sub-aootion we shall give the tnfimie produols for tho 
gamma funotion found by Gauss and Woierstrass. 

We first show that tho relation 


holds, whore 


r{a!) =s Inn 

>co 


a,^(x) = 


1 2 . («--!) 
x(x+ 1) •,(» 4' — 1) 




TJus statoment is plausible, since for integers y we have 




n n 


nn-{-1 n-{'y--l 


and as n inoroasos this obviously tends to tho value (j^ — 1 )^ 

We must show m general that the sequence Gj^{x) converges 
for every a: 4^: 0, —1, —2,. , and then that tho Inmt function 

Q[x) coincides with tho gamma funotion for positive values ol 
X, To prove this last statement we notice that if a? > 0 the 
function log(?(aj) satisfies the functional equation 

uix + l) — n{x) ^ logo?. 

By Bohr's theorem wo have only to show that logff(a?) is 
coiivoz 


* If, fiay, ^(I) =" M2) *=» a, then by tho oq^uation 
wo Imvo « a, ana Wcowiso ^ a at all points iCv of tho mtorvol 1 ^ 
^ 2 which aro obfcainod by repeated bisootlon of the Bub intervals Since 
tliesQ points x^, aro ovarywhoro dense, from the continuity of ifc follows 
that Mx) - a lliroughout the mtorvul 1 g » g 2, and by tho poriodicity of 
ff>{x) tliia holds for ovory ss> 0* 
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In order to piovo the convergence ol the sequence for 
55 = 1 = 0 , — 1 , — 2 , . wo mtioduco the expression 

n-(l + l)(l + 0(l + 0 (l + „4j) 

for tho numbor ti, and accordingly wnio 

By a test proved m Vol I, p 421, the product 

(1 + IjvY 
1 1 -|- xjv 


converges absolutely and unifoimly provided that the senes 


00 

2 

1 


(1 + W 
1 + ^1^ 


1 


converges uniformly* If wo uso tlio Taylor expansion in powers 
of 1 /v up to tho terms of second order, tho goneial term of this 
series can bo wiilton m tho form 


(1^1/pY^{1 + xIp) ^ x(x-l) + 

] “1“ xjv 1 + xjp * 


whole 0 IS a numboi between 0 and I Fiom this it follows that 


(l + l/i^)”-(i + a;/i^) 
1 + xjv 


G 


where 0 is a constant mdopondont of v. In every closed region 
which contams none of tho points x = — 1 , — 2 , wo can re¬ 
place the estimate 0 by a number which is also independent of x. 
In every such logion the series convoigoa uniformly, and therefore 
tho product docs bo too 
Tho limit function 


0{x) 


= lim 

>oo 


1 . 2 .. 

x[x -|- 1 ). 


(n-1) 

(® -j- w — 1) 


w“ 


is continuous for every x = 1 = 0 , — 1 , — 2 , . and, as wo soo at 
onco, satisfies tho functional equation 
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In order to show that if rn > 0 the function is identical 
with the fimction Fix), we consider tho fuiiotioii lugO(a.) lor 1* 
It 18 the limit function of tho soqxionco 

logGJ^x) = Iog(« ~ 1)1 -j- a! logn — S log (a; -|- v), 

ymO 

For any positive value of h and any value oX ® groator 
than h the functions log (?„(») satisfy the condition for oon» 
vexity, 

log(?„(a! 4- /i) 4- log<7„(a! — A) — 2 log<?«(a;) 

n-l 

= S (2 log (as + v) — log(a! 4- A + v) — log(a! —• h + u)) ^ 0, 


which consequently applies to tho function logG(a!) also. SmoG 
m addition 

log(?(l)«=0«logr{l), 

by the general theorem ^(a!) must be identical with r(a!). Wo 
have therefore obtained dauss’s h^iwUe product for r(aj); 


r(a:) = lim 


1.2 

a!{a!4- 1) 


, (a; 4- «• — 1) 




^ 1 ” ( 1 4- 1/v)* 

®M=.i 14“ <®/*' 

The theoretical importance of this expression arises from tho 
fact that we can regard it as deOning tho gamma function, not 
only for all positive values of x, but also for all negative non- 
mtegral values of a:. 

Tins product can easily be put in a somewhat diiloront form, 
U IQ the expression 


We substitute for logn the value 


logn^l + f + 




where y is Euler’s constant (cf Vol. I. p 381) and tends to 
aero as « -> oo, we obtam an expression for -1- 

r{®)’ 
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X 

Since tlio factor 6~'«*~n tonde to 1 as n increases, the product 
» / aX _« 

n 1^1 -h -y e J also converges and gives Woicistrass’s m&nito 


product ior 


m’ 


1 

r(ai)' 


*6’'* n 


j(i+?).-*, 


from wMot we see at once that — has zeros of the iirat order at 

r(») 

the points ai = 0, — 1, —2 ,.... 


4 The Function log r(a!) and Its Derivatives. 

If we form tho logarithm of Weierstrass’s mfinito produot 

= a:ev* n (l + -V-*'", 

T{x) .-i\ ^ r/ ’ 

wo obtain an expression for tho function logr(a5) 

logr{a;) = -log* - yx - S^(log (l + ^ 


By tho relation 


log 



*_1 r* <d< 

V vJo V "H t* 


whence 

log(l + 0- 

fclio nght-taiid sido of the equation for logr(aj) la dominatod by 

the sonos -^r- S and thoroforo convorgoa absolutely and uni- 
2 1 

formly in every closed intoival of tho positive a-axis. 

The doiivativoa of the function logr(a:) are of partioulor 
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interest, since they provide an explicit rcpreseutaiion ol the 

00 

values of the series 2 
0 

If we differentiate the expiessm for logr(a;) term by town 
with respect to a?, wo again obtain a senes which, einco 

1 OJ 

p 


(—)"■ 

\»+»/ 


a; +1/ 


v{x py 


oonvergea absolutely and urLifomaly m ovory closed interval of 
the positive ^-axis Henco, by known tlieoioms on tho difforontia- 
tion of inhnite senes, 

r(a;) di X V/ 

If we again difierentiate term by term, wo Bimilarly obinin 

d* * 1 

-f-,logr(a:) = S —i— 

and finally, formmg the higher derivatives, 


1 


(—!)"» d”' 


0 (a! -j- v)” {in — 1)1 da?" 


Iogr{a:) (m ^ 2). 


5 The Extension Theorem. 

The values of tho gamma function for negative values of x 
can easily be obtamed hom tho values for positive values of 
X by means of the so-called extension theorem If we form the 
product r(a:)r(-®), which is 

hm—~—ra-lim_J 2 ..(n—1) 

and combine the two limiting processes into one, we obtam 
r{ai)r(~a:)=- ^ bxn __ 1_ 

But by the infinite product for the sme, 
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deduced in Vol I, p 4d5, wo liavo 

r(»)r(-a;) =- 

aimiiTra! 

Hence 

r(-a:) = -—^ A. 

X simrx r(aj) 

Wo can put this lelation in a somewhat different form by 
calculating the product r(a5) r(l — x) Smco 

r(l — oj) 5= —a;r(—a;), 

r(aj)r(l — a;) —a;r(x)r(—cc), and wo obtain the extension 

theorem 


r{x)V(l-x)^ 


TT 


siUTra? 


Thus if we put wo have r(^) = '\/7J‘' Since 

' hero is a now proof for tho fact that the 

0 

mtegraiy' c'‘***dw lias tho valiio addition, wo can 

oalonlato tho gamma function foi the aiguments a; — n + 5) 
whore n la any poaitivo intogoi 


__ (2n-l)(2n~3) ..3.1 


2 2 \2 


2 " 


■\/7r, 


6 The Beta Function. 

Another important limction defined by on improper integral 
involving a parameter is Eulci’s beta function. Tho beta 
fimotion is defined by 

B(®, y) = ~ 

•^0 

If either a: or y is loss than imity, tho integral is improper. By 
the criterion of section 4, p. 307, however, it converges umformly 
in a! and y, provided wo lestriot ourselves to intervals ® ^ e, 
y^fi> where e and tj aio arbitrary poaitivo numbers It therefore 
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fcpiescnta a oontmuoua fimotion for all positive values of x and t/. 
We obtain a somowliat diileront expression by using the 
substitution i — T-f~ ^ 

Bfe ,) -1^(1+ Ty'*0 - ■,'piT, 

or, in general, if we now put r = tfts, where s > 0, 

If, finally, we put I =? in the original formula, we obtain 
B(aj, y) 2 / 

We shall now show how the beta function can be expressed 
m terms of the gamma function, by using a few transformations 
which may seem strange at first sight 

If we multiply both sides of the equation 

1/) — /* {$ + 

by 6*“®* and integrate with respect to 5 from 0 to wo have 

B(a;, y) f f f (s + 

*>Q ‘'0 *^-1 

The double integral on the right taay be regarded as an 
integral of the fimotion the region of 

mtegiation being the isosceles triangle bounded by the lines 

s i t — 0 and 8 =: 4* 

If we apply the transformation 

cr — s “I" tf 

T — s — 

this integral becomes 


Iff e-'-'a"- 

Jjs 




As the regTon of integration we now have the triangle in the 
crr-plane bounded by the lanes cr — 0, t — 0 , and cr t === 24 
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It wo now lot A incroaso beyond all bounds, tho left-hand side 
tends to the lunetion 

|B(®,7/)r(a; + y) 

The right-hand side must thcrofoio converge also, and its limit 
IS the double integial ovor the whole fiist quadrant of the ar-plano, 
the quadrant being approximated to by means of isosceles 
triangles Suico tiio integrand is positive in. this region and the 
integral oonvorgea for a monotonio sequence of regions, by 
Ghap IV (p, 263) this limit is mdependont of the mode of 
approximation to the quadrant 

In paiticular, wo can use squares of side A, and accordmgly 
write 

B(aj, j/) = lim f f da &t 


Wo tliorofore obtain tho important relation *** 


From tbis relation we Boe that the beta function is related to 
the binomial coefficients ^ 


* This eqaation can also bo obtainod from Bohr’s theorem* We first show 
that B(a;, y) satisfles tho funetional equation 

BO that tho function 

V) r(a + y)t 

oonsidorod as a function of OJ, satisfies the functional equaHon of the gamma 
function, 

«(flj + 1) xu[x) 

Slnoo by the theorem m the footnote on p. S28 it follows that logti{a!, y)« 
a Qonvo't function of sj, we have 

r(# + y)'B(x, V) - r(») o(y), 

and Snally, if wo put« ~ 1, a(y) ■= r(y) 
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way as tho gamma function is iclated to tlio numbora n\. 3?or 
mtegera (x>^n, m fact, tlio function 

_ 1 _ 

(a? + j/+l)B(a?+l, 2 / + 1) 

has tho value ^ 

Finally, we mention that tho definite integrals 

/ amHdt and / ooaHdt, 

^0 •'o 

whioh are identical with tho functions 

can bo simply expressed in terms of the gamma function: 

Jo Jo a r(a/2) 

JSXASrPLBS 

U Provo that tho volume of the positive octant bounded by the planes 
= 0, y = 0, hi and tho surface 


^ -f y ^ ^ 


{m > 0) 




^rfi + iV 

7tV» V 




2 Provo that 


flPQ^ 65 + $) 

taken fcliroughout the positive octant of tho ellipsoid — + , - + ~r ^ 1 
1g equal to ^ '' 




rf^?ir(nri 


1 c±£±i:_] 


+ g -f ^0 






8 
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(Hint, Introduoo now variables V), ^ by writing 

jvS -1/3 ^3 _ 

^+65 + ^'==^ a:=.aV^(l-/)) 

+ «>• !/= 6 VW- 0 

^ * = cV'fo?> 

and porEorm tUo infccgiationa with respect to y) and ) 

S Find the x oo ordinato of tho centre of mass of the solid 

4. Find tho moment of inertia of tho area enclosed by tho astroid 
jjji ^ 2/^ jjl 

with respect to tho x axis 
6, Provo that 

2»» = 2Vjt, 

r(2a!) 

7. Doterbntiation and Integration to Ekaotional 
Order Abel’s Integral Equation 

Usuig our knowledge of tho gamma function, wo shall now 
carry out a Biraplo process of generalization of the concepts of 
difiorontiation and integration. Wo have already seen (p 221) 
tkat the formula 

«•' “ rSD-C'”- 

gives the n-iimes-repeated integral of the function/(x) between 
the limitB 0 and x If D symbolically denotes tho operator m 

differentiation and if denotes tho operator ♦ cte, which is 
the inverse ol difforontiation> wo may write 

F{x) - 

The mathematical statement conveyed by this formula is that 
tho function jP(x) and its first (n — 1) derivatives vanish at 
X = 0 and tho w-th derivative of F{x) is f(x) But it is now 
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V6ry natural to construct a definition for tlio operator D ovon 
when the positive number A is not neccssaiily an lutogor. The 
integTol of order A of the funchou f(x) betwoeri the ItT^uts 0 uud x 
w defined hy the expression 

This definition may now be used to gcncrali/o ii-tli-orclor 

difiereutiation, symbobzed by the operator or —- , to ^th-ordex 

difierentiation, where fi is an arbitrary non-nogativo number. 
Let nt be the least mteger greater than jU, so that /x = 5 = p, 
where 0 < p < L Then our defimtiou is 

£-/(») - D-D-'M - ^ fy - trvm 

A reversal of the order of the two piocesscs would givo the 
definition 

It may be left as an exercise for the reader to employ tho 
formul© for the gamma function to prove that 

B^D^fix) ^ D^D^fix), 


B^fix) = D-^D-f{x) - j\x ^ ty-^f 


where a and are arbitrary real numbers. He should show that 
these relations and the generalized process of differentiation havo 
a meaning whenever ihe function f{x) is differentiable in tho 
ordinary way to a sufficiently high order. In goneial B^f{x) 
exists if/(a;) has oontmuous derivatives up to and moluding the 
wth order. 

In connexion with these ideas wo may mention AboPs integral 
equation, which has important applications Smee r{|) — ^/^T, 
the mtegral of a funotion/(a;) to the order | is given by the formula 

D-i/(*) = 1 ^ 


If we assume that the function 0(a;) on the nglit-hand side 
IS given and that it is required to find/(aj), then the above formula 
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is Abel’s integral equation. If tlie function tji{x) is continuously 
diliorontiablc and vanishes at» = 0, the solution of the equation 
is given by the formula 


or 




/(®) = 


a/tt cfa; *^0 — t 


8 Note the Definition of the Area a Cuiived 
Surface 

Ir secUon 6 of Chap IV (p 269) wo dofinod tho aroa of a 
ourvod surface m a way eomowha-l; dissiiuilar to that m which 
wo dofmed tho length of aic in Vol I, Chap V (p 277), In tho 
doflmtiou of length wo stalled with inscribed polygons, while in 
tho definition of area wo used tangent pianos mstoad of inseiibed 
polyhedia 

In order to see why wo cannot use inscribed polyhodra, wo 
may consider a cylmdnoal Burfaoo m a;j/«-8paco with tho ec[ua-* 
tion + 2 /^ =: 1, lying between tho planes and JSf =* 1, 

The area of this cylindrical sin face is 27r. In it wo now 
inscribe a polyhedral^surface, all of whoso faces arc identical 
triangles, as follows. We first subdivide tho oixoumforonco of tho 
unit circle into n equal paits, and on tho cylinder wo consider 
the m oquidialant hoiizontal circles 2 ; == 0, «A, » 5 = 2/i, . , . , 
2 :=: (m— l)hi where 1/m, We porfoim tho subdivision of 
each of these circles into n equal paits m such a way that the 
points of division of each oiiolo he above tho conties of tho arcs 
of the preceding onclo Wo now consider a polyhedron inscribed 
in the oylmdor whoso edges consist of tho chords of tho cirolos and 
of the lines joining noiglibouring points of division of neighbouring 
circles Tho faces of this polyhodi^on are congruent isoscoloa tri¬ 
angles, and if n and m arc choson sufficiently largo this polyhedron 
will he as close as wo pleaso to tho cylindrical suifaco. If wo now 
keep n fixed, wo can choose m so largo that each of tho triangles 
18 as nearly paiallol as wo pleaso to tho fr^z-plano and thorofoio 
makes an arbitrarily steep angle with tho surfaco of tho oylmdor. 
Then wo can no longer expect that tho sum of the areas of tho 
triangles will bo an approximation to tho area of tho cylinder. 
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In fact, for tie bases of the individual tnangloa wo have iho 
value 2 sinw/«, and for the altitude, by I’ythagoras’ tlicorom, 
we have 

+ /l — cos-' j = sill* 

v«i* \ n/ y 2n 

Since the number of triangles is obviously 2mn, tho surface 
area of the polyhedron is 

jPnm — 2»m sm- \ \ + 4 sin**— ~ 2n sin- \ 1 -|- dm* sin'*— 
n \m* 2n n v 2rt 


The linut of this expression is not indopondont of tho way in 
wbch m and n tend to infinity If, for example, wo keep n fixed 
and let the expression inoreasos beyond all bounds. If, 

however, we make m and n tend to <» together, putting m = M, 
tho expression tends to 2n If wo put m = »*, wo obtain the 
limit 2ffVT+li74, and so on From the above expression 
for the area of the polyhedron we see that tho lower l imi t (iowor 
pomt of accumulation; of Vol I, p. 62) of tho sot of numbers 
K,m 18 Stt, this follows at once fi-om ^ 2 » 8 in 7 r/n and 
bm 2n smir/n = 2ir 

In conclusion we mention—^without proof—a tliGorotioally 
interesting fact of which tho example just given is a particular 
instance If we have any arbitrary sequence of polyhodra tending 
to a given surface, we have seen that tho areas of the polyhodra 
need not tend to the area of the surface But tho limit of tho areas 
of tho polyhedra (if it exists), or, more generally, any point of 
accumulation of the values of these areas, is always greater than, 
or at least equal to, the area of the ourvod surface, If for ovory 
sequence of such polyhedral surfaces wo find the Iowor linut 
of the area, these numbers form a definite set of numbers associated 
with tho curved surface The area of the surface can be defined 
as the lower Ivrmt (lower pomt of accumulation) of ths set of 
numbers ^ 


♦This romarkable property of tUo area is oallod 
precisely ?ou?er semt coTiinutly, 


semi conhmtly, or more 



CHAPTER V 


Integration over Regions in Several 
Dimensions 

Tlio multiple inliograla diacussod m tho provioiia oliaptor are 
not tliG only possible oxtonsion ol tlio idea of integral to tlio case 
of more than ono mdepondont variable* On the contrary, there 
ate other gonorahzations, corresponding to the fact that regions 
of aoYoxal dimonsions may enclose other manifolds of fewer 
dimensions and we can consider integrals over such manifolds, 
In the case of two iudopondent variables, in addition to integrals 
over two-dimensional regions wo can consider integrals along 
onrveSj which are ouc-dimonsional manifolds. In the case of 
throe indopondont variables, besides integrals thioiighout tliroo- 
dimensional regions and intcgials along curves, wo have to con- 
eider integrals over oiuwod eurfaccs, which are two-dimensional 
mamfolds enclosed in thrce-dimonsional apace Those concepts 
of integrals along curvoa (ouivilinear integrals), integrals over 
Buifaocs, and so on, with many siraiglitfoiward applioations, will 
be introduced and their mutual relations will bo investigated 
in the present chapter. 

1. Integrals 

Wo asBOciato the definition of the single integral with the 
intuitive idea of area (Vol. I, Chap H, p. 77) and arrive at the 
multiple integral by straightforward generalization to the case of 
a greater number of dimensions On the other liand, the physical 
idea of work also leads us to the single integral (Vol. I, Chap V, 
p, S()4). If wo sook to give a mathornatical definition of work 
for an arbitrary field of force m space of more than ono dimension, 
wo obtain the curvilmoar or line integral as a now generalization 
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of fcliQ original oonoept of the integral of a fmiciiou of a single 
variable 


1 Definition of the Lme Integral Notation. 

We begin with the pniely mathoinaiical dofinition of tlxo 
integral along a curve (imc vntegraly cumhnear inlcg}al)i lu three- 
dimensional ajy^j-spaco, Let a eeotionally smooth oiu’vo G in 
this space be given parametecally by tho equations 

x^x{t), z^z(£), 

where, as usual, a3(^), y(l), z(£) aic oontiiiuous functions with soc- 
tionally contmuoua first derivatives. Wo oonsidor an aio of this 
curve jonung the points Pq and P with oo-ordniatos (xo> ^o) 
and (x, y, z) respectively and ooirospondmg, say, to tho values 
of the parameter t in the interval If a contmu- 

ous function /(a?, y, z) is defined in any logioii containing this 
arc, then along the are this function will be a function 
^(0) parameter t alone In oiylor to clofino, 

m analogy with the ordinary mtegial, a Imo integral of the 
function along the curve 0, wo divide up tlio arc into small 
pieces by moans of the points Po, P^, Pg, . ., P«, (P„ ^ P) and 
denote the difierence of tho abscissea of P^ and P^^j^ by 
We now form the sum 


fi-i 


where tf can be given any value in that mtorval of tho paramoler 
which corresponds to the are between P< and P^h^ If wo lot tho 
number of points of subdivision increase beyond all bounds and 
assume that the length of tho longest of tho arcs P^P^hi tends 
to zero, then we may expect that the above sum will toad to a 
defimte limit Tbs limit we denote by 

jT/i®. y, z)&D 


and call it 6,hne irdegral of tlw function f(T, y, z) along tke ourve 
0 That this Imiit does exist and is actually mdopendont of the 

♦ Here, <» Wore (of p 41), we say that a ourro is sootionally smooth (Qar. 
ItSn*' f f*)/ oonsists of a finite number of ores, each one of whioh ims 
a oontinuoualy turning tangent at each of ite points, laoludlng fJio end points. 
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choice of the points of division, can bo proved diioctly, jiiat as 
we proved the oxistonco of the ordinary mtogral It can bo 
proved even more sunply, however, by wiitmg the sum m the 
form 

1^0 

wlioro denotes tlio incromont of the paxamolor t as wo pass 
from one point of subdivision to tho next By the dofimtion of 
tbo oidinary iiitogml, in tlio passage to the Imut tlio iigLt-band 
side tends to 

and for the line intogial we obtain the expression 

y, y> *) ^ 

which expresses the lino integral as an ordinary mtogral with 
respect to the parameter t. 

The ordinary integral is a special case of the lino mtogral, 
which arises if we take an interval of tlio as-axis as the path of 
mtogration. 

"We can now dofino the hno integrals 

y, »)dy y ,«) J * 

and 

y. y, z) ^ dt 

just as above. Using the nglit-hand side of tho formulco, we can 
venfy the fact that the line mtegral depends only on the curve 
Itself and not on the way in which it is oxpLoaaod, i.o. not on the 
choice of parameter Tor if wo use the contmiiously difforontiablo 
function (j>{t) to introduce a now paramotcr t — i^(i) and if in 
the interval in question d(l){t)jdt > 0, then wo have a one-to-ono 
transformation of the paxameter interval into a parameter 
interval cq g r ^ and 
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In applications Imo integrals usually occur m the following 
combination Lot a{x, y, 0 ), b(x, y, z), y, z) bo tliroo functions 
which aio contmuoua in a region containing G. Wo consider the 
sum of tliG three line integrals 


f i/y + Jbix, z)dy 2/> 


which can also be written m the foim 


J{adx + bdy + c(? 2 ;}= j {ax -(** + cz)dtf 


where, as before, dxjdt =s x, and so on Wo suppose that the func¬ 
tions a, 6, 0 are respeotiveljr tho y-, and ^J^components of a 
vector A and that x is the position voolor of tho point (a?, y, z) 
of tho curve Then the quantities tr, y, i are tlio components 
of tho vector x ^ dxjdt^ and wo can write the integrand as tho 
scalar product Ax. For tho lino integral wo thus have the 
expression 

J Axdt^ jAdx, 


where the meaning of tho notation is obvious, 

Just as wo have considered bno integrals m three-dimensional 
space, so we can of course consider similar intogials m tho plane: 

^/(«, y)da>, y)(%, jT{aflte -|- hdxj). 


Moreover, these ideas can be extended to line integrals of func¬ 
tions of n variables. In this general case wo can most simply 
define a line integral 


!P 


,* 1 . ® 2 , 




by supposing that in «-diiiiensional space the n quantities 
* 2 , , , a!„ are all given as functions of a paramotor t in the 

interval p The values a!2{<)> • • • » ®n(0 m '('Ws 

interval then correspond to a curve 0 in w-dimonsional space. 
We then defme the hm %ntegral 



. , x„)dxt 
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by ike expressxon 

a. at 

If wo consider n fimctious a^, a^, . , a„ oi tlie n variables 
55).) asj, • • . , tlion we can again form the general hue integral 

+ djjdajg ~1~ • • • H~ 

and express it in vector notation m the form 
J Axdt= JA dx, 

where, as above, by A wo mean the “ vector ” with components 
K ^ 2 > * » , <^n) l^y ^ tlio positiou vector of the point 

(®i> » ^n) 


Tho formuloo foi tho area of a region bounded by a olosed curve Q 
(Vol. I, Oixap V, 800 lion 2* p» 273) provide an msfcanoo where a line integral 
oooura natxually* If the oloaed Bootionally smooth curve 0 in the aa/ plane 
is givon by fcho equations x ^ y = y{i)y tho area A of the region bounded 
by tho oiirvo is given by 


-j {yii--xy}du 


In our now terminology those aie snnply tho line integrals 


-- fydxt=a fxdy ^ f{ydx^ xdy}, 

Jo Jo ^Jo 


taken round 0 in tho dueotion in whioh the value of the parameter 
inoroasos. 


2. Fundamental Rules. 

ITrom tlio oxprossion for lino mtogmls in terms of ordinary 
integrals wo may draw sovoral immodiato conclusions 

The vahe of the Une integral depends on the sense m which the 
ounie 0 described^ and m fact is muUiphed by —1 if the seme 
of description is reversed^ i o if tho curve is described from P to 
instead of from Pq to P The proof of this is self-evident, This 
sign propcity makes it always convenient to think of the curve 
0 as having a dofiniio direction; wo then call it an oriented curve 
(of* Voh I) Chap, V, section 2, p, 268), Wo shall occasionally use 
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the symbol —0 to denote the curve obtained by describing 0 
in. the reverse direction 

If the curve G is formed by joining together two curves Gj 
and G 2 described in succession (which wo may indicate by writmg 
0 = + G 2 ), then the relation 

/=/ +/ 

holda ior tlie coireaponding Imo integrals, tho mGaning of tlio 

notation being obvious. 

Tlio following riilo is partioii" 
larly impoiiant. If wo xostiiot 
ourselves to tho case of two 
variables a, y and consider a lino 
integral 

hdy) 

along a closaA curve 0 (bke that 
in fig. 1) within which tho vector 
field a, 6 IB everywhere dofinod 
and continuous, then (he formula 

J {adx + hdy} 

== Jbdy}^J (u(fo+ . f l*^{adx-}r bdy} 



holds for every resolution of the dosed region B hounded hy (he 
oriented curve 0 %nto simlarly botmded sub-regtons Rj^,. , , ^ 
toUh boundary curves (\, Og, . , 0^. Here wo assume that all 
the regions are described in the same sense To prove tho stato- 
naont, we notice that in the addition of the integrals on the 
right the parts which are taken over a portion of the boundary O 
add together as is required to form the integral round 0, wlulo 
every boundary curve lying within 22 is the common boimdary of 
two sub-regions and is consequently described twice, onoc in each 
direction, so that tho integrals along these arcs oanool one 
another. 

Exactly tho same result apphes to the resolution of a line 
mtegral along a curve G m three (or more) dimensions, provided 
that the curve forms the boundary of a portion of a siuface and 
this portion is subdivided by the curves O'a, • * * > 
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A somewhat dilloront application of tins pimciplo occiu’s in 
the following thoorom Lot two oriented oloaod cvirvos 0 and O’ 
{of. fig 2) bo subdivided by the points A^,. , A„ and . , An 



respectively, in the order of the sense of orientation, end let 
each pair of corresponding points A, and A/ bo joined by a 
curved lino. If by 0* we denote the closed oriontod ciu'vo 
then 

S f{adx 4- bdy) ~ f {ads + bdy) — [{ads + bdy), 

Irtl Jq Jg^ 

The proof of this theorem is immediately suggested by the 
figure In order that it may hold, it is not necoBsaty to assume 
that the two curves Q and 0' never intersect themselves or one 
another 

Ihnally, we mention an integral estimate for Une integrals' 


£{ads “h 6<% 4- ode] ^ ML, 


where M is an upper bound of V(<^® 4* 4'* c®) on 0 and 

L is the length of 0. The proof follows at once from the 
inequality 


ds . ,dy , dz 
o-=-+o-^4-o-t 
dt dt dl 


.«TO7©v(*)‘*(‘y, 


which is obtained by applying Schwar/.'s inequality (Vol. I, 
p.l2). 
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3 Interpretation of Line Integrals m Meolianios* 

As wo have already mentioned, the Ime integral is olosoly related to 
the idea of If a particle moves along a curve under the mfluonoo of 
a 0eld of force—^wluoh in general may vary from point to point—and if 
the field of force is given by the veotoi A ^vith oompononta a, &, c, the 
Imo integral represents the work done by tlio field on the partiolo l?or, if tho 
force is constant and tho motion takes place m a straight lino, tho worlc 
IS defined as the scalar product of the force veotoi and the “ displaoomont ** 
vector* In order to generalize this definition convmcmglyi wo replace 
tho path 0 by the polygon with vortices Pqj 

instead of the actual force wo take a *' substitute force which is con¬ 
stant along each of these segments bomg equal to the actual 

value of the force at the imtial point Tho work performed by this 
substitute force along tho segment from to P^+j is 

Vi* Vi^ Vi, 

Binoo the displacement vector from P^ to p{+i has tho oompononta 
Aa;^, If we sum over the whole polygon, we obtain an oxpieasion 

which tends to the hne mtogral as wo pass to tho limit w ->• a> Thus tho line 
integral is actually tho expression for the work done during tho motion, 

Other physical mtorpretations of the line mtogral will bo given later 
(of section 3, pp 370'*1) 

4 Integration of Total Differentials, 

A particularly important case is that m which tho vector A 
with components (a, 6, c) is the gradient of a potenhal,^ i o, there 
exists a toction z) of tho co-ordmates such that 

A — grad F 
or 

a = b^Fy, 0 = F^. 

Although m general the value of a Ime mtogral in a vector 
field depends not only on the eud-pomts hut also on tho oixtu*o 
course of the curve (7, the following theorem is valid here: 

The hne integral over a gradient field is equal to the difference 
between the values of the potential function at the end-points and does 
not depend on the course of C between the end-points. That is, wo 
ohtam the same value for all curves which Join tho two end- 
points and remain entirely within the region m which the potential 
function F is defined 

* If A s= grad P, tken the funoHon P is often called tho poUntial of the 
vector field 
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In this caso tlio line integral takes the form 

f^{adx +bdy+cie} ~f^{F„x + F^y + F^z] dt, 

and the expression in brackets on the nght is sunply the derivative 
dFfdt of tlio function F with xespect to the paxameter t Wo 
oan Ihercioro perform the integration explicitly, and obtain on 
the light iho difforcncG of the values of F at the end pomt and 
the initial point of the path of integration In this case, therefore, 
wo at onco have the formula 

J^{o£fa!-}- 6 £i! 2 /+edz} = 2f(a:(^), y{P), z{P))~F{x{a.),y{a), z{a)) 

This applies o g to the field of force due to a gravitatmg 
partiolo, winch wo have already (Chap II, section 7, p 91) 
recognized as tho gradient field of the potential Ijr The work 
done by this gravitational force when another particle moves 
from its imtial position to its final position is therefore mdepen- 
dent of the path. 

Tlio expression adx-\-bdy-{-odz formally identical with 
what wo have (p. 66 ) called tho total differential of the function 
y, »), 

ada>+ bdy + odz = dF. 

Wo may tUoroforo write our formula m the form 

JdF = J?(®(j3), j/(j3), zm - F{x(a), y{a), z{a.)) 

and fipoak of integrating the total differential acte + bdy + odz 

The following fact is of fundamental importance Tho state- 
mont the integral is independent of the path ** is equivalent to 
tho staicmont the integral round a closed curve has the value 
?ero For if wo Bubchvide a closed curve by means of two 
points and P into two arcs G and 0^ tho equality of tho 
two lino integrals taken along 0 and Ox from Pq to P means 
oxaotly tho same thing as tho vanishing of the sum of the integral 
taken along G in the direction from Pq to P and the integral 
taken along Oi in the direotion from P to P^; and this sum is 
tho integral taken round the closed curve* 
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6» Tlie Mam Theorem on Line Integrals. 

As we have already emphasized, it is only nndor very special 
conditions that a line mtegral la independent of the pntli, or, 
what 18 equivalent, that the lino mtegral lound a closed curve is 
zero For example, if a closed curve 0 lorms tho boundary of a 
region of positive aiea, then by p 3i7 tho Imo integral jxdy or 
f(xdij--^ydx) 18 not zero. Tho chief problem of tho theory of lino 
integrals is to show that tho Bujfioieuxt condition for indopondonoo 
of the path, given on p. 3B0, is also necessary^ and then to express 
this necessary and sufficient condition m a convoniont and useful 
form 

We shall first investigate this question of mdopondonco of tho 
path in the case of plane ourves Wo may add m advance that 
tho results m the case of three or more variables ore exactly 
analogous^ 

We now make the followmg assumptions, Let the funotions 

y) and y) (which we shall agam interpret as components 
of a plane vector field A\ together witli thoir pniiial derivatives 
ay and 6«, bo contmuous m a region U of tho plane* Tho follow¬ 
mg theorem then holds: 

The hne integral 

J bdy] 

takm along the curve G in "R is mdependent of the parlicular choice 
of the path 0 and is determined solely by the initial and final points 
of the ame 0, iff and only adx + bdy w the total differential 
of a function U(x, y), that is, iff and only iff a function XJ(x, y) 
exists m R such that the relations 

or 

A ^ grad V 

hold everywhere in B 

We have already proved on p 351 that this condition is 
suffioientf ie that from this it does actually follow that tho 
integral is mdependent of the path, . 

It is easy to see that tho condition is necessary, If the integral 
is mdependent of the path, then for a fixed imtial pomt Pq of 0 
it is a (one-valued) function Z7(^, ij) of tho co-ordinates rj) of 
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the end-point P U{$, 17 ) is difforentiablo with respect to i and ij, 
and m fact for every interior point of R wo have 


,) = lim -h h V) “ V)} 


0 


= lim i {ad® + bdy}~J{a(h + hdy]^ 

= Imi \ [{adas -f- bdy}. 


Hero 0 is any seotionally smooth oiuwo whatever joining Po 
the pomt P m it, and 0^ is a seotionally smooth curve m R joining 
P to the point P^ with co-ordinates (f + ■>!)• Smeo for snffl- 

oiently small values of h tho Une-segmont PPj belongs to R, this 
segmont can bo taken as tho path of intcgiation Then tho 
parametric roprosontation » = t, y—t), | ^ t ^ ^ -1- /i of this 
ouive Oft gives 

UfiC, y)) jf a(<, iidt = a{$, yj). 

Similarly, wo find that 

^v(^> V) ~ 

Hence it is actually true that TJJto, y) => a, I7„(®j y) =* 6, as 
was stated This rosult, which has so far been proved only foi 
interior points of 22, holds on tho boundaiy also, in virtue of tho 
oontmuity of all our fimotions. 

Tho above thcorom, however, is of no groat value, smeo os 
yet we have no general way of finding whether tho vector field 

18 a gradient field or not. Instead of tho gradient character of 
the vector field, we therefore attempt to state some other condition 
refetrmg only to the functions a and b themselves. This is given 
in the followmg mam theorem: 

IfRys a mvply-comected (open) r^ion, a necessary and tR the 
same ime a sufficient condihon that tfie vnt^rd j (adx-j- bdy) 

shall be tndependeni of the path 0 joining two gwen points in R 
w that the " condition of integrabiUly ” 

a^—bg 
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ta saliiftcd for all points of ll h'or a fij'sd inUmt /««»(/ of V thr 
intajral J{t\,dx-\ biJy) Ihcn re^pimonls n ftindom tl(^, rf) of (hr 

cO'Ordimlcs ({, ij) of the ond pinnl, and tho trotoi fitld A is (ha 
gradient field of this fumlum U, whicli muy fhin-for** rnllwl 
Iho potential o( Iho fUiltl. 

That the oojuhtum ia iuiri<i«Hry fttmi (ha tliaan'iii 

whioh wo fliat atatocl aitd provod. For by llim tltmin'in, 
d tho it;l(>grnl la itidopoitdonl of Uio pafli, ti fiititlinn 
Ulx, y) oxiata iii H for wliioh f/, ■ a ntnl f/» b Him « the* 
dorivalivoB 

Vya V) wid f/»v bj[x, y) 

aro oontimioiiB, by Cha]). 11, aoolion 3 {j>. bB) tho ftquaUon 
holds, and tlioioforo 

av(». y) Kim, y), 

as atatod. 

In order to ahow that llio oondiiion a^' t bg i« nlRo aiiOlt'ieitl, 

and conaoqnnntly pqidvidput la 
thu oonditiuii that ^ ia n 
gradient, wo mnat now uae Uw 
aHBniiiption a„« bg Ui ponMtniet 
afuinilion f/(/, y)iii /fBuoUtliai 
Vg « ' a{®, y) and f/„ b{x, y). 
Wo drat conaidor tho annfilo rjMw, 
m wbioli It in a rerlonglo with 
aidoa parol lot to tho axoft, glvw 
by tho inoqnahtlcNH n. < * *" /I, 
y <y <S. Tho flxml point i j 
tho region with co-ortlinatea 
(bfli "^o) to tho pou\t P with co-orchnat/^^n (f, by 

of two lino-flogmonts P^P', FP pamllol to tho axwj, mooting 
at tho point P' with oo-ordinatea i?). TJio lino P^F is pam* 
motrioally roproaontod by «r*. (’^,yu. i, wlmro t/o ^«S t },and 
FP hy x >»t, y^-g, whoro fo ^ (of. flg. 3). Honoo tha 
intogral J(o<i!a! bdy) from Pg to P takon along tins indr of 
linoB IS given by 

0 





V] LINE INTEGRALS 355 

Tho function 

•'v, ''(» 

defined in this way la the function req^uiiod For by clifToiontiation 
wo ati onco have 

and 

i?) + 9^jrW. 

Since a^((, ij) is oontinuoua, wo may diftorontiato under the 
mtegral sign on the right’ 

A& o„(a), y) = 65 .( 05 , y), wo have 

= -0)+!^^, ^)dt 

= v) + v) ^ v) — v) 

Thus the statomont about tho dorivaUvos of rj) is proved^ 
and from this it follows at onco that tho lino mtogral is inclo- 
pendent of the path In general, thorofoie, 

7))^J(adx + bdy), 

where 0 is an arbitrary sectionally smooth curve ]oinmg Pq to P 
and lying in the rectangle, Tho theorem is accordingly proved 
for the case of a rectangular region R 

To generalize tho result for any simply-conneotod region R 
we have merely to extend the constiaction of the function TJ 
to such a general region, Wo say that a two-dimensional 
open region is s%mply‘-connected if every closed polygon within it 
can, by a continuous deformation within the region, be made 
to shrink up f o a pomt This pictorial idea of shrinlang to a pomt 
can be made precise in tho followmg way Let tho vortices of tho 
polygon n be Pq, P^, , ,, , P„ with co-ordinates (a? 0 , j/q), 
(® 1 j J/i)» * • > (^n> Vn) respectively We now think of these vertices 
as movmg contmuouBly with the time, starting at P^, Pj, ..,, P„ 
respectively when 0 and all coming together at time^ = 1 
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fii one and the same point ij) in ^ That is, wo suppose that 
there aio points P^t), .., P„(«), whoso co-ordmatcs (»o(Oi 

yQ{^))i (%( 0 i 2 ^i(<))i • • 1 (®n(^)» yS)) continuous functions of 
{ for 0 ^ ^ 1 , and also that 

Po(0) = (a:o(0), yo(0)) = -Pq. • •. ^«(0) = (®»(0), vM) “ 
and 

^o(i) = Kd). y»{i}) = (^. n)>- .. •?«(!) - n)' 

Of coiirBG any closed polygon can bo mado to shrink to a point 
)i we do not restrict its position in any way. The essential fcatuxo 
of OUT definition of a simply-connected region is that every closed 
polygon m the legion can be shrunk to a pomt, the ^polygon II(t) 
mth vertices p 0 (t)j Pi(t) ,,, Pn(^5)> remaimng in the region 
during the whole jnocess of slinnhng, i,e for all values of ^ m the 
interval 

It is intuitively dear that this defimtion agrees with that on 
p. 41 For if our legion R is multiply-conneoted m the sense of 
p, 41, there is a “ hole in it, and a closed polygon in R enclosing 
this ‘^holo ** cannot bo shrunk to a point without crossing the 
** hole i c. without leaving R Conversely, if there are no 
holes ** in Jf, any closed polygon can bo shrunk to a point. 
We shall not prove this analytically, however, as the proof is 
lengthy and, moreover, we require only the definition given 
here 

We shall see that in the generalization of our mam theorem 
the Imutation to a simply-conneoted region 72 is essential 
This generalization for any simply-connected region follows 
the same lines as the proof for rectangles, in that wo again con¬ 
struct a function y) in the region 72 for which a and 
TJ^^h Starting from an arbitrary pomt m 72, we define 
Z7(a;, y) by the statement 

V{x, y) ==jr (ctifoi + hiy), 

where the path of integration is any polygonal path in P joining 
the pomt P|j to tho pomt P(®, y). If we can show that the value 
Vipa, y) thus defined is mdependent of the particular polygonal 
path which wo have chosen, then we have actually constructed 
a function which satisfies the conditions Va ~ «> b. 
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We tliercfore have merely to prove that the integral is in¬ 
dependent of the path, or instead, that the integral /(adw -|- hdy) 
round, a closed polygon 11 containing the point Pq vniiisliea h'or 
this purpose wo make IT sluink to a jioint in R, that is, in R wo 
form the polygon 11(4) with voiticos Pi(4), , P„({) which 

coincides with II at 4 == 0 and loduccs to a single point at 4 — 1. 
Since the “ lino integral ” for a single point—a oiiivo of zero 
length—clearly has tho value zoi o, our problem is merely that of 
showmg that tho lino integral along 11(4) remains constant as 4 
vanes from 0 to 1, we shall then know that tho integral along 
11(4) IS 0 for all values of 4, and, in paiticulai, that the nitogral 
along n 18 0 for 4 =: 0 

Now consider any value 4' of 4. Since tho polygon 11(4') lies 
withm R, we can choose a sequence of points (not nocessniily 
verbioGs) = Po(4'), A^', A^', .. , Am — A^' on 0(4') so close 
together that each pair A/, lies within a rectangle interior 
to P If 4 is any parametric value close enough to 4', tho polygon 
11(4) hes so close to 11(4') that on 11(4) wo can choose points 

Af),A:i .== ^0 ^0*^ which the segments /!//!< and A/ 1 | ^ 

and the whole ate AtAm all ho in the reotauglo R{ Then by 
what wo have already proved for lootanglos, the intogial round 
the closed polygonal path A/A/^iAmAiA/ is zero. Thus if wo 
denote that polygonal path by 0<, wo have (of p 349) 

{ddx *4" ^ j (ddx -f* bdy) ^ S I {adx '(- bdij) ~ 0. 

n(i) ''n{»') 

Hot all values of 4 close enough to 4', thexoforo, tho integral 
round 11(4) is equal to tho integral round 11(4'). Thus it we think 
of tho integral lound 11(4) os a function ^(4) of tho paiamotor 4, 
it follows that <j){t) IS a constant; that is, the integial round 
n(4) has tho same value for every value of 4, which is what was 
required to complete tho proof of tho theorem. 

Fmally, we emphasize that for three or moro dimonsions 
an exactly analogous theorem holds and is proved m an exactly 
analogous way We content ourselves by stating tho theorem 
for three variables* 

If m an open region E vnlhm whok any closed polygon can 
he made to shnnL (mivmously to a point m are given a etontinuows 
vector field A mlh components a(x, y, z), b(x, y, z), o(x, y, «) and 
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amhwtms pa)Hd dmmtives a^, a*, b^, b^, o„ o^, tJien a necessary 
and sufficient condihon that the hne mtegral 



may he tndependent of the path 0 w R rs that the condihons 

a^ — hfQf hjf Cyj OjD tfjj 

or, w vector notation, the condition 

curl A —Q, 

shall be satisfied. 

For a fixed initial point the line integral is a function 
V> *) of co-ordmatea of the end-point, and in fact 

f [adx 4- hdy -f o<fo}= V{x, y, z) - Z7(aio, ^o) «o). 

or> m vector notation, 

fAdx^ U{P)^ TO, 

whore the convenient abbreviation U(P) denotes the value of the 
funotion 17 at a point P 


6. The Signifioanoe of Simple Connectivity. 

Throughout the above discussion it is essential that the 
region under consideration should be simply “Connected If tho 
connectivity of the region were not simple, we should not be 
certain that the funotion U could everywhere be dotormined 
uniquely by integration along polygonal paths 

We give the following example to show that in multiply- 
connected regions the conditions of mtegrability are not suffi¬ 
cient to ensure that the mtegral is independent of the path 


The f unotiona 

y) 


y 

+ 


y) 


X 

+ y® 


are defined and continuous for all values of x, y except jk 0, v = 0 Their 
derivatives 

1 2y« j,. V 1 

fl?* + ^ + y^? 


o»(») v) 
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ara also continuous, except at the oiigm, and satisfy the condition 


If wo now bako tlio integral 


J 


round the olrolo 0 with eontro nfc tho origin given by a: = cob y = sm then 
0 oannot bo onoloaod m a simply-connooted region U m which the assump 
' tions are Batisflod; for tho logion R wo muab take a img shaped region 
that does not oontain tho point (0» 0) Then 

A n2ir 

J {ad^ + hdy) ^ J {—8in^(—smO + ooa^ • ooaijdt dt ^ 27t, 

and tho integral round tho oloaod oiirvo la tlioroforo not zoio** 


Examples 


1. Evaluate tho integial 


J + e® QOHydy), 

where 0 is a ourvo joining tho points (0, 0) and (5) y)). 

2 * Evaluate tho intogral 

along a closed oucro enclosing the origin, which docs not intoraoot itself. 


2. Connexion between Line Inteqrais and Double Intb- 
QBAIS IN THE PLANE. (ThE InteORAL TnBORBMa OP 

Gaus8, Stokes, and Green) 

1 Statement and Proof of Gauss’s Theorem. 

Por functions of a single independent variable one of tbe 
fundamental formnloo stating tbo relation between diflerontiation 
and integration is 

J /'(as)d»=/(a?i)-/(a!„). 

* Wo may lomaik in passing that tho value of tho intogral f{adx + bdy) 
for any ourvo which dooB not intoraoot Itsolf and whloh onoloaes the origin Is 
tho aamo, namely^ 27r This follows immodiatoly from tho gonoral thooroin on 
subdivisions (of, p S40) if wo subdlvido tho ring ahapod region hotwcon two suoh 
curves 0 and O'into a number of simply oonnootod regions by oroaa curves Oi 
and apply the thoorom to oaoh of thoBO 
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An analogous formula—Gauss’s tlieorom—holds in two dimen¬ 
sions Hero again a diEerentiation is cancelled by an iiitogration, 
m tlie sense that double integrals of the form 

JJf„(hdy or JJj^^dxdy 

are transformed into integrals that are only taken round the 
boundary curve G oi It We here rcgaid the boundary 0 as an 
ouented curve and mdicate the sense of description by moans of 
a sign Gauss’s theorem is then as follows 

If the functions f(x, y) and g(x, y) are continuous and luwc 
cordinmxis dmmtives m a region R hounded hy a sectionally smooth 
mrm 0, then the formula 

y) + £'»(». — / {/(®» y)^y ~ 

+<7 

holds, wtere the integral on tho right is a line mlogial round 
the closed boundary Q of the region, taken m tho positive sense 
of description, i e in such a way that tho interior of tho region 
R remains on the left as the boundary is described. 

In the proof we first restrict oui’solves to the case in which 
the boundary G is out by every line parallel to one of tho axes 
in two points at most, in adtoon, we assume that g{x, y) is 
zero everywhere in R, Then by the results of the previous chapter, 
section 3 (p 243), we can express tho mtegrol 

f y)do>(ly 

as a repeated integral m the form 

wheie y ranges over the interval to which points of JR correspond 
and the integral ^fjx, y)dx is to be taken along tho segments 
common to the lines y ^ const, and the region 22, If (fig, 4) 
denotes the pomt of entry and a>^{y) the pomt of emergonoo of tho 
parallel at the distance y from the ay-axis, where ^ Xq, then 

I fJp, y)^ =f(<»i{y)> y) -/(%(?/). y)> 

If, further, we denote tho least and greatest values of y to which 
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points of R correspond by tjj and iji, then by integrating tins 
equation with respect to y from tjg to % wo obviously obtam 

/=/ iMv + r/(®o(y)» y)^y> 

^ ^4 l/l 

For tho special case y) = 0 , however, this equation la 



equivalent to the thcoiom of Gauss stated above, as follows 
immediately from the dofimiion of the Ime integral 

//(®, yW 

^0 


It is to bo noted that the ease in wbioh the boundary of U contains 
portions parallel to the o^axis is included in the above These 
portions contribute nothing to the boundary integral, for along 
every suoh portion the hno integral J/(a?, y)dy vamshes, since y 
is constant there. 

If we make use of our assumption that no parallel to the 
y-axis outs the boundary of 2 ? in more than two points, the same 
considerations lead us to tho formula 


or^ 


V)dxdy=j^%{x, yji»)) — gix, 

f —/<?(». y]d!»- 


* Tlio ocourronoD of tho nogativo sign on the right hand Bide ehould not 
oauae surprieo, tho x axiB and y axm m tho piano are not exactly eq^uivalent, 
as the X axis is traneformod into tho y axis by a posiiwe rotation of w/e, while 
the ^-axis is transformed mbo the a; axis by a negatm rotation of 77/2 
CEU12) 13* 
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Addition of tlio two formulse finally gives Gauss’s tLeorem in 
the geneial form 

(«. y) -I- y)dy — g{a), 

stated above 

We can now extend onr formula to more general regions, 
which do not possess the property of being cut by every paiallol 
to the axes in two points at most We start from the fact 
that by pieomg together a finite number of regions with that 
property wo can construct regions which in geneial do not possess 
such a property (cf fig 6) For each separate region Gausses 

theorem holds, and, on addi¬ 
tion, the parts of tho line 
mtegrals along tho internal 
connecting lines cancel one 
another m the usual way (p 
349), since each of these is 
traversed twice, once in each 
direction, and we are left with 
Gausses theorem for tho entire 
region Conveisely, this proves 
Gauss’s theorem for all regions 
R whioh can be divided into a finite number of sub-regions 
m such a way that the boundary of each of these sub-regions is 
intersected by parallels to tho co-ordinate axes in not more than 
two points We mention without proof that Gauss’s theorem 
does actually hold for any region with sectionally smooth boim- 
daries.’*' The pi oof can be obtamed by a passage to the limit. 

In conclusion we remark that the condition that the region 
can be divided into a finite number of sub-regions, each of which 
is out by every lino parallel to an axis m two points at most, can 
be replaced by tho following condition* the boimdary of tho 
region can be subdivided mto a finite number of portions, each of 
which has a unique projection on the two co-ordmate axes, here, 
however, we allow the projection on one of the two axes to 
consist of a smgle point, i e we allow the boundary to contain 
portions parallel to the axes 

♦ Por auoh regions our assumption is not nccossanly satisfied Por example, 
the boundary may partly oonaxst of the curve y = a?* sm 1/af, which is out by the 
X axis m an infinite number of points 



Fi^. S —Won convex leglon formed from 
convex regions 





V] GAUSSES, STOICES’S AND GREEN’S THEOREMS 363 


As a special application of Gauss's tlicoiom wo deduce oiu previous 
formula} foi tlio area of the region It, Wo put/(a, y) ^ x and ^ 7 ( 0 ?, y) 0 , 
and at once obtain 




for tlio aioa A 
obtain 


In exactly the same way, if/(r, y) ^ 0 and g(x, y) 



y,wo 


m agreement with previous results (Vol. I, p, 273) Eor the sign, see 
aeotion d, 1, below (pp. 374 et seq ) 


2 Vootor Form of (Jousa’a Tlioorom. Stokea’s Theorem. 

Gauss’s tliooiem can bo stated m a particularly simple way 
if wo make use of tho notation of vector analysis For tins 
purpose wo consider the two functions /(«, y) and g(x, y) as 
the components of a plane vector fiokl A, The integrand is 
then given, by tbo equation 

fM y) + y) ^ div^, 

as tlio divorgonoo of tho vector A (of. p, 91). In order to obtain 
a vootor oxpiossion for tho line mtcgial on tho iight-haud side 
of Gauss’s thcoiom, wo inti oduoo the length of arc s of tho boundary 
ourvo G) tho positive sonso of dosoription is to bo taken as tho 
direction in which s incieasos. Tho right-hand sido thon becomes 

fpi^> y)y—y»^> 

whoro wo put dxjds = (k and dy/ds ==3 y. 

Wo now recall that tho piano vootor i with cu-componont 
at and y-componont y has tho absolute valuo unity and tho 
duootion of tho tangent, and points in the duootion in which s 
inoroasea, while tho vootor n with a;-componont 2 /(s) and y-oom- 
ponont —a;(i9) has tho absoluto valuo unity and is perpendicular 
to tho tangent, and, moroovor, has tho same position iclativo 
to tho vector t as tho positive ai-axis has rolativo to tho positive 
y-axis * Hence if tho direotion m winch tho length of arc moreasos 

* Wo seo this fiom conflidoialioua of oontlnuliy, wo may supposo that tho 
tangent to tho ourvo la mado to ooinoido with tho y axis m suoli a way tliab 
tho i direction is tho same as tho dlrooUon in which y inoroaaos Thon a " 0, 
y - 1, and from this it follows that tho normal vector n must point in tho 
direction of tho positive a: axis 
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is tiiat in wluoh ijlio boundary of tho region is positively desciibed, 

n IS the unit veotor m the 
direction of the outward'-drawn 
normal (fig, 6) It is useful to 
notice that wo can also write 
the components of the normal 
veotor n in the form 

—w-|, 



Fjg 6 —Tflngent nnd normal directions whoro d/dfl denotes dlllorontia- 

tion in tlie direction of the 
ontward-diawn normal; * Gausses theorem can therefore also bo 
written in the form 




We now see tliat the mtegrand is simply the scalar product 
An OT the normal component of tho veotor A, Consequently 
we obtam Gauss’s theorem m the important form 


JJdwA dxdy —jAnds ==J A„ds. 


In words; tJie miegral of the dweigence of a plane vector field over 
a closed regum R ^s equal to the hne integral, along the boundary, 
of the component of the vector field vn the dwedion of the outward- 
^atm normal 

In order to arrive at an entirely different veotor interpre¬ 
tation of Gauss’s theorem in tho plane, we first replace g{x, y) 
by —g[x, y). Gauss’s theorem thou gives 

y)" sM, y)]A^iy ==y)®+/(», 

If the two functions /(a?, y) and g{x^ y) are again taken as com¬ 
ponents of a vector field g this time bemg the os-componont 
and / the ^-component, and if wo again intei^ret a;(5) and 3 /( 5 ) 
as the component a of the tangential umt vector ty wo see that 
the integrand on tho right can be written m the form = A^y 
where At is the scalar product of the vectors A and ty 1 0 the 




♦ Tor *' differentiation m a given direction *’ see Ohap H, seotion 4 (p 62), 
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tangontial componont of tho V(‘cior A Tho integrand on the 
loft wo have already mot with (p 92) in forming the oiirl In 
order to apply the concept of curl lioio wo imagine tho vector 
field A oxtondod in any way in apacOj o g by tafang tho 2 ;~com- 
ponent oveiywhero equal to zeio Tho integrand on tho left ia 
then just the componont of the vector curl A in the js^-direotion^ 
60 tliat tho above equation for the piano can be written m tho 
following foim 

I f (curl A)^(h(ly = f A^ds. 

J J Ji -Jo 

If by tho ouil of a vector field m tho ajy-plano we moan tho 
^-component of tho vector ourl A, whoro A is any vector field 
obtained by extension as above, wo can formulate Gauss’s 
theorem as follows 

The tntegral of the ourl of a plane vector field, ov& a closed region 
ts equal to the %nlegml of the tangential component talcen round 
the boundary This statement is commonly loferrod to as Stokes’s 
theorem m tho plane 

If wo now make uso of tho vector cLaraolor of tho ourl of a 
vector field m space and observe that tho above result involves 
tho components of the vector field in tho ay-plano only, wo can 
free Stokes’s theorem for piano legions from tho icatriotion that 
those piano regions ho in tho icy-plano. Wo thus onivo at tho 
following more general statement of Stokes’s theorem. 

f f (ourl.i4)„(j!jS s= f A(d$f 

whole T is any plane region in space, bounded by tho oiirvo 0, 
and (oml.<4)„ is tho componont of tho vector ourl .4 m tho direction 
of the normal to tho plane containing T 

* Wo remark in passing that Qausa’s ihoorom or Stolcoa*s thoorom oan bo 
uBcd to give a now siinplo proof far Uia main ihoorom on lino iniograla 
(sootion 1^ p 36^), m paitioular, for the faot that tho ooncUtlon f:t is suitl 
oiont to onsuro that the Lino intogial is mdopondont of tho path Wo Jiavo soon 
that this iudopondonco of tho path is oqulvaloiit to tfio vanishing of tho inlogral 
round ovory dosed path If aaoh a path Is Uio boundary of a rogfon B of tho 
typo oonsidorod, Stokos’a ihoorom tranafonoo tho lino integral 

/{(?(», 

+ 0 

into tho integral of tho oxjirossion ^ over tho rogionj and if this oxproeslon 
vaniBhoa, tho vamsliiiig of tho lino integial imtnodiatoly followoi 
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3. Green’s Theorem. Integral of the Jacobian 


Certain other integral transfoimations, usually known as 
Green’s theorems, are closely related to Gauss’s theorem They 
have many appUcationa m the tlieoiy of diflerential eq[uations 
In order to obtain these theorems we consider two functions 
y) and v(x, y)^ winch we assume to have continuous deriva¬ 
tives of the first and second order in the region R* In virtuo of 
the equations 






^ == U^Vy + UVyy, 

dy 


Gauss’s theorem gives the formula 

J J + uVyy)djody = J[uva^dy — ti^Vydic} 


or 


J j {u^^-\-v>yVy)Aoody^— j ^%iLvd^dy-\- j[--u%d^-\-u%dy^ 

where, as m Chap. II (p 93), wo use the symbol 

AV = + %y 


This last integral formula is called Green’s (first) theoiom. 
It has been proved above, subject to the assumption that the 
hmotions Vyy Vyy are continuous m the closed 

region If in addition we assume the contmmty of the functions 
Wflja, and Uyyi wo can in a smular way obtam the formula 


J J {u^Va+UyVy)dxdy^— J JvAuda>dy+J{--vuy(h+vUady}, 


and from these two formulae we obtam by subtraction the relation 
known as Green’s (second) theorem 


J{uAo — ^Au)da^dy = J {(w^ — uvy)dx-- (w^, — 


Wo can write the lino integral in Green’s theorem somowliat 
difierently if we recall that the derivative of a function /(a), y) 
in the direction of the outward-drawn normal to the ourvo is 
given by the equation 

8 
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provided that the direction in whicli s increases is that coric- 
sponding to positive description of tlio boundary. Thus, if 111 
general we use the symbol djdn to denote difteientiation with 
respect to the outward-drawn normal to tlio curve, Qiocn’s 
thooiems can bo written in the form 


and 


f + ihVy)dxdy — —JJ vAtidxdy +Jv^ds 


We can also express the first form of Green’s thcoiem m yet 
another way, by means of the vector notation: 


J J (giad« gtikdv)dxdy = —• J Jv div gcadudicdy +Jv 



Hero the quantity under the integral sign on the left is tho scalar 
product of tho two gradients, grad« and giadu, and tho symbol 
A« 13 replaced by tho equivalent symbol div gradw. 

We obtain another lemarkablo relation between integrals if 
we transfoim tho double intogials of tho products and %% 
rospootivoly into lino integrals by moans of Gauss’s thooicm and 
then subtract' 

f f («»«»— UyVa)dxdy ~ J -{- uv^dy}. 

This formula gives us a now insight into tho naturo of tho 
Jacobian. As the mtogrand on tho loft wo have tho Jacobian 

Wo assume that the Jacobian is positive throughout tho 

d{x, y) 

region R and that tho region R of the a^-plano is mapped on a 
region R' of tho MO-plano by moans of the equations 

u — u(x, y), V — v{x, y), 

tho sense of description of tho boundary being prosorvod since 
> 0 . Tho aioa of tho region R, as wo already know, is 

9 (». V) 

given by tho lino integral 
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taken round this boimdaiy m the positive sense, 
tegral of the Jacobian 



3(m, v) 
d{!B, y) 


dxdy 


Thus ilio in- 


gives the area oi tlio image region, and 

f fiud.=rr ^^1:^.1,j. 

J J Jji d{Xy y) 


Tims we liavo once again obtained the transformation formula 
of C3iap IV (p 263) for the special case m wboh the integrand 
on the left is unity. If wo divide the integral 



d{Uy v) 
9(a;, y) 


dxdy 


by the area of the region R and then let the diameter of E tend 
to zero, m other words, if we carry out a space-difierontiation 
of this integral, m tho limit we obtam the mtegrand, that is, the 

Jacobian The Jacobtan is therefore ike hmit of the quotient 

y) 

of the area of the image region and the area of the original region 
as the ddameler fends to ze/ro, or, as we may say, it is the local ratio of 
areal distortion* 


i The Transformation of A« to Polar Co-ordmates. 

A process like that of the last suh-seotion enables us to trans¬ 
form the expression Au ~ to new co-ordmatcs, e.g. to 

polar co-ordinateB (r, 6) For this purpose wo use tho formula 

which arises from Greenes theorem if we put n = 1 If we divide 

* Siucfl by tUo mean value ihoorem of tbe integral oabulua tho ratio of tho 
ar^a of a region to the area of its imago is given by an intermodiato value ol 
the J'aooblan, tho definition of the double integral now leads us almost at once 
to the general transformation formula 

the reader may work onfc the details for himself 3?or another complete proof 
of the transforniiation formula of, seotion 3, No 3 (p. 373) 
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both sides of this equation by the area of the region Ji and 
let the diamoLor of li tend to zoio—that la, if wo carry out a 
space-diflorcntuitioii '—^111 the limit wo again obtain the expres¬ 
sion for Aw» 

In order to tiausform An to other co-ordmates, wo therefore 
have only to apply the corresponding transformation to the Bimple 

line integral J divide by the aiea, and perform a passage 

to the limit. The advantage over tlio direct caloulation is that we 
need not carry out the somewhat eompheated calculation of the 
second derivatives of w, suioo only the first derivatives occur m 
the Imo mtegial 

As an important example wo shall work out the transformation of Aw 
to polar 00 ordmatoa (r, 0), Eor the logion R wo choose a email moeh of 
the polar 00 ordinate not, aay that between tho oiiolos r and r h and 
the hno 3 0 and 0 + /c, whoso area, as wo know, has tho value Khp, whore 
p r + 

By our general discussion wo then liave 

Aa = hm ^ f ^ d% 

or, if wo oaloulato tho lino integral for our spooial boundary, 

At,=. Im i f 1 r" dd 

/i->o p Jo h 

k—^o 

. 1 r'^’‘ wo(n e +1.) - %(n o) 

^ hjy hr J 

If we use tho moan value theorems, wo can also write this equation In 
tho form 

Aw Urn I {ri%rr(^u ^i) + 00 + - uoQ{rp 00)« 

h->(i 

whore fj, r, and Oj, Oa donoto values of the vaiiablos r, 0 which Uo bot^veojj 
r and r + h and between 0 and 0 + Eor tho limit as A ->• 0, 0 

we at onoe obtain 

Au ~ (raOf + i ^oOp 
r r* 

which js tho required transfoimation foimula* 
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3. Interpretation and Applications op tub Intboral 
ThborejMS for tub Plane 


1 Interpretation of Gausses Theorem. Divergence and Intensity 
of Flow. 

We shall now interpret the integral thcorema given in tlio piovions 
section m terms of the steady flow of an mcompicssible fluid in UvQ dimon 
sions Suoh a flow (which of course is only an idealization of actual pliysioal 
conditions) oooiira when a fluid distiibiited over a piano with constant 
surface density unity moves m such a way that the state of motion, that is, 
the velocity vector at each point, is mdopondont of the time (^Yh^oh is what 
wo mean by tho term ” steady **) Suoh a flow is theioforo dotoiJninod by 
the fleld of its velocity vector v Wo shall call the oompononts of this 
velocity vector % and If wo considei any curve 0 io which wo 
arbitrarily assign a positive direction of tho normal—wo donoto tho unit 
vector m tho direction of the normal by n —then tho total amount of the 
fluid which passes across the curve m tho positive direction of tho normal 
m umt time is given by the integial 

I vnds, 

Jo 

if we denote * the length of arc on G by ^ If tho curve is closed and encloses 
a region M, and if w is the oiitward-draivn noimal, then Gauss’s thoorom 


j f vnds =» / /div vdxdy 
0 J Jr 


states that the total amount of fluid leaving the region R in unit timo is 
equal to the mtegral over tho region of tho divergence of tho velocity field 
This statement at once loads us to the mtuitive interpretation of tho oonoopt 
of divergence The Ime mtegral on the left will not m general vanish If 
it has a positive value, the total amount of fluid m tho region la dooicasing; 
if it has a negative value, tho amount of fluid is moreasing If tho wliolo 
phenomenon is steady, i e mdependent of tho time, so that thoro can bo 
no increase or decrease m the amount of tho fluid m the region, tho sub¬ 
stance is necessarily being created or destroyed m the region itaeE Wo 
say that the region encloses sources or sinks, the steady oharaoicr of tlio 
flow is then expressed by tho fact that the sources or sinks logulato the 
entry or exit of the fluid m tho interior m such a way that tho amount 
of fluid remains constant within each region The total amount of fluid 
leavmg the region may be called tho total flow out of the region, This ia 
positive or negative aocordmg as the sources or the sinks predominato. 
If we divide the total flow by the area of tho region, we obtain tho average 

* In order to see that the integral actually has this moaning, we first think 
of tho curve as replaced by a polygon with sides of length Aa^, As^t ♦ > As«, 

assume that on each side of tho polygon the velocity vector is constant, and then 
perform the usual passage to tpe hmit from polygon to ourvp, 
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or mean intensity of flow If we now lot the diameter of the region tond to 
zero, that 18 , if wo caiiy out a spaoe differentiation, wo obtain in tho 
limit the xnitmiUj of flow at the iioint m (lucstion Gausses theorem toUa 
us that div w, tho divergence of the velocity fields is egnal to the inlcnaiiy of 
flow Gaiiaa’s thoorom aooordmgly loads to an intuitive interpretation of 
the hitherto purely foimal concept of divoigouco 

Thia intorpietation of the divoigenco can also bo loughly expressed in 
the following way, wo think of tho flow as divided mto a flow m tho dueo 
tion of tho X axis with velocity Vx and a flow m tlie ducotiou of tho y-axm 
with velocity and consider a reotanglo with ooinora Pi(5, 0)> H' K v))! 

*0 d' A)» ^ 4(5 -h A, *11 + ^ velooity Vi were constant along 

each of tho two sides P 1 P 3 and PgPi and bad tho icapcotivo values 
^i(?> ’fl) and -|- hf tq) there, tho total amount of fluid leaving tho 
reotanglo in tho a ducoiion m umt time would ho given by tho difforonco 
Ih /))““ 0 ) ^ divide by hk, the area of tho reotanglo, 

wo obtain 

ViiK + h - viiKf >1 ) 

h 

The average not flow out of tho legion in tho direction of tho la 

obtained in tho same way. Tho expiossion 

+ h 0) - 0) I /1 + fe)- 

h h 

therefore gives an appioximation to tho avoiago not flow out of tho region, 
and tho passage to tho limit 0, ^ 0 again loads to tho moaning of 

tho divcrgonco given above 

Special mteiost attaches to tho oaso of a source-freo flow^ that is, a flow 
in which fluid is noithor created nor dostioyod m the region under con- 
flideiation. This type of flow is oharaotonzod by tho condition 

div w — 0, 

which by Gausses thoorom is equivalent to tho condition 

I v^ds ^ 0 , 

Jo 

where tho inlogral is taken lound any closed ourvo, 


2. Interpretation of Stokeses Theorem 

Stokeses theorem can also bo intorprotod in a simplo uay in terras of 
tho flow of an incompressible fluid in two dimensions Let tho velocity of 

flow be given by tho vector v with components V 2 Tho Integral Jv^d 9 


hO 


taken round a closed curve 0 wo shall call the ctrculaUon of tho fluid along 
this curve. By Stokes’s thooiom this can at onoo bo oxproasod in tho form 


I Vfds^ f I eutlvdxdyt 

Jq J Jjt 
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and thia aquation further shoiva us that the expression oniln is to ho 
regarded aa tlio epeoifi-Q oiroulation oi ci}culation lUnsilij at a given point. 
iStokeg's tlieorem then sfcatea that the oiroulation along the ourvo O la 
equal to the integral of the oiroulation density over the region onoloscd 
by the oiirve 

Hero again special interest attaches to cases of flo^v foi ^Yhich tho 
circulation along every closed curve is zero, so that by Stohoa^s thooiom 
the Qiroulation-donsity vanishes everywhere Suoh flows aro said to bo ^ o«- 
taiiomlt and are characterized by the equation 

curl w ^ 0, 


If a steady flow n both source fieo and urotational, it satisfies tho two 
systems of equations 

curl —i — —? = 0. 

Sy a*. ' 


divo = ?5Ii+ ?!!.» 


0. 


These two equations, by the way, are of special interest m that thoy 
ooour in other branches of matheraatios, m portioulai, in tJie thooiy of 
functions of a complex variablo*, thus forming tho connexion hetwoon tlio 
latter subject and hydrodynamios 

We shall mention yet another interpretation of Stokos^a thooiom. 
If we think of zj os representing a field oi force instead of a velocity fioldj 
the line integral 

= J {Vidx + Vidy), 


taken round any curve, olosod or not, gives tho work done by tho Hold 
of force on a portiole deaonbing the curve G If 0 is a closed ourvo wluoh 
foima the boundary of a region i?, then Stokes’s theorem states that tho 
work done in describing tho boundaiy of R is equal to the integral over JR 
of tho curl of the field of force, If tho work done in describing a closed 
path is always to have the value zero, tho equation 


curl v^ — 


dv^ 

dx 


-^0 


must be true everywhere Conversely, if this equation is true evorywhoro, 
it follows from Stokes’s theorem that the mtegral 


Jv^ds r (vxds! + V2dy) 

-H? 


Yamshes everywhere (of. p, 366, footnote) 


♦ Of Chapter VUI, pp. 682, 660. 
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Ting rosiiH ahowa, in acoorclanco with Bcoiion 1, p. 8C8, that /7te warA) 
^^rte ta independent oj the path if, and only if^ 

oiirl 0 

the legton 


Transformation of Double Integrals. 

As an applioation of Gausses tlioorom wo give another moihod 
foiL doriving tlio iransformaiion formula for double integrals 
Cesf * Chap IV, seotion d, p 2B3, and p. 368, footnote) Lot us 
that U is a closed region of the ajy-plane bounded by the 
oairvo 0 and that the tiansformaiion x =: x{Ui u), y ^ y{u, v) 
Sives a one-to-ono mappuig of R on the region i?' of the wii-plano 
ounded by the oitrvo 0\ tho sense of description of the boundary 
l>c^ing preserved Let tho two regions satisfy tire conditionB for 
■fclxo applioabihty of Gausses theorem. In order to transform the 
iritegral 


into an integral over the region R' wo first transform it into a 
line mtogial round tlie boundary 0. Tins lino intogial, being a 
eitnplo integral, can at once bo transformed into a line integral 
1‘ound O', tbe boundary of R', and the latter, by Gauss’s theorem, 
oan bo transformed mto a double integral over R'. In oidor to 
carry out this process wo consider any funotiou A{x, y), obtamod 
from/by indefinite intogiation, for winch 

Af, “/• 

Tlion by Gauss’s llioorom 


1 — / / A„daidy = 

^ ‘'ll ^ 

Tf in tbe line intogial on the right wo now mtiodiioo the variables 
M, V mstcad of a;, j/, i o if wo transfoim it by moans of tlio funo- 
■fcions a!(w, -u) and y{u, v) mto an integral along tho boundary 
O' of R', wo at onoo obtain 

I == / AVudu + yvM< 

+V 



To tho boundary integral on tho right wo apply Gauss’s theorem 
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in tlio rovorso diieotiou, tianslorming it into a double intogial 
over U' 

J{Ay^)du + (Aijy) dv = f f [(Aij^),~ {Ay^)„]dudv. 

+ 0 ^ 

From tli6 equations 
and 


= A^iy^ 4^ Ay^^^) 


as well as 

A.^ ^=i AQp)^^ Ayy^f jly =5 A^Xy -f~ Ayy^^ A^^ Jf 

we fmd after a sliort oalciilatioii that 

{Ayif)u (^y«)v ^ i^uVv ^vyu)ff 

so that finally 

I = fffdo^dy = J fjvuijv — as^y^,)fdud% 

as was to be piovod. 


4. Surface Integrals 

The theory of integration for three mdepoudont vanabloa 
includes not only triple integrals and lino integrals but the third 
concept of the surface integral In order to explain the latter 
we begin with some considerations of a general nature, which at 
the same time will serve to refine our previous ideas, m par¬ 
ticular those relating to double integrals 

1, Orientdd Regions and Integration Over Them. 

We start from the ordmary integraiy' f{x)dx of a function/(a) 

of the independent variable x. The region of integration is the 
interval between x^ a and a? — 6 We are necessarily led 
(Vol I, p 81) to the convention 

J = J f(x)dx, 

which we pan also express m the following way the region of 
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integration, that is, tlio intoival R under considoration, is given 
a definite diroction, or, as wo say, a defimto orientation If we 
reverse the orientation, that is, if wo desciibo the interval in the 
opposite direction, the value of the intogial is multiplied by —1. 
This convention may also bo expressed by the equation 

f = — [ /(a-) a!®, 

^+0 ^-0 

wlioro the region of inicgiaiion ia donotecl by when it is 
described in the diieciion a->b and by “0 when it is described 
in tho direction b->a 

In the case of lino lutogiala m tho piano and in spaco wo liavo 
hkowiso seen that it is necessary to assign a dofinito senso of 
description to tho oiirvo along which wo arc mtogiatmg, and that 
if this oiientation is reversed tho integral is multiplied by —1 
It 18 now evident that a full treatment of tho caso of integration 
over regions of several dimensions demands tho adoption of 
analogous conventions, and that our previous definilions should 
bo extended accoidmgly. 

In Vol I, p 268, we gave a definite sign to tho area of a region 
E, tho sign being positive or negative according as tlio sonso of 
description of tho boundary is positive or negative, A piano 
region to which wo attach a defimto sign m tins way wo call 
an oriented region (fig 7), in accoidanco with what we have just 
said, we shall call it positively oriented if tho sense of description 
of the boundary is positive, othciwiso negatively oiionted* Kow 
wo have represented the aica of a icgion R by tho double integral 

JJ dxdy If this area is to bo taken as positive, wo shall attach 

to tho region a positive senso of description of tho boundary, 
and wo accordingly rcpxesont tho absolute valuo of tlio area 
Bjrmbohcally by tho expression 

ff <bi>dy=^\A\. 


If W6 think of tho region as negatively oriented, bo that its area 
IS negative, wo express tho actual valuo of tho area by tho symbol 

JJ dxdy^ and accordingly have tho definition 


JJ dxdij'^ 
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Again, the area is expressed * as a lino integral by the formula 
\A\~-~ fydx — y* xdy. 

If uothiBg special is said to tlic eontiary, wo shall always 
take i? as a positively oriented region, 



Fig 7 —Oriented regions 


In the same way, we now state the general deJinUion for any 
double integral whatever 

y)dxdy~JJ^f(x, y)dxdyi 

Jy)dxdy^ ~Jf fjx, y)dxdy. 

This definition corresponds exactly to the convention already 
adopted in the case of ordinary integrals and line integrals, 
The equations do not represent any newly-proved fact, they 
are simply defimtions and are justified solely on grounds of con¬ 
venience 

-An example will illustrate the usefulness of tlus oonvontion, We saw 
(p 263) that in the one-to one mapping of the legion 2i of tho xy piano 
on a region J?' of the uv plane tho area of the region i? is given in tho now 
CO ordinates by tho integral 

provided that the Jacobian is positive ovorywhore in 72, Wo know that 

♦It is useful to verify hy an example that tho integral ^ydx la really a 

positive number, If, for example, 72 is a square 0 g a; ^ 1, 0 ^ ^ 1, on both 
tho vertical sides we have da? = 0 The aide y = 0 likewise contnhutos nothing 
to the line mtegial, and on the third aide we have da? < 0 and y 1, 
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If the Jacobian la poaitivo, tlio orientation (i o the sonso of description of 
tlio boundary) of JR and iiJ' is the Bamo, while if tho Jaoobian is negative 
the regions have opposite oiiontationfl Tlio above formula therefore would 
not hold if tho Jacobian woie negative, if wo ooneidored tho double integral 
without rcgaid to tho orientation But it ronatns tme. far the case of a 
negative Jacobian if by li wo mean a (positively or negatively) oriented 
region and by U* tho oriented region which arieea from -R oa a result of tlio 
transfoimaiion For if tho oiiontation is reversed, tlio oIToot of tho negative 
sign of tho Jaoobian is oancolled by the above convention, 


In iho same way, wo can now icgard tho general transformation 
equation 

///(% !()*<%( -///(«, <J) iud. 


as valid, wliothor tho Jacobian 


y) 

9(w, p) 


18 positive everywhere or * 


negative ovorywhoro in tho region 7?, it being assumed that tho 
mtograls aio taken as integrals over oriented legions and that 
in the mapping tho oriented region R becomea tho oriented region 
7?' Thits only by introducing orientation, and the sign *prmcyph 
do we arme at transforination fomulmf<yt double vntegrah which 
are valid mthout exception. 

The orientation of a region can also be defined geometrically 
without reforonco to tho boundaxy in the following way, Wo 
first consider any point of the region whatever, and to this pomt 


assign a sonso of rotation, which wo can roproaoiit o g as tho 
sense of desoription of a small oiiolo with tins point as ooatro, 
Wo now say that tho region 72 is oiientod if such a sonso of rotation 
is assigned to ovory point of 72 and if on continuous passage 
from one point to another tho sonso of rotation is proservod. 

By means of tins remark wo can now assign an orientation to 
a surface lying in xyz-^pme On tho surface we can first assign 
a sonse of rotation to a pomt by surrounding it by a small ourvo 
lying on tho siiifaco and assigning a defimio sonso of description 
to tins ourvo If wo now move tlio pomt continuously over tho 
surface to any other position and along with the point move the 
oriented ourvo with its orientation, wo assign a sonse of rotation 
to every point of tho surface m this way (oxooptional oases will 


* Tbo formula dooa nob hold, however, if tho Jaoobian obangos sign in fcho 
region, in thla oaso tlio asaiimpMon that the mapping ie one to quo cannot bo 
flatisflod 
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bo diQoHssed later) Wo call the surface with this sense of rotation 
an oriented surface (fig 8) 

Wo can get a bettor grasp of this orientation of a surface m 
space as follows A portion of a surface in space will have two 
different aides^ which wo can best distinguish as the positive side 
and the nogativo side (Winch of the two sides we call positive 
and which negative is of no intrinsic impoitance ) For example, 
as the positive side of the ai^-plane we can take the side indi¬ 
cated by the positive ^;-axis We now mark the positive side of 
a surface S by constructing at each point of the surface a 
vector pointing out mto space on the positive side; og. the 
normal to tho surface, if a nniquo normal exists at the point. If 
wo think of ourselves as standing on tho surface with our heads 
on the positive side, wo say that the surface %b positively oriented 



if the on&ntation of the surface and the hne from feet to head to¬ 
gether form a right-handed soew (of Chap I, p 2), or, in other 
words, if the surface together with its orientation can bo con¬ 
tinuously deformed in such a way that it becomes the positively 
ononted ccy-plane and at tho same time tho direction of the positive 
normal becomes the direction of tho positive i2:-axis Otherwise, 
we say that the surface is negatively oriented We thus see that 
there is a natural way of determmmg the sign of the orienta¬ 
tion of a surface, provided that the two sides of the surface are 
given signs to begin with Any difficulty which the beginner may 
find m these matters has simply in the fact that here we are 
discussing not proofs but definitions, which are justified solely 
by their convenience in simplifymg subsequent discussion 
We must not omit to mention that curved surfaces exist to 
which no orientation can possibly be assigned, smee on them 
it is not possible to distinguish two separate sides Tho simplest 
surface of this type was discovered by Mobius and la called the 
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Mobius band, it is shown m fig 9 Wo can easily make snch a 
snx’faco from a long strip of papoi by fasioniiig tho onds of tlio 
strip together aftei lotaimg ono end through an angle of 180° 
from its original position Tho Mobius band has the property 



Fill Q —^The Mobius bund 



that if W 0 stall fiom a definite point, say ou tho coniro lino of 
tho band, and move along tho centre line, afior a oomploto oiicmt 
wo como back to tho same point, but on tho opposite side of the 
surface * If dining this motion we cairy with us a small oriented 
curve, without altering its oiientation, we shall find that wo 
return to tho starting-point with tho oricntaiiou xovorflcch We 
see that with such a suifaco wo can pass from one side to tho 
other without crossing tho boundary, and honce that it is 
impossible to assign to tho surface an oiientation in tho sense 
desoiibod above Such non-oneniable stiofaces aro dcfmitoly 
excluded from tho subsocpient discussion 

* Wo can obtain a paramotrio roprosontallou for tho Mbbliis band as follows 
Consider fiiflfc tho circle x » 2 co 8 «, y « 20 lnt( At tho point of tho oirolo 
corresponding to tho value u of tho paramotor wo construct tho unit vector 7 , 
which staita fiom tho point of tho oirolo, Jloa in tho samo piano as tho z axis 
and tho ladiii^ to tho point, and makes tho angle with tho poaitivo z oxis 
At tho saiuo point wo also oonsti not tho vootor Thus wo hnvo a lino soginont 
compoaod of tho two voofcors, with longth 2 and its nild-poiut on tho oliclo, As 
Vr goes from 0 to this lino sogmont tiavols with «, turning tlirough ari nitglo 
TTt SO that finally 7 oomes to tho original position of —j It Is ihoroforo oloai 
that tho lino sogmont dosoribos a MObius band l^oi oaoh valuo of u tho point 
on tho hno at tho distauco v fiom Iho circumforonoo In tho djreotion otj (whoro 
-1 ^ V g +1) has tho CO oidinatos 

p; «* 2 oo 8 « + t/sin]f cosw, 

2 sinw b V sin ~ slutt, 

11 

Z VOOB g, 

where 

0 ^u^27t 

Those equations thoroforo roprosonfc tho MOblus band paramobrioallyr 
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Wo can also express tlio oriontatiou of a surfaco by tliinlcing 
of ibo euifnoo as represented paiametncally by two parameters 
u and V Then a clofinito region R of the w^y-plane will be mapped 
on the slufacG S, If in tie region R we choose any orientation, 
tlio mapping transfers tins orientation to the surfaco 8y thus 
defining an orientation of the siufaco 

Just as we can assign an orientation to a region m tho plane 
or to a surface, wo can also assign an oiientation to a three- 
dimensional region For this ptnposo the following convention 
18 advantageous We consider a region of space R bounded by 

a closed surface 8 We take the 
side of tho surface towards tho 
intenoT of tho region as tho positive 
side If we give tho surfaco an 
orientation which with tho direction 
from negative to positive across the 
surface determines a right-handed 
screw, we say that the region of 
space R is positively oriented (cf. 
fig 10), if, on the other hand, we 
give tho surface an orientation 
which with the negative to positive 
Fig» XQ —Positively oriented sphere direction determines a left-handed 

screw, we say that the region is 
negatively oriented. For example, the cube 0 g a; ^ 1, 
is positively oriented if we give its base 
m the a^“plaiie a positive orientation 

For regions in space, just as for regions m tho plane, it is 
oonvenient to assign a positive or a negative sign to tho vohme 
according as the region is positively or negatively oriented 
(of, p. 376). We shall again agree that an integral taken over 
an oriented region has its sign changed if the orientation of the 
region is reversed. 



f J ~JJ J /(SB, y, z)da>dyd» 


The same argument as we have already developed for two 
dimensions shows again that the transformation formula 

/ 11~f f y> dudvdw 
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only acquires full validity when these conventions are adopted, 

since it now coiitinuos to hold when the Jacobian is 

9(w,u,w) 

negative ovorywhoro in tlio region For, as wo explained for two 
dimensions m Chap III (p 161), a mapping of R on It' with, a 
negative Jacobian reverses the orientation 


2 Definition of the Integral over a Surface in Space. 

Havmg made these piolimiuary remarks, wo can now give a 
general definition of tlie concept of surface intcgial. Wo consider 
a region of Ki/^-spaco in which tlio throe continuous fimotions 
o(®j y> i*)) y> *)) c{x, y, z) aio defined as components of a 
vector field A — A{x, y, z). Wo first consider a siufaco S winch 
has a one-to-one projection on a closed region E of the asy-plano 
and is defined by an equation z = z{Xf y), wo nssurao that this 
surface is given an ouontation which is transferred by projection 
on the tsy-plano to the region R. Wo use the letter n' to denote 
the mut vector in that direction noimal to the surface 8 which 
in conjunction with the orientation of the surface forms a right- 
handed sciow Wo now divide tho surface S into n portions * 

^i» 8^, ,. , S„ with aieas ASi, . AS„, Tho projootions 

of those portions on tho icy-plano form a number of sub-regions 
R, of tho region R, with areas AR^, AR^, ...» AiJ„, and those 
regions cover tho region R exactly once. Wo take tho areas 
AS^ as positive, and accordingly have to assign a positive or 
negative sign to tho area AB„ according as tho projection gives 
a positive or a nogativo orientation to tho corresponding regions 
R or 22,, in tho £Bi/-plano Tho aioas ASi, AS^, .. . , A>S„ and 
AUj^, AiJj, ... , AR„ are connected by an equation of tho form 

AjR„= ff„A;S„ 

where q, denotes a quantity which tends to the cosine of tho 
angle y(x, y, z) between tho positive normal ducotion n' and tho 
positive z-axis as tho diameter of tho portion 8^ approaches 
zero Now lot (a:,, i/„, z,) bo a point in the I'-th sub-region of the 
Burfaco; i.o. = z(»„, y^) Then if tho greatest diameter of tho 
portions 8, (and with it tho diameters of tho sub-regions 2?,) 
tends to zero, tho sum 


* In tins connoxion eoa Olmp, IV, sooUon 6 (p 
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n 


u 


s c(a3,„ jr., ^ S C(a?^, ij^, 


tends to a quantity winch we denote by the symbol 
f jo{x, y, z)dxdy 


01 


JJ c{x, y, z) cos yds 


Wo call this expression the surface integral ialen over the oriented 
surface S This limit does actually exist, smeo wo may regard 
tho integral as an ordinary integral over the two-dimensional 
oriented region iJ, namely as the integral 

Jj odxdy^ 

where tho integrand is tho function c{a;, z{x, ?/)}. 

For tho generalization to which we now procood and for 
applications it is essential that in this mtegration the region R 
should be regaided as oriented 

If tho surface S also has a one-to^ono pro]eotion on the 
ty^^plane ox tho jc^J-plano, that is, if it can be represented by a 
single-valued function a? = x{y^ z) ot y^ y{z^ oj), wo can in the 
same way define the integrals 

Jjfa(a!, ijy z)dyda = J Jji{x(y,z),y,fi)dijda =JJ a{x, y, z) coaadS 
and 

J J b(x, y, z)dzdx b{x,y{z,x),z]dzdx — J Jb{x,y,z) coa^dS, 


where R' and R'* are tho oriented projections of the oriented 
surface 8 on tho corresponding co-ordinate planes and a and ^ 
are the angles between the positive normal to tho surface and the 
positive x~ or ^-axis respectively 

Adding these expressions, we obtam the general dofimtion of 
the surface integral taken over tho surface 5, 


yy{o(®. y, »)dyda 4- b{x, y, z)dzdx + c(x, y, z)ds6dy) 

~I ») cosa + y, «) cosj3 + c{x, y, z) coay}a!»S 
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If by 9/9n' we denote differentiation m the direction of the 
unit vector n' m the positive normal direction,* wo can also write 

U 


9® o 9« 

<= 0 .^= 5 ^, 




and consoquently wo can express ilio surfaco miogral m tlio form 



If a, b, 0 aro tho components of a vector u4, tlio q[uantity 
in brackets under the integral sign is tlio coinpouont of iho 
vector A in the direction of tho positive normal to the surface, 
which we can also write in the form An' or Aj^f 

Incidentally, if wo think of tho siufaco as given paiamotrically 
by the equations a; ==« £c(w, v), y ^ y(u, z ==? z(Ut v), whoro tho 
oriented surface S corresponds to tho oriented region J3 on tho 
w-plane, wo can wiito tho surface integral m tho form 

//]“<*■ *'■ ‘'ill+"■ *’ 


9(tt, v)] 


and thus 01100 again express it as an ordinary miogral, namely, 
as a double mtogial over B 

It 13 now easy to got nd of tLo spooial assumptions about tlio 
position of tho surfaco S relative to tho co-oidmato pianos. Wo 
asBumo that tho oiiontcd smfaco S can bo divided by a fimto 
number of smooth arcs of cmvos into a finite number of por¬ 
tions Si, S^, ... m such a way that oaoh. portion satisfies tho 
assumptions mado above Tho oxcoptional oaso m wliioh a 
portion of tho surface S or tho whole surface S is normal to 
a co-ordmato piano, so that its piojootion on that piano is only 
a om'vo instead of a two-dimoiisional region, can bo dealt with 
by disregarding this projection m the formation of the integral, 
since a double mtogral vanishes when tho region of integration 
shrmks down to a curve Wo can now form tho surfaco integral 
for each of tlio poitions S according to tho above definition, and 
wo can define tho integral over the ononted siufaoo 8 as tho sum 
of the integrals thus defined, 

If, for example, tho suifaco 8 is a closed siulaoo, a sphere, 
say, wo rocognizo that tho projections of the various portions 8, 


* The latter n' la uaod hero for the pontiw normal bocaiiao n has boon usod 
for the oulumrd drawn normal in two diraoneiona 
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lio partly above one another and have opposite orioniations. If 
the parametrio representation x ^ x(Ui 1 ;), y — y(u, v), z = z(u, t;) 
gives a one-to-one mapping of a boxmdcd smlace S on an 01 lentod 
region S of the wv-plane, tho paramekio expression given above 
for the surface integral is always valid, if wo make use of this 
parametric expression in definmg the surface integral, thoio is 
no need to subdivide the amface S 

3 Physical Interpretation of Surface Integrals* 

Tlio oonoept of Burfaoo mtegral can also bo intorproied inluitivoly in 
tor ms of tho steady flow of nn moompressiblo fluid (tlua time in iluco 
dimenaiorug), whose density wo take as unity Let tlio vootor A bo tho 
velocity vector of this flow, then at each point of a siirfaoo iS tho pioduot 
An' gives the component of the velocity of flow m tho dirootion of tho 
positive normal to tho surfaco, tho expression 

An'AS^, = AjS^{a(Zt^, y,,, z^) 00a+ b(z^, z^) cob + c(x,, z^) oosy,} 

is therefore approximately equal to the amount of fluid which flows in 
unit timo across the element of suifaco jS from tho negative sido of tho 
surface to tho positive sido (this quantity may of ooiuso bo negativo) 
The surfaco integral 

JJ {(tdydz + hdzdx + cdzdy} =3 

therefor 0 repicsents tho total amount of fluid flowing across tho surfaco d 
from the negative side to tho positive in unit timo Wo notloo hoi 0 that 
an important part la played in the mathomatioal doaouption of tho motion 
of fluid by the distinction between tho positivo and negative sidoa of a 
surface, 1 e by the mtroduotion of orientation 

In other physical applications the vcotoi A denotes tho foroo, duo to a 
flold, noting at a pomt {Zt y, z) Tho dueotion of tho vcoioi A thon gives tho 
direction of tho hues of force and its absolute value gives tlio 7nagmlud6 
of tho forcOk In tlus mtorprotation tho integral 

JJ {adydz + hdzdz + cdzdy} 

IS called tho total flux of foroo across tho surface fiom the nogativo side 
to the positive, 

6 Gauss’s Thbouem and Gbedn’b TuEouiaM ik Spaoe 

1 Gauss’s Theorem and its Physical Interpretation, 

By moans of the concept of a surfaco integral we can oxtoud 
Gauss's theorem, which we proved m section 2 (p. 360) for twe 
dimcnsious, to three dimensions Tho ossontial pomt in the 
statement of Gauss’s theorem in two dimensions is that an integral 
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taken over a plane logion is roducod to a line integral taken round 
the boundary of tlio icgion Wo now consider a closed tlireo- 
dimensional region R in ay^-apace and asaiimo—as always—that 
its boundary surface S can bo dividocl into a finite numbor of 
portions with continuously turning tangent planes In addition, 
wo assiimo to begin with that each lino paiallol to a co-ordmato 
axis winch has mtornal points in common with R cuts the 
boundary of R in exactly two pomts; this last assumption will 
bo removed ktoi 

Lot the tliieo functions a{x, y, z)^ b{Xt z)^ c{X) y, z), together 
with their first partial derivatives, bo contiimoua in the region R 
and on its boundary; wo take them to ho the components of a 
vector field A ^ A{Xf y, z) We now considor the integral 

lalcon over tlio logion It Wo supposo that tho logton R is pro¬ 
jected on tlio ajy-plano, wo thus obtain a region B m that piano. 
If wo oiect tlio noiinal to tho asy-plano at a point (i®, y) of B and 
if wo donoto tho 2-co-oidmato8 of its point of ontranco and point 
of oxit by « = i8o(a5, y), 2 = 2 j^(a!, y) rospcoUvoly, wo can transform 
tho volitmo mtogial ovoi R by moans of tho foimula 

JJJfdaidydz^-Jj^clxdyj 'fdz, 

Smeo /= 8c/92, tho mtogiatioii with rospeot to z can bo carried 
out, giving 

y* ’I?(?«==: c(a!, y, 2 i) — c(!r, y, Zq) = — Oo, 

BO that 

Iff dxdydz ra J Jo^dasdy — j j Oodxdy. 

If wo tliink of tho surfaco S as positively onontod with rospoot to 
tho region R, then tlio portion of tho ainfoco 8 consisting of tho 
points of entry 2 = Zq{x, y) has a positive orientation whoa pro¬ 
jected on B, wlnlo tho portion 2 = 2 j^(a?, y) consisting of tho points 
of oiat has a uogativo orientation. Ilonco tho last two integrals 
combmo to foim 0110 iiitogral 

~f /®(®' V' 

( 8818 ) ' 1* 
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tnJrcu over the whole Buifaco S Wo thus obtain the formula 
JJJ ^) . dacdydz — --JJc{w, y, z)dxdy 


Tins fomula obvaously remains valid if S contains cylmdiioal 
portions porpendioular to the ajj/“plane; for these oontnbiito 
nothing to the sui^face integral, as the regions obtained by pro¬ 
jecting them orthogonally on to the a;y-plano meiely consist of 
ciuwod lines 

II wo obtain the corresponding foimulo9 fox the components 
a and b and add the thiee formulso, wo obtain tho general formula 


f f Axdydz 

J J Jji[ dx dy dz j 

—Jf{a{x, ij, z)dydz + h{x, y, z)dzdx + c(rc, y, z)dxdy), 


which IS known as Gausses theorem. Using the notation of p 382, 
wo can also write this m the form 


f I G^)dxdydz^—J J{a coaa+6cos/9+ocosy)(Z;S'» 


Here tho surface is to bo positively oriented with respect to 22, 
a, y are accordingly the angles which tho inward-drawn normal 
n' makes witli the positive co-ordmate axes, 

This foimula can easily be extended to moie general regions 
Wo have only to req[uire that tho region R is capable of being 
subdivided by a finite number of poitions of suifaces with con- 
timiouely turning tangent planes into sub-rogions i2^, each of 
which has the properties assumed above, in particulax, is such 
that every line, parallel to an axis, havmg pomts in common with 
the interior of iJ, outs the boundary of in only two points. 
Gauss's theorem holds for each region On adding, wo obtain 
on the left a triple integral over the whole region R, on tho 
right, some of the surface mtegrals combine to form the smface 
integral over /S, while the others (namely, those taken over tho 
surfaces by which R is subdivided) cancel one another, as we 
have aheacly seen in the case of the piano (pp 348, 362j, Finally, 
wo remark that, as bcfoio (p 362), it is sufficient to loquiro that 
tho boundary of R consists of a fimto number of poitions of 
surfaces, each of which has a umque projection on all throe 
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co-ordiiiato planes, except that cylmdiical portions whoso pro 
jcctions are curves aie again permissible 

Ab a special oaao of Qausa’s tlicoiom wo obtain the fomuila for the 
volumer of a region R hounded hij an o) tented closed suffacc If, for oxamplo, 
wo put a Ot b ^ 0, c z, uo immediately obtain the oxpioaaion 

^ f J^ f 


for tlio volume 

Ip the Bamo way, wo also obtain the o\picssioiia 
V ^ Jxdydz y* Jtfdzdx 

for the volume * 


As m tlio caso of the corresponding foimula in tho piano, it 
IS usual to oxpioss Gausses theorem m another foim In the 
first place, if a, 6, 0 aio tho components of a vector field A, 
wo can write tlio oxpiossion 

da db ^ do 
dx dy dz 


In the abbreviated form mtroduood in CJiap, IT, section 7 (p. 91), 


9^ dy dz 


In the second place, tho discuBsion on p. 383 onablos us to express 
the suifaoe integral as the integral of tho normal componont 
of tho vector A in tho diiootion of tho inwaid-drawii noimal n\ 
Thus wo obtain tho vector fo) m of Oauss^s llieo) m, 

f f fjiivAchdydz = -f == -/ f/n'dS. 


* It 18 noteworthy that oyolloal mtoio)ian/^o of », y, z iu thoBo oxptosaion}? 
brings about no ehango of sign, whoicna m tlio cano of tho couoapontUng formultfl 
for the area of a two dimonBional loglon tho formula 

A »■> J xdy —jydv 

io io 

BhowB that intorohanghig x and y canaoa a ohaii^o of algii In tho integral ox pros** 
Bion 'riuB 18 (liio to tho fact that in two dhnonaitmB an hitoichange of the poMltlvo 
x dJrootlon with the positive y direction loveiBoa tho bouso of lotatlon of tho 
piano, while in thioo dlmonaiona a oychcal intoithango of tho poalllvo C0‘ 
oulinato dlrooliona, that la, lophu-oiuonl of r by y, of y by z, amt of « bv 
does not change a right hanclod Byatoin of axoa into a loft liandod system. 
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In Gauss’s theorem for space, as m the case of the plane, it is 
convenient to introduce the outward-drawn normal instead of 
the positive normal n' Wo denote this normal unit vootor by 
vtt so that 

n— —n', 


and on introducing n instead of n 'm our formulto wo have to 
make corresponding changes of sign. We can now oxpiess Gauss’s 
theorem m the following form 

f f f div Adxdydz = f f A„dS — f f AndS, 

J J Jjl J Js 

or, if we denote the cosines of the angles which the outward- 
drawn noimal n makes with the positive co-ordinato axes by 
9a! dy dz . 

» i’ S’““ 

//{(“.+i .+=/^(»s + 'I+”1)® 


As m the case of the piano, we hero obtain an mfciiiiivo inteiT^rotation 
of Gauss’s theorem by taking tho vector A as tlio velocity flold of a steady 
flow of an inoomprossiblo fluid of unit density, Tho total mass of fluid 
wlucli m unit tune flows across a small surface AS from tho intoiior of i? 
to the ©xtenor la given approximately by tho oxpiossion wlioio 

Afi IS the component of tho velocity vector A in tho duoction of tho 
outward normal w at a point of tho suifaoo element, Accordingly, tho 
total amount of fluid which flows aoioss a surface S from tho uiflido to 


tho outside m unit time is given by tho intogial JJAf^dS talcon over tho 

surface In tins intorpretation, therefore, tho right-hand sido of Gauss’s 
theorem represents tho total amount of fluid leaving tlio region J? in unit 
time This amount of fluid is transformed into tho mtegial of tho clivor- 
genoo throughout tho mterior of tho region E !Fi‘om this wo obtain tho 
mtmtivo interpretation of the expression div.<4. Since wo bavo taken 
the flow as mcompiossiblo and steady, that is, mdopondent of tho timo, 
the total amount of fluid flowing outwards must be oontinuously supplied; 
that 13, m the interior of tho region theie must bo sourooa producing a 
(positive or negative) quantity of fluid Tho surfaoo integral On the right 
ropreaenta the total flow out of tho region M, if wo divido by tho volume 
of tho region, we obtain tho average flow out of i? If wo tlunlc of tho 
region iE as shrinking to a point, so that its diameter tends to zero, in 
other words, if we carry out a space differentiation of tho integral 

jf J j^divA dxdydUf We obtam tho souroe-intonsity at tho point under con¬ 
sideration, On the other hand, this space differentiation gives the mtegiand 
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diy A at that point, and wo time eeo that divergence oj t?ic vector A is 
(he source^iniomly of the steady incompressible flow represeyUed by A 
Particular mtoreat attaohea to caaoa of flow wMoli are source free^ so 
that fluid 18 neither orcated nor annihilated at any point of the legion 
A flow of thi8 typo IS oharaotorizod by the faot that tho ettuation 


, . da . db . dc 

divwd =^^4- — = 0 

dx dy dz 


18 Hatisfiod ovorywhoro^ It then follows that for every closed surface S the 

integral over S 0 / the normal com^wneni J J Aq dS has the value rcro^ We oon- 

sider two suifaoos Si and both 
bounded by tho same oriented 
ourvo 0 in space, which together 
enoloso a simply oonneoied logion 
of apace i2, and wo apply Gauss’s 
thcoiom to tho region JR. Por tho 
positive normal direction on ilio 
aurfaoo however, wo shall tako 
tho normal pointing towards tho 
inside of the region E (as m flg 11) 
instead of that towaids tho outside, 
so that tho sonao of dosonption of 
0 m oonjunoiion with the positive 
normal for oithor surfaco foims a 
nghtdiandod screw. In Gauss’s theorem, then, wo must msorb difloiont 
signs for tho sinfnoes Si and S^, Wo thus obtain 

f f f diyAdxdydz ^ f f Af^dS ^ f f 

J J Jjf J Jg^ d Jg^ 



Bmoo, by hypothesis, tho loft hand side is mo, wo havo 



In words if a flow Is soiiioo fioo, tho samo amount of fluid flows in unit 
time across any two surfaces with tho same boundary ourvo This amount 
of fluid, therefore, no longer depends on the choice of blio surface 8 wiUi 
tho oloaed boundary ourvo G. It can thoroforo only depend on tho ohoico 
of 0, and tlio problem arises how tho amount of fluid oan bo oxiirossod 
m terms of tho ourvo G. This question is answered in tho next seotion 
(p 800) by moans of Stokes’s tboorom, 


2. Greenes Theorem. 

Just as in tho case o£ two indopondont variables (p. 866), 
Gauss’s theorem loads to somo important oonsequouoes, which 
are known as Green’s theorem. 
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Wo arrive at tlieae formula} by applying Gauss’s tlieoiem (in 
vector form) to a vector field A which is given in the spooial form 

A"U gradi) 


and therefore has the components uVg, uv^, itp* Then in E wo 
have 


div^ - i (««„) + I (M«v) + ~ (««,). 
dx dy dz 


and on tlio boundaiy 


A 


Then if we use the familiar symbol 


Gauss’s theorem immediately gives us Green’s theorem' 

III My dz 

uAvdxdydz 


If we apply the same argument to the vector field A = v gradw, 
wo obtain the formula 

/ 1 “*■ w,v,)da:d«/<fo 

~ ~J J jvAudaidydz -\-J 


If we subtract this last formula from the first one, we obtain tho 
second form of Green’s theorem, 


fff{uAv-^vAu)da!dydz^JJ^^u^~v^ 


dS, 


3 Application of Gausses Theorem and Greenes Theorem in Space. 

1 Tramformatton of Au to Polar Co ord%na(e 3 

If in tlio second form of Greenes theorem wo substitute tho flpooial 
funofciou u == 1, wo obtain 

ffjAud^dydz^Jf^^dS. 
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Juab a*? m llio piano, wo can iiso tliia foiinula to tiansform Aw to polar 
GO oidinatca (?, 9 , 0 ) by ohoosing foi tho icgion It a coll of tlio polai 
CO orclmato not m apaco botwcon iho co oidinato suifacea r and r-[- k, 
9 and 9 + 0 and 0 -M Wo obtain 

Aw = ™ smO) d- ~ (“0 + i'^^o BmO)|» 

r^&mOidr ^ 09 WO/ 50 V 


Tho oaloulationa, whioh aio analogona to fchoao for tho piano case (of 
p 369), aro loft to tho reader 


2 /Solace Fo}ceB aiid Sttrface Fo)ce8 


The forcea noting m a oontimium may bo regarded either as space 
forces or as aurfaco f 0100 a Tho connoMon botwcon these two points of 
view 18 given by Gauss’a theorem 

Wo content onisolvoa by oonsidoung a special case, namely, tho force 
m a fluid of constant density, say p — 1 , 111 which thcio is a pressure 
p{^t Vi 2 ) whicli in gonoial depends on tho point (a?, y, z) Tins means that 
on every siufaco olomont through tho point (r, ij, z) tho fluid ox:oit3 a force 
whioh IS ])orpondioulai to tho surface olomont and has tho suifaco density 
p(x, Pi z) If wo consider a legion B bomulcd by tho am face B and lymg m 
the fluid, tho volume 11 will bo subject to a forco wlioso total oJ-componont 
IS given by tho surfaoo mtcgial 


X. 




whore dx/dn is iho oosino of the angle botwcon tho a-axis and tho outward 
drawn normal to tho sin face In tho same way, tho y- and z components 
of tho total foroo axo given by 






-If/ 


dS. 


Gauss’s thooiom now gives 


and wo thus obtain 




- JJ I'p^dxdpdz, 



j j Jii 



J J Jn 


for i?, the total foioo oxoitcd on B 
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W^e can express thw result as follows The forces in a fluid duo to a 
picssuio z) may on tho one hand bo rogaidcd as Biirfaoe forces 

(pleasures) which act with density y, z) poriiendioular to oaoh siixiaeo 
element through the point (tr, y, z)^ and on the other hand as volume 
foioos, that IS, as forces which aot on every element of volume with volume 
density —grad^ 


Example 

!♦ Let the equations 

define nn arbitrary '* orthogonal ” oo ordinate system pit 

if we put ~ % then the equations 

d' aa ^ ^ 

%i^ai 4* ^is^aa d” ^i3%a ~ ^ 

are to hold, 

(a) Provo that 

whore 

{h) Piovo that 


g(iyi. »2r ^ y-e « e 

9b>i,P».P,) ^ ’ 


*< 

(o) Express A» = tt,,*, + u> terms of Pi, pu Pt, using 

Gauss’s theorem 

(d) Express Au in the focal oo ordinates fa, fg defined m Ex, 0, p 168. 


6. Stokes’s Theorem in Spaoe 

1 Statement and Proof of the Theorem. 

In tins section wo shall give a discussion of Stokes’s theorem 
for any curved surface We have already (p 366) met with 
Stokes’s theorem in two dimensions. 

Let 0 be a closed seotionally smooth oriented curve in space, 
and let jS be a surface, bounded by 0, whose positive normal is 
continuous or seotionally continuous and in conjunction with the 
sense of description of the boundary curve forms a right-handed 
screw Eurfcherji let be a vector field defined in a neighbour¬ 
hood of S, with components <f}{x, y, z)y t//{x, y, z\ x(^> ^)* 
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Stolces^fl tliGOiom thoii states that 

J J {GmlJB)„dS = JBidSy 

where the are s of the curve G increases m the direction in which 
Q IS desonhed, and Bi is the tangential component of B along G 
Written m fulh Stokeses loimiila is 

+ ^idij + xtZ2). 

Tills transforms a suiface lutogiul taken over tho oriented 
suifaco B into a Imo mtogral taken round the correspondingly 
oriented boundary of tho surface 

The truth of Stokes's theorem can immediately bo made 
plausible by tho following tiam of thought. The theorem has 
already been proved for a plane surface (p 36B). Then if 5 is a 
polyhedral surface composed of piano polygonal surfaces, so that 
the boundaiy curve (? is a polygon, wo can apply Stokes’s thooicm 
to each of the plane portions and add tho corresponding formulce 
In this pi 00088 tho Imo mtograls along all tho mtorior edges of tlio 
polyhcdra cancel, and wc at once obtain Stokes’s theorem for 
the polyhedral surface In order to obtain tho general statement 
of Stokes’s thooiom wo have only to poifoim a passage to the 
hinit, loading from polyhcdia to aibitrary surfaces 8 ond to 
arbitiaiy sectionally smooth boundary curves 0 

The rigorous performance of this passage to tho limit, how¬ 
ever, would be troublesome, having made those heuristic re¬ 
marks, therefore, wo shall carry out tho proof by means of a simple 
oalculation 

If for brevity wc pul 

-<4 == curl iS, 


tho components of A are given by 


a(x, y, z) ■■ 




^ 

dz dx’ 


o(x, y, z) ■■ 


dji 

dx 


By 


and (of, p 93) 


(liOlS) 


div.i4 — div curl 0, 


u* 
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We take tke oriented surface S bounded bj^ the oiiontcd 
ourvo 0 and consider the problem of changing tho integral 

J J A^dS — JJ{adydz + bdzdx + cdccd^) 

taken over S into an expression depending only on tho boundaiy 
curve G To do this, we imagine the suiface ropicsontod in tho 
Usual way by two parameters m, n, so that tho surface corre¬ 
sponds to a closed region D in the wn-plano. By tho general 
rule, tho transformation of the surface integral to tho icgloa D 
gives the expression 

J j^{adydi + hdzds -f edxdy) 

= f/” (f—— + 

JJj>\\dy dz/\dudv dudv/ \92 dx/ \dudi> dudv) 
W dy/ \du dv du dv /1 

Wo can transform the expression on tho right by collootmg tho 
terms onvolvmg those in 0, and those m ^ For tho terms 
mvolving (/>, for example^ we obiam 

_ ^ ^ ^ ^ 9 ^: ^Sz 9 a;\ 

dyxdudv dudvj dz\dudv 

£f to tins we add the expression 

^ d(f} /d(c dx _ dx 9a3\ 

dudv)* 


which IS identically zeio, the terms mvolving ^ m the integrand 
are 

_^d4dy dj dz\ _dx/dpx dpy d^dz\ 

9d \9x 3w dydu dz du/ du \ds Si) dy dv dz^/ 

^d<j>dx ^ 9(^ dx 
du dv dv du 


In the same way we obtam the two other terms 

and 

dudv dvdu dudv dv du 
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m iho integrand The double integral is ilioioiore split up into 
the Slim of the mtogials of the thice o\pic8sioafl 

3 ^, ®) y) S(Xjj) 

d(u^v)' d(UyVy 

taken over the oriented region 2), whose boundary curve K has 
an onontation coiicspondmg to that of C Now by Stokeses 
theorem for two dimcnsiona (cf p 364) wo have 

where the mtegiala are to bo taken with corresponding orienta¬ 
tions and the length of aic s on G inoreasos in the drrootionin 
which the omvo is positively described H wo add this fomula 
to the two other cotiospondmg ones, wo obtain on the loft the 
value of the surface integral and on the riglit the intogial 



The expression i/j x j“> howovor> is just the tangential 

CvS (tS CIS 

component of the vector B in the direction of the oriented 
boundary curve 0, and wo thus oblnm Stokes’s thooiom 


JJ (cuiljB)„d£I = jBfds, 


or, written out m full, 

1) it ~ S “ a|) 

-I- ijuly + X^^)' 

This foimula is iruo providod that tho vocLor A ourl-fi is con 
timions in tho logion under considoratioii and that tho surface 8 
consists of one or more portions each of which can bo contmuoiisly 
represented as above by paramotrio equations £» x(Uy t)), 
y = y{Uy d), z == z{%iy t>) with coutmuous first donvativos, 

Stokes’s theorem gives tho answer to tho question raised at 
tho end of No 1 of tho piocoding section (p. 38{))i Wc have seen 
that for a vector field whoso divorgonco is idonbioally zero tho 
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integral of the noimal component over a Bui'faco bounded by a 
fixed curve G depends on the boundary curve 0 only and not on 
the particular nature of the surface Since, as wo shall prove 
m section 2 of the Appendix (p 404), every vocioi liold A whoso 
divergence is identically zero has the form 

A — ourlJ?, 

Stokes’s theorem enables us to express the surface integral in a 
form which depends only on the boundary. 

2 Interpretation of Stokes’s Theorem 

The physical mterprota-tion of Stokeses tlieorem in three dimonslonfl 
IS similar to that already given (p 371) for Stokes’s thooiem in two dimon 
aiona * Once agam wo mtorpiet the vector held B as the volooity field of 

a steady flow of an moompressiblo fluid, and wo call the integral j 

Jo 

taken round a closed curve 0 the circtilation of tho flow along this ouiwo. 
Stokes’s theorem states that the circulation round a ouive is equal to the 
surfatiO integral of the oomponont of tho ourl m the ducotion of tho positive 
normal to any surface hounded by tho oriented curve, the oiiontation of 
tho surface being given by that of tho boundary ourvo. Suppose that wo 
apply Stokes’s theorem to a portion of a surface 8 with a oontmuously 
turmng tangent plane If we divide this surface integral by tlie area of tho 
portion of surface and then perform a passage to tho limit by letting tho 
portion of surface and its boundary curve shrink to a point wlulo remaining 
on tho large surface /S, on the left this process of space cliflorontlatlon gives 
us the component of the ourl m the direction of tlie normal at that point 
of tho surface to which the boundary curve 0 has shrunk. Wo therefore 
see that tlie component of the ourl m the direction of tho positive normal 
to the surface is to be regarded as the speetjio circulahon or oiroulation- 
denaity of the flow in the surface at tho oorrespondmg point, where tho 
sense of the circulation and tho positive normal togotlier form a right- 
handed screw f 

If we Interpret the vector B as tho field of a mechanical or oleotriool 
force, the line mtegral on the right hand side of Stokes’s theorem represents 
the work done by the field on a particle subject to the force when it is 
made to describe the curve 0 By Stokes’s theorem the expression for 
this work is transformed mto an mtegral over tho surface 8 bounded by 
the curve, the mtegrond being the normal component of the ourl of tho 
field of force 

* The student should note that lu two dimensions Gauss’s theorem and 
Sikes's theorem differ from one another formally by a sign only, whilo in 
three dimer^sious both the intuitive interpretation and tho formal nature of the 
two theorems are essentially different 

t These considerations also show that the ourl of a vector has a moaning 
independent of the co ordinate system and therefore is itself a vootor. 
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ITrom Stokes’s thcoiem wo obtain a now proof for tlio mam 
theorem on Ime integrals m space (of also p 365, footnote) 
The chief question was, what must bo tho naiuro of the vector 
field JB if the integral of the tangential component of tho veotor 
taken round an arbitraiy closed oiirvo is to vanish^ Stokes’s 
theorem yields a now pioof of the fact that tho vanishing ^ of 
this line integral is onsuiod if the ouil of tho vector field vanishes, 
Tho vanishing of tho curl oi, as wo shall say, tho trroiaHonal nature 
of a veotor field is tliorofoio a sufficient condition—and, as wo 
Icnow from section 1 (p 358), also a nocosaary one—that tho 
ime integral of tho tangential compoiient of tho vector round 
any closed curve shall vanish In this case the vector field B 
can itsoK, as wo know from section 1 {p. 362), be ropresonted as 
tho gradient of a function /(a?, y, z)* 


B grad/ 


If the vector field B is not only iriotational but also source-free, 
that is, if its divoigonoo vamshes, thou tho funotion / satisiios 
tho equation 


or, in full, 


div grad/— 0, 




For ilio scalar quantity/, wliicli as boforo wo call tho potential of 
tho vector J3, wo havo Laplaco’s oqufttion 

A/=0, 

which wo havo ahoady mot with (p, 93). 


7. Tub Connexion between Dieferenttation and 
Integration for Several Variables 

It is usoM to reconsider, from a single point of view, tho facta 
dovoloped in this chapter. 

In tho case of ono indopondont vaiiablo wo regard tho reci¬ 
procal lolation between diffoxontiation and integration os tho 

* Iloro, of ooui 00 , wo afisumo ihafc a Burfaco of tho typo Oosorlbod above and 
boimdod by Hub ourvo oxistfl. SJnoo this may load to difikultloa or oompli 
oatlons—for oxamplo in tho oaeo of ourvos with multlplo polntB—tho proof of 
tho thoorom given in sooUon 1 (p« 362) is proforablo 
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fundamental theorem of the differential and integral calculus 
(Vol I, Chap II, p 117) For one independent variable this 
fundamental theorem is as follows if/(a;) is a continuous function 
m the closed region a^x^h and if J(a.) is a piimitivo of/(<r), 
then 

fmdx = F{h)-F(a)) 


conversely, for every function with a continuous derivative 
we can construct the corresponding function f{x) — F^(x) in 
the above formula In the present connexion the essential 
point is the first part of the fundamental theorem, that is, the 
transformation of an integral over a one-dimonsional region into 
the expression F{b) — F{a) depending only on the boundary 
points, which form, as we may say, a region of zero dimensions. 
In other words, if the integrand is given as the derivative of a 
function F{x)^ the one-dimensional integral can bo transfoimod 
by means of the function F[x) into an expression depending on 
the boundary only. 

The various mtegral theorems for regions in seveial dimen¬ 
sions now give us somothuig analogous to the fundamental 
theorem for one independent variable The point in q^uestion is 
always*that of transformmg an integral over a certain region lying 
m the region of the independent variables, no mattei whether 
this region of integration is a curve, a suilaco, or a portion of 
space, into an expression that depends only on the boundary of 
the region. For example, Gauss’s theorem in two dimensions is 


/(^« + dajdy = J (cl di/ — bdx), 

^ VO 

This states that if the integrand of an mtcgral JJ /(a?, y}dxdy 
over a closed region R is represented m the form 


y) = y) + y\ 


then the double integral over the two-dimensional region can be 
transformed mto an expression depending only on the ono- 
dimensional boundary, namely, into a line mtcgral round tho 
boundary curve Thus Gauss’s theorem reduces the number of 
dimensions of the region of mtegration by 1 Instead of tho 
boundary expression F(6) — F{a) considered above, wo have a 



V} DIFFERENTIATION AND INTEGRATION 399 

lino integral round tlio bonudary of tho piano region Hero, of 
conrso, we cannot speak of a piimitivo function F Tho single 
primitivo function is liero 111 a sense icpicsontcd by tho vootor 
field with components a(aj, y) and b{x, y) On ilio other hand, 
tho application of Gausses thcoiem does require that tho integrand 
of tlio doublo integral sliall bo exprossod by means of the dif¬ 
ferentiation piooess, in fact, as tho sura of a doiivativo with 
respect to x and a derivative with icspoot to j/. Tlio roqmioment 
that tho integrand / shall bo capable of being expressed m this 
way still allows a gioat deal of ficcdom m tho choice of tho 
primitive vector field (a, 6 ), whoieas for ordinary intogiands tlie 
primitive function F{x) is uniquely determined except for an 
arbitrary additive constant ^ 

For the case — 2, besides Gauss’s theorem and Stokeses 
theorem, which are essentially equivalent to one another, there 
IS yet another gonorali/ation of the fundamental tlioorom, namely 
tho mam theorem on lino integrals (p 352) Witliin tho two- 
dimensional region wo have a closed onc-dimonsional bounded 
manifold, that is, a poition of ciiivo with two ond-pomts, and 
tho problem is that of tho reduction of this lino integral to an 
expression dopimding only on tho boundary, Tho main theorem 
on lino intogi’als in section 1 (p. 352) states that this reduction 
IS possible if, and only if, tho intograud can bo lopicsontcd by 
moans of a piimitivo function U{Xy y) m tho form 

^ grad Uy 

whore i is tlio tangential imit vector and the integration is with 
respect to tho length of axo s Tho valuo of the integral is then 
given by tho equation 

ngiadUds^Ui^y v)-U{U Vo)> 

which obviously corresponds to tho state of aftairs for it =: 1 * 

For a given Integrand /(«?, y) thoio are mnny ways of finding a prvir ef 
funotlons a(aj, y) and Ohit y) which aatiufy Uio above equation, For example, 
wo can talco y) na iuontlonlly ^oro, or a« equal to an arbitrary fimofcion, and 
fclion dotormlno tlio conoapondlng function y) in aooordanoo witli tho 
equation a* “ / choosing for «({U, y) any indoflnlto Intogmi of tlio function 
f{Xt y) - p) with respoot to a?, y aotiug ns pnramoior, Every other vootor 
Gold which arises by tho addition of an arbitraly divorgenco froo field to the 
vootor fiold found as above is lilcowiso a piimitivo vootoi field. 
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The tiansformation of the line integral 

J bdy) 

into a boundary expression can therefore be cairied out if, and 
only if, the vector A with the components b can bo roprosontcd 
as the gradient of a potential By comparing this with the 
ordinary fundamental theorem, we see that instead of oxprossmg 
the integrand as the derivative we hero express tlio integrand by 
means of a gradient and that the part played by the primitive 
function is taken by the potential of this gradient An essential 
diflerence still remains between this case and the preceding one, 
however, since it is by no means true that the integrand of 
every hue integral can be expressed as a giadiont in this 
way; on the contrary, this depends on the condition of mtegra- 
bihty a^ — b^ 

When there are three independent variables the conditions 
are very similar By Gausses theorem a triple integral over a 
bounded closed throo-dimensional region is transformed into an 
integral over the closed boundary, which is a closed imboiinded 
two-dimensional region enclosed m three-dimensional space The 
transformation is related to the expression of the integrand of 
the triple integral as the divergence of a vector field (cu, b, c), and 
to a certam extent this vector field again plays tho part of the 
primitive function f 

With regard to Ime mtegrals, the case of throe indepondent 
variables is exactly like that of two mdepondent variables and 
recjuires no further disoussion 

In the case of three mdependent variables, the surface in¬ 
tegral over a two dimensional region, that is, a surface bounded 
by a space-curve, occupies a position between tho lino integral 
and the triple mtegral Here the condition for tho transformation 
of an mtegral taken over such a surface into an oxpicssion in¬ 
volving the boundary only is given by Stokeses theorem in section 
6 (p 393) Tho process of difierentiation by means of which 
the integrand is constructed in Stokes’s theorem amounts to 
the construction of the curl of a vector field, which hero takes 
the place of the primitive function Here again the situation 

* That ia, oao having no boundary curve 

t Juflt ag in the case of two independent variables, there are many diUoront 
ways of oonstruotmg a primitive vector field oorrosponditig to a given integrands 
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losemblps that in the ease of tho lino integral In order Uiat the 
integrand of a siu’faco integral 


JJ{adydz -[- bdzdx + cdmdy) 


may bo expressible as the normal oomponent of a onrl the con¬ 
dition -j- = 0 must necessarily be fulfilled Tims tlie 

transformation of tho surface integial into a lino integral is 
not always possible. Wo may remark that tho necessary condition 
stated above is m fact a sufficient condition also * 

Tho situation is similar if there ate more than three inde- 
pondont variables; wo need not, however, discuss this hero. 


Examples 


1. Evaluato tho surfaoo integral 


<^51 

talcon over tho half of tho ellipsoid + ; 4* -g = 
tivo, whoro ^ ^ ® 


for whioh z posi 



If m, n being tho diicotion ooslnos of tho oub^ya^d drawn normal. 
2. Evaluate tho surfaoo integial 



taken over the ephoro of radius unity with oontro at tho origin, where 


3* Provo Gauss’s llioorom in n dimensions. That ib, lot i? ho a region 
in n clnnonsional boundary ^ bo given by an 

equation 

4 ,{«„)==* 0 


fluoh that ^ g 0 m JO Lot tho funotions . ., a?^), whore i « 1# ♦.., tt, 
bo oontlnuously diHoionUablo in B. Thou 



♦ For tho prooi of thin see sootion 2 of tho Appendix, p. 404. 
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whore dS is tbo cloment of *itufaco defined in CJiap IVi p 301# ‘ 

are the derivatives of the coordinates with icsjiccfc to the outward 
normal, that is, 

dXf _ 

+ V 


Appendix to Chapter V 

1. Remarks on Gauss’s Theorem and Stokes’s Theorem 

In Chapter V we proved Gauss’s theorem and Stokes’s thoorom 
by startmg with multiple integrals and transforming tliom by 
simple integrations into boundary integrals Wo can, however, 
arrive at the formal expressions of these theorems m the rovorso 
way The corresponding transfoimations, which in thomsolvos aio 
instructive, will be briefly discussed hero 

For example, in order to obtain Stokes’s theorem m the jAano 
we consider two fixed points P and Q m the plane, joined by a 



curve C This curve 0, whoso points are represented by means 
of a parameter is supposed to be deformed in such a way that 
during the deformation from its initial position to its final position 
it sweeps out the region R simply We make this idea analyti¬ 
cally precise m the following way let the curve 0, which dopondti 
on the parameter a, be given by the parametric equations 

»== x{t, a), y = y{t, a), ^o ^ ^ ^ 
where a;(^Q, a), y{tQ, a) and a), y(ti, a) are the oo-ordinafces of 
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tlio two fixed points P and Q, winch are mdopondent of a* We 
suppose that when a dosonbea an inteival ao ^ a ^ the curve 
desonbes a closed region Wo assiimo that the functions x{t^ a), 
y(t, a) have continuous dorivutivos with respect to t and a and 
also continuous mixed second doiivativos 

and, moreover, that ovoiywhcro m the region It except at the 

points P and Q the Jacobian is difloient from zero, say 

o(c, a) 

positive Then the legion 7i, except foi tho points P and Q, is 
mapped in a one-tO'Ono way on tho rectangle uq ^ a ^ ajL and 
^ ^ ^ of tho ai-plano 

Wo assume that m tlio closed region R wo aro given tho two 
functions a(ai, y) and b{x, y) with continuous paitial dorivativoa, 
and wo consider tho line mtcgial 

I{a) ^ f {a{Xy y)dx + b{x, y)dij) = f \axt H- by;)dt, 

taken along tho cuivo coriosponding to tho parameter a 
Our object is to investigate how this integral Z(a) doponds on 
the variable a For this puiposo wo form tho donvafcivo 

^ =j['*'[(«A + -I- + Ky.)yt -I- 

accoidmg to tho rules for difCorentmting an integral with rospeot 
to a paiaraotor, On mtogialion by parts wo obtain. 

/V.i-1- bijjdt = [«!»„+ htya)dt 

-- r a^ytK+ Kyi}tfnWl 

the last formula is obtained if wo notice that tho hypotheses 
assure tliat x^ and y^ vanish at Iq and It follows 

that 
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If we integrate tins last equation with respect to a between the 
limits ttQ and we obtain 

I{a,) - I(a„) = ff\a, - K) M dtdai 

‘'a* 0\h 

or, if we introduce the independent variables x, y on tlio right 
instead of a, 

7(ao) - /(oi) = J j{K - a^jdsudy. 

On the left-hand side, however, wo have simply the line integral 
l{adx’^hiy) taken round the boundary curve 0^^ — 0^^ of the 
region 72, and thus, subject to the assumptions made, wo have 
obtamed Stokeses theorem for the plane. 

The reader may bo loft to deduce Stokes’s theorem in thioo 
dimensions by the same method Gauss’s theorem in throe 
dimensions may likewise bo obtamed by starfcmg from a surface 
integral over a bounded surface and deforming this surfaoo m 
such a way that it describes a legion 72 of space. 

It should, however, bo pointed out that this way of deducing 
the integral thoorems does not give exactly the same results as 
the proofs developed previously. In oidor to attain the same 
geneiabty we must, o g,, show for Stokes’s theorem m two dimen¬ 
sions that every region 72 of the type considered m § 2 (p, 3C2) m 
the plane can be covered by a family of curves 0 with the 
required properties of contmuity and differentiability. Such a 
proof IS possible, but it is so complicated that the previous 
method of proving Stokes’s theorem remains preferable 


% Representation op a Souroe-preb Veotor Field as a Curl 


In view of the remarks at the end of Chap V, section 6, No. 1 
(p, 396), we shall investigate whether every sourco-fi’oo vector 
field, that is, every veotor field A for which the expression div-4 
vanishes everywhere m a closed region 72 of ajj^aj-spaco, can bo 
represented by means of a second veotor B according to the 


formula 


A == curl A 
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Wo shall show that this is actually tho case If a(aj, y, 2 j), 
h{Xy y, z)y c(aj, y, %) aio tho compononts of tho vector Ay the 
problem is to find a vectoi B with compononts u{Xy y, z)^ y, z)y 
w{Xf y, z) such that tho thico oq^uations 

aro satisfied in R For tho sake of simplicity wo asstntio that 
the region R in winch tho vector A is dofinod and eatisflea tho 
condition -1- 6^ -h 0 ^ — 0 is a parallclopipod* Wo can then 
detormino the vector B in many ways, 0 g* in such a way that 
its thiid component w{Xy y, z) vanishes ovoiywhoro. If we maku 
tbs assumption, wo obtain tho equations 

b^ti, 

0—V„— M„. 

Tho first equation is satisfied if we put 



whore x and j/ act as paramolors during tho integration, and Zq 
and subsequently ijq aio tho z- and y-co-ordinatos rospoolivoly of 
an arbitrary fixed point of It To satisfy the second equation 
wo put 

u = f b{x,y, i)dt+ a{x,y)y 

whore a(a;, y) is a function of x and y as yot undotorminod. 
In vu'tuo of tho assumption a„ -|- = ~o, wo can now satisfy 

the third equation also Wo first arrive at tho equation 

o:=v„-~u„ — ’~ f [«„(», y, t) + b^ix, y, — a„(®, y), 

and thus horn = ~o, wo obtoin tho fiiithor relation 

c(®, y,z)~f 0 , (a,, y,^)(K~ ay{x, y) — c{x, y, z) — c{x, y, Zo) — a^,{x,y), 

'’x, 

which we now uso to dotoimino tho function a{x, y), putting 
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a„= —c(x, y, Za), 

py 

a“ — / c{%, 7], ZQ)d 7 }. 

‘'yo 

The vector B clofined by the functions 

w == r S) f c(a/, rjf ZQ)d7]) 

a{x, y, Qdl, 

w = 0 
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w a solution of our problem. Wo at onco arrive at the most 
general solution by writmg down the three functions 


U: 


, do 
M+^, 

OX 


F= 11 + 


30 

9/ 


W^w + 


0 C& 

dz' 


whore <t>{Xy j/, z) la an arbitrary twice-continuously dillorentiablo 
function l?or wo aoe at onco that the vectoi i?' = -S 4* graclO 
with compononta (£/, V, W) satisfies our condition Conversely, 
if B* ifl any vector which satisfies the condition curli?' wc 
must have curl {B* — J9) == 0 Thus the vector ^ is ino- 
tational, and by Cfhap V, section 1 (p 352) can bo ropresontod 
as the giadiont of a function. 0(a?, y, z), so that our statement is 
proved. 


Examples 

1. Lot /(aJ, y) bo a continuous function with continuous first and 
second dorivattvoa Provo that if 

/5?^ fyv ^ ^ 

the transformation 

y)> V = fvi^y V)* xfjx, y) + yf^(x, y) 

has a unique inverse, which is of the form 

X = v)y y ^ u), jss === —la + ng^{n, v) + vg^{u, v) 
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2 Ropioacnfc the graviUlioiml vcoloi (loM 


"’V(a,-> 1 1/J I 




^(f* j I A-*)" 


tt3 a ourl 


MiSOJ rit.AKU*OU8 KyAHII’W 

1, Lot (pi a, and h bo continuously ibnoioiUiabbt riiiiotioiis o{ a pntii 
motor for 0 i 2;:, wiUi m(2ti;) - «(0), ^(()), fp(2Tt) | “nir 

(n a rational mtogoi), and lot r, ij bo coimtiinlH Intoipioiini' I ho ri] na¬ 
tions 

y m\<^ I a, /) V ^ nmrp | costp ] h 

aa tho paiamoUio oquationa (with immmotci t) of a obmnd piano outvo 1\ 
prove tliat 

--/!(»■’-I V’)-I I 6V I I), 

whoro 

A ^ ^ I 9)d9» 

I- 2jcos(p)d(p, I) 'ij^i^adb hda) 

2*. Lob a iigid piano P tlomiilbo iv closed motion uilli lonpeot U) ft 
fixed piano 11 ^vith wliieh it ooincidcH ICvcry prunt ilf nf }* will dt'Horiljo 
a oloaocl oiirvo of II liounding an uicit of algolnaio vuluo jV(/ 1/), Ihomln by 
2ftiT (n a lational integor) tho total lotalion of P wdh usipcut to II Puivn 
tho following rosulta 

(o() If n 0| thoio is in P a point 0 Huch Unit ftu any other point M 
of P wo have 

(P) If ?i 1=3 0, thon two oaHOM may aiIso (Pi) thoio In in f^an tub iiUnl 
lino A such that for every [joint M of 

iSpi) Xd(il/), 

wlioro d{M) ig Llio (ligtanoo of M fiom A and X im a ooimtant puKlIivn fnoUir; 
or eho (pg) *S(il/) hag tho aamo vabm for all Um piuuls lil of (bo pbum 1\ 
(Sfcomor’s tlioorom.) 

3*. A rigid lino Bogmont i47f dcs(iib(‘H in a jduim 11 mm olonod inullon 
of a oonncoling lod li doHinila h a (doHisI oountor oloekuigo ciroular intdlon 
with oontro 0, wbilo A dosoiibea a (oloKod) lootilmuir inofhui on a Jjn« 
poasliig through C Apply tho icbuUh of tim piovjoiiH ox(un{i!n Ui 
tormino tho aioa of the oloHod oiirvo in II doHciilmd by a puint AI wliUth 
ia rigidly conneotod to tho lln(» Bognmnt AP 
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4 Tlie end points A and jB of a rigid lino segment AJS desoiibo one 
full turn on a closed convex curve V A point M on A B, wlioro AM “ a, 
MB =3 h, desoriboa as a result of tins motion a closed curve V\ Provo 
that the area between the curves V and D is equal to mb* (Iloldiloh’s 
theorem) 

6 * Prove that if we apply to each olomeiit ds oi a twisted, closed, and 
rigid curve V a force of magmtude ds/p in the dueotion of the pimoipal 
normal vector (p 86 ), the ourve V romams in equilibrium, 1 /p iB the cur¬ 
vature of r at ds and is supposed to bo finite and continuous at ovoiy 
pomt of r. (By the prmoiples of the statics of a iigid body wo have to prove 
that 

f-da^O, f\^ds^0, 

dv p Jr p 

where n denotes the umt prmoipal normal vootor of V at and x is the 
position vector of ds ) 

0 , Provo that a closed rigid surface S remains m equilibrium under a 
uniform inward pressure on all its surface elements (If by n' wo denote 
the mward drawn unit vector normal to the surface element da and by x 
the position vector of da, the statement becomes equivalent to the vootor 
equations 

f J^n'da ■= 0, y' Jjxn'ida = 0) 

A rigid body of volume F bounded by the surface S is oomplotoly 
immersed m a fluid of speoifio gravity unity Provo that the statical 
effeot of the fluid pressure on the body is the same as that of a single 
force/ of magiutudo V, vertically upwards, applied at the centroid 0 of 
the volume V 

8 *, Let p denote the distance from the centre of the oHipsoid S 
+ y^fh^ + ^ 1 

to the tangent plane at the pomt F{x, y, z), and dS the element of 
area at this point Prove the relations 

(1) pdS==: 47 ta 5 c. {n)J 

9 An ordmary plane angle is measured by the length of the are which 
its sides intercept on a umt oirolo with centre at the vertex This idea oan 
be extended to a solid angle bounded by a comoal surface with vortex A 
as follows. The magmtude of the sohd angle is by definition equal to tlio 
area which it mteroepts on a umt sphere with centre A Thus tlie measure 
of the sohd angle of the domain a? S 0 , y^O, z'^0 is 47 c /8 7 t /2 
Now let r bo a closed ourve, S a surface bounded by P, and A 
a fixed pomt outside both T and S An element of area dS at a point 
if of S defines an elementary cone with its vertex at and the solid 
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angk of tins oono is readily found by an olomontary fiignmonb to bo 


cosO 


ilS, 


where r ^ AM and 0 ib tlio anglo between tlio vector MA and the normal 
to S at M This olomontary solid anglo is positive or nogativo aooording 
as 0 18 aouto or obtuBo Intoiproi tbo surfaoo mtcgial 




geomotnoally aa a solid anglo and show that 



(a — %)(hj(lz + (6 — y)dzdv + (0 z)dxdy 
[(» — »)* + {b — yf+\o — *)»]•"’* ’ 


where (a, &, c) and (a;, y, z) are the Cartesian 00 ordinaiea of A and M 
reape otivoly 


10* Piovo, Brat dirooily and thon by mterpiotaiion of the integral as 
a solid angle, that 



5 =s 2 n* 


11** Provo that tho solid anglo whioh the whole surface of tho liypor* 
boloid of ono sheet 

- zy&^ - 1 


Bubtonds at its contro ( 0 , 0 , 0 ) is 


80 rl /_ + _, 

Jo \ -h 9 -|- sin* 9 


12. Show that tho value of tho mtogial 


n 



{a — cc^dydz d- (6 — y)(lzdiff -H (0 z)diidy 


is mdopondont of tho ohoioo of tho sinfaco S, piovldod its boundary 
r is kept Bxod By intogiatlng over tho oiiteido of tho Biirfaoo, 
prove from tins loaiilt that if S is a oloaod aurfaoo, thon fl ire or 0 , 
aooording as (a, 6 , c) is within tho volume bounded by S or oiiteide this 
volume. 


13 *. Lob tho Buifaoo S bo bounded by tho oloeod curve T and oonaider 
the integral 


Q{ai bt0)^J 


cc)dyd4 + (h -- y)dzdx + (0 — z)dQ^dy 
^ ^ , 

(r* ^ (a - a)* + (ft - y)^ (c -- «)*)» 
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03 a function of a, h, o Provo thot tlio components of the gradient of O 
oaa bo expressed as line integrals os follows 

9Q _ r (2 “ G)dy — (y — h)dz ^ r {% — c)dz — {z c)dx ^ 

dQ ^ r (y — b)dx (a; — a)dy 
do Jp r® 

(Theao formula), wlnoli bave an important mtorproiaiion m oleotro- 
magnotism, can bo expressed by the following vector equation 

where x is the vcotor with components (oj — a), (y — 6), (z c).) 

14 Verify that the expression 

— 4xydx + 2(a:® — — l)dy 


IS the total differential of the angle which the segment—1 ^ 'U £ 1, y — Or 
subtends at the pomt (a?, y) Usmg this fact, prove the following result 
by a geometrical argument 

Lot r be an oriented oloaod ourve in the xy piano, not passing through 
either of the points (—1, 0), (I, 0) Let p bo the number of times V 
orossoa the line segment —l<a?<l, y=:0 fiom the upper half-plane 
y > 0 to the lower half-plane y < 0, and n the number of times T 
crosses this line-segment from y < 0 to y > 0 Then 


> f — y® — l)dy 

('c^ + y®^ l)® + 4y® 


2k(p — n). 


Thus if r IS the curve f =3 2 cos20 (0 g 0 ^ 2), m polar co ordinates, 
0^0 

15 **. Consider the unit oucle 0 

s/ — 0039, y' sin9, 0 (0 g 9 g 2?:) 

m the xy plane Denote by Q the solid angle which the oiroular disc 
-H ^ L » — 0, subtends at the point P ^ {x, y, z). Now lob P do 
scribe an oriented closed ouiwo V which does not meet the oirclo O, Lot 
p be the number of times D crosses tho cuoular disc a;® + y® < 1, 0, 

from tho upper half space 2 > 0 to tho lower half space z <Z0f and n 
the number of times V crosses this disc fiom i<j< 0 to 2>0 IfP starts 
from a pomt Po on V with a 3 = Ho, then P, describing T (while O vailes 
Gontmuously with P), will return to P^ with a value a = a^, Provo by 
a geometrical argument that 

=*^da = 47r(p — n). 


Di — aQ 
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Using fcho vector cqiiatioa found above. 


f[PP'dF] 

giadn=-J^- -- 


(oxamplo 13), piovo that 

r r 1 9)' — dx dx' 

JjTWTi ^y' 


z' z dz dz’ 


f f{x'-v){d)jdz'-d/dy') + {.v'~y)(dzd\'~d%dz')-P{i^-z)(d'cdy'--dydx') 

J J Hz'-z)^]^”^ 

^ 4r7r{j9 — n)» 

(Tins lopcatod Imo integral, which is duo to Gauss, gives the numlbor of 
times r IS wound aiound 0* It should ho romaikod that its vanishing la 
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noooaaary if tlio two ouivos T and 0 (thought of as hoing two strings) aio 
to ho acpaiahlo, but not siillloiont, as is shown by iho oxamplo in flg, 18, 
whore ^ =3 n «= 1, yot V and 0 oannot bo sopaiatod.) 
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DifFerential Equations 

We have already discussed special cases of diflorential equa 
tions in Vol I, Chap XI« We oannot attempt to develop the 
general theory m detail withm the scope of this book. In this 
chapter, however, starting with further examples from moohanios, 
W6 shall give at least a sketch of the mam piinciples of the subject 

1. Thu Differentiaii Equations of the Motion of a 
Particle in Three Dimensions 

1 The Equations of Motion. 

In Vol I, Chap V, sections 4,6 (p. 292), and Chap XI (p 602), 
we have already discussed the motion of a particle; wo made 
the assumption, however, that this motion takes place along a 
pre-asslgned fixed curve. Wo now drop this restriction and consider 
a mass m which we suppose concentrated at a point with co- 
ordinates (cc, y, z). The position vector from the origin to the 
particle has components a?, j/, z and we denote it by a?, A motion 
of the particle will then bo represented mathomatioally if wo can 
find an expression for a;, j/, or a? as a function of the time t 
If, as before, wo denote differentiation with respect to the time 
^ by a dot, then the vector x with components (aj, ?/, i) and 
absolute value v = represents the velocity and 

the vector x with the components iii, £ represents the accelera¬ 
tion of the particle 

We shall not deal with the foundations of moohanics, but 
take the following defimtions and facta as our startmg-point^ 
wo call the product of the acceleration vector x and m the force 
vector yj and aocordmgly write 

mA;= y) 

412 
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Tho compononia of tins forco vcetoi, or, as wo bnofly say, of tbo 
force, will bo doiiotod by 

mjt,-- X, 

my = Y, 

7j 

Tlieso ilireo equations are known as Nowton*8 fundamental equa¬ 
tions of meohames, ]?iom our preliminary point ol view tlioy 
represent nothing but a pure definition of tho word force It 
turns out, however, that m many cases tliis forco vector can 
be determined without refoionco to the particular motion to 
be studied, a forco field in space bomg previously known from 
physical assumptions* Wo can then regard tho fundamental 
equations from quite a dilloroiit point of view. They then leprosont 
conditions which must bo satisfied by tho acceleration in every 
particular motion if this motion takes place under thoinfluonoo of 
tho given field of forco 

One examplo of euoli a field of foroo is the field of gravity. If wo take 
gravity as acting m tho dirootion of tho negative z-axis, we Icnow tho 00 m- 
ponoute of tho foroo to bogm with, Thoy aro 

X 0, y = 0, ^ 

or, in vector notation, 

where g is the constant aoooloratiou duo to giavity (of Vol I, Ohap. V, 
section 4, p 204) 

Anotlior example is given by the Hold of foioo prodnood by a mas6 |a 
ooncontralod at tho origin of tho 00 ordinato systom and attracting aooord- 
Ing to Newton’s law, li V »*) 5=3 | | ia tho llisfcanoe of 

thopartiolo (u, y, z) with mass m from the ongin, then In this case the field 
of foioo IS given by tho expression 

(imygradi 

(of, p, 91), and Newton’s fundaraontal oq[uationa are 
^ PY 8^’*^d 

f 








or, in components, 
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In genoial, if is a given field of force, willi compononla 
Vi ^)y y> which aio funciiona of iiosiiion, 
iliG equations of motion 

mx^ f 

or 

wioi — -S', 

y, 

form a system of three differential equations for the throe unlaiowu 
functions aj(i), y{i)^ z{t) The fundamental problem of the me- 
chanica of a particle is that of the determination of the actual 
path of the particle from the difierontial equations, when at the 
beginning of the motion, say at the time i = 0, the position of 
the particle (that is, the co-ordinates == a;(0), y^ — ?/(0), 
H = 1 ^( 0 )) and the initial velocity (that is, the quantities = a;(0), 
J/e == H ^ ^(0)) given The problem of finding three 
functions which satisfy these initial conditions and also satisfy 
the three differential equations for all values of t is known as the 
problem of the sohhon or integrahon * of the system of dififeiential 
equations 

2 The Ppnolple of the Conservation of Energy, 

Before wo consider the mtegiation of this system of dif¬ 
ferential equations in special cases, we shall stato a number of 
general facts following from the equations of motion The concept 
of the work done on the particle by the field of force duimg the 
motion was mentioned earher (Chap V, section 1, p 350); wo 
Imow that this work is given by the line mtegral 

J fxdt = J {Xdx+ Ydy + Zdz) 

taken along the path described by the paiticlo, 

If the field of foroo can bo represented as the gradient of a 
potential, say 

/= gradO, 

the work done dvmng the motion is indopondcnt of the path 

Thig word is used tecamo tho solution of such difforontial oquationa may 
to a certain extent bo regardeu as a genotalizatlon of the process of ordinary 
lutegratlon 
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and depends only on the initial and final points of the path (of. 
Chap y, section 1, p 300) A field of foice which can be repre¬ 
sented as the gradient of a potoutial is called, followmg Helmholtz, 
a GonsermhvQ * field of force. In such a field of force the equations 
of motion may bo written in tho vector foim 

mx~ —gradH, 

where instead of tho potential <D, which, it may bo pomted out, 
18 incompletely dctoimincd in that it contains an arbitrary 
additive constant, wo introduce tho potential energy V — —3). 
In terms of tho components tho last equation becomes 

mx— —Vn, 

-17„, 
md— ~Vf. 

Although in general wo oaimot integrate this system of equations, 
we can deduce another equation fiom it in which tho second 
derivatives do not occur and only tho fiist derivatives of the 
functions x(l), y{t), z{t) appear If wo use tho vector notation, 
tho argument may bo cairicd out as follows. In the equation 
mx = --grad V, wo form tho scalar pioduct of both sides and x, 
Tho loft-liaiid side then bocomos tho doiivativo of tho expression 
^mx^ = with roBjiect to t, the iight-linnd side is tho deri¬ 
vative of tlie function —V with rospeot to t (of. p 71), and by 
integration wo thoroforo obtam 

— — tl H- 0, 

whore o is a constant, that is, a quantity independent of tho 
time t If wo wish to avoid using vector analysis, then wo may 
arrive at tho same losult by multiplying tho throe equations of 
motion by as, j), d respectively and adding; on tho left-hand side 
wo then have tho derivative of tlio quantity 

+ j)® H-1®) 

with rospeot to L Tho equation 

5m(ii® -|- y® -[-1®) + U — 0 


* " Conaorvativo ’’ In virtue of tlio theoiem of tlw ooneorvallon of onorg; 
wtioh wo elwll alioitly duditco 
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thuB found IB tli6 mathematical expression of the theorem of the 
cons&tvatton, of enogij. We call the expression 

T ^ ^m{x^ 4 " 2 /^ + ^ 

the tmeliG energy (or energy of motion) of the moving particle, 
and the quantity V the potential energy (or energy of position) 
of the particle Without going into the physical explanation of 
these concepts, wo may mention that our equation has the 
following meaning 

In the case of motion in a Gonservaiive field of fence the total 
enengij^ that is, the sum of the potential energy and the hnetic 
energy, remains constant 

The way m which this theorem can bo used in the actual 
solution of tlie equations of motion will be shown in the examples 
m the next section, 

3. Equilibrium. Stability. 

The equations of motion, in conjunction with the assumption 
that y'ss —grad 17, i e. that the field of force is conservative, now 
enable us to discuss the problem of eqmhbrium. Wo say that 
the particle is m equihhrium under the mfluonce of the field of 
force if it remains at rest. In order that tins may be the case 
it a velocity and its acceleration must both be zero throughout the 
interval of tuno under consideration. The equations of motion 
therefore give the equations 

grad 17 = 0 
or 

tr^-0, Vy^O, 

as the necessary conditions for equilibrium 

These same equations determme the points at which the poten¬ 
tial energy V has a stationary value. It is particularly mterestmg 
to find that a point at which the potential energy V has a proper 
minvmum is a point of stable equilibrium By stability of equrU- 
briiim we mean that if we slightly disturb the state of equilibrium 
the whole resultmg motion will difior only slightly from the state 
of rest ^ More precisely, let R and p bo any positive numbers 

* An example }a given by a particle which rests under the inlluonoo of giavity 
at tbo lowest point of a ephorloal bowl whioh is concave upwards. On tho 
other hand, a paitiolo resting at the highest point of a spherical howl whioh la 
concave downwards is in unstable ” equilibrium, tho slightest disturbanoo 
resultB in a largo ohaugo of position 
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Corresponding to 22 and p wo can find two positive numbers < 
and 8 so small that if the partiolo is moved a distance not more 
than e from the position of equilibrium and started ofi with a 
volooity not greater than S, then in the whole subsequent coni’so 
of the motion the pomt never reaches a distance greater than R 
from the point of oqmhbriiim and novel has a velocity greater 
than p. 

It is a remarkable fact that wo can prove this statement about 
stability without integrating the equations of motion In the 
proof wo need only use the assumption that at the position of 
equilibrium in qiioation the potential eiieigy U has a piopor 
minimum. For simplicity wo assiuno that the position of oqm- 
lihiium, the point whore U has a mimmum, is the origm; if not, 
wo can make tins point the ongm by translation of axes. By 
definition the potential energy U involves an arbitrary additive 
constant; for the function 17 and the ftmction (17 + const) give 
the same field of force, the constant disappearing m the process 
of difiorontiation Thus without loss of goneiality wo may tako 
the value of the mimmum 17(0, 0, 0) as zero 

About the origin wo describe a sphere with radius r, re- 
calling the assumption that 17 is a minimum, we choose r < 22 
so small that everywhere in the iuteiior and on the surface 
of this sphoio, except at the origin, the inequality 17 > 0 is 
satisfied, The least value of V on the suifaco of the sphere wo 
call a, by hypothesis, a is positive It is therefore certain that 
the partiolo can never roach the surface of the splioro Sr as long 
as its potential energy romams loss than a, Smeo U is continuous, 
wo can find an e, depending on a, so small that in the sphere 
/S, With radius e about the origin the value of U is at most 
If wo start the partiolo from a point of iS^, and give it an initial 
velooity Vq so small that for the imiial Irinotio energy wo have 

^0 = < ia 

(in other words, if [ 'Uq ] < '\/(oM))> of tho 

conservation of energy wo always havo 

T+V^T^+U,<a. 

Since T is always equal to or greater than zero, wo shall always 
havo U loss than a, and thoroforo the partiolo can novor roach a 
distance greater than r horn the origin. Smoe V remains greater 

<B«2) 16 
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than or equal to zero, T remains less than a throughout the whole 
motion, and for the velooity wo always have 'O < v^(2a/m). In 
virtue of the continuity of 17, a tends to zero with r* We can 
therefore choose r so small that y'(2a/m) < p (that is, a < ^p^), 
so that the velooity is always less than p. Thus if the point 
starts inside with velocity % and if 1 1 ^ 0 1 < V(^/^)* 
always remains within the sphere Sf of radius r < 72 and always 
has a velocity less than p 


2 Examples on the Meohanios op a Pautiole 


1 Path of a Falling Body. 


As a first example we shall oonaider the motion of a partiolo under the 
mfluenoe of gravity, taken as aotmg parallel to the negative «-axlfl, Newton^s 
equations of motion take the form 


that IS, 


1 

11 

0 

0 

II 

1=5 —tng, 

II 

II 

dh 


From these equations by integration we find first the oorreBponding com¬ 
ponents of the velocity, and then the 00 ordinates of the particle iteolf, 
We at once obtam 


dy 

di 



^gt + Cit 


where Oj, are constants; a seoond integration gives the equations 

X = (tit dj, 

, y ==3 + 6 ft, 

* = + Oit + Cft, 

where a^t C2 also represent constants The moaning of the six constants 
of integration is found from the mitial oondltiona Without reatiiotmg the 
generality of the meohamoal problem, we can choose the co-ordmates in 
such a way that at the tune i = 0 the particle is at the origin Accordingly, 
if we put t ^ 0 and at the same tune a;=y = z= 0m the last equations, 
we at once obtain ag == 62 Ca — 0. Moreover, we can assume without 
loss of generality that the initial velooity lies in the plane, so that the 
component bi of the mitial velocity bos the value zero, With these assump 
tions the equation y(^) = 0 will hold for all values of t The trajectory 
(that IB, the path of the partiolo) therefore lies m a fixed plane, namely, 
the az plane. If we elnmnate the time (from the remaining equations 

X ^ ait, z ^ + Ci^, 
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wo obtain the etiuation of the trajectory m tUo form 






4* — aj* 


This curve is a parabola, with its axis paraUoI to the z axis and its vortex 
upwards The co ordinates of the vertex, whioh correspond to the maximum 
of the function 2, aio found by equatmg the derivative of the right-hand 
side of our equation to zero. ITor the 00 ordinates (», ^;) of the vortex wo 
thus obtain the values 


aic^ 
aj — —> 

(7 

20i* ff* «1 (7 

The time T at whioh the highest point of the path is leaohed is determined 
by the equation 

«! Q 

Aftor twice this time, that is, (= 2oilg, the moss has roaohod the point 
with 00 ordinates x » ^Oiojg and s = 0, and thus lies on the horizontal 
lino y =a » =3 0 tlirough the initial point. 


2, Small Osoillatlons about a Fositioa of Equilibrium. 

In section 1, No 3 (p <116) wo considered the question of tho 
stability of equilibrium. The motion of a particle about a position 
of stable oquilibrmm, coiresponding to a minimum of tlio potential 
energy, can bo appioximatod to in a simple way. For tiio sake 
of brevity wo rostnob oursolvos to a motion m tbe a;y-plane and 
assume that thero is no force acting m the direotion of the 
a-aas. We imagine the potential energy in the neighbourhood 
of tho origin (winch we take at tko minimum) expanded by 
Taylor’s theorem m tho form 

V— Uf, + px+qy+li{(ia)^+2bxy+ci/)+,.. . 

Iloro p, q and a, b, o denote tho values of the derivaiives 
U„, and U„ 3 „ U^y, TJyy rospeotivoly at tho origin In virtue 
of the assumption tfg = 0, and since UJfi, 0) = 0, 17^(0, 0) = 0, 
tho constant torm and tho linear terms in this expansion dis¬ 
appear We now assume that, corresponding to tho fact that 
the origin is a minimum, tho quadratic terms 

y) — M®'®® + 2% + c!/*) 
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form a positively dofinito quadratic form (p. 205), and that in a 
sufficiently small neighbourhood of the position of equilibrium tho 
potential energy Z7 can be replaced with sufficient accuracy by 
this quadratic form Q, With these assumptions tho equations 
of motion take tho form 


mx~ “gradQ 

tn® = —ax — by, 
my = —bx — cy 


These can easily be mtegrated completely if we first rotate tho 
!S- and y-axos through a smtably chosen angle For if wo consider 
tho positively defimte form a®® + 2bxy + cy^ — 2Q, we Icnow 
from elementary analytical geometry that by rotating the axes 
through a suitably chosen angle <f>, that is, by making the sub 
stitution 

® = ^ cos^ — ‘T) sin^, 
y== ^^sin^ H- ijcos^. 


this expression can be transformed mto an expression of tho form 

4. = 2Q, 


where f and ij are the now rectangular co-ordinates and a and p 
are positive numbers * In these new co-ordinates tho equations 
of motion mx — —gradQ transform mto 

mi ~ —af, 
mr) == —/817, 


whore i, t] are the new components of the position vector x. 
As m Vol. I, Chap V, section 4 (pp 296-7), both these equations 
can be mtegrated completely. We obtam 


I == .dj sin 


11 = A 2 sin 



whore Oi, c^, A^, A^ are constants of integration which enable us 

* 3?or the equation Q =« 1 repreBonta an elUpse, and hy suitable ohoioo of ^ 
tho term in xy oan be removed. 
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to mako tho motion satisfy any arbitrarily assigned initial con 
ditions 

Tlio form of tlio solution shows that the motion about a 
position of fltablo equilibrium results from the superposition of 
simple harmomc oscillations m the two principal directions 
the ^-direction and tho ^-direction, tho frequencies of these 
oscillations being given by '\/(a/m) and ■\/(jS/m) A general dis¬ 
cussion of those oscillations, winch wo shall not carry out here, 
shows that tho resultant motion may take a great variety of 
forma 
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To givo a few oxamploe of thoso oompouud oaoillationa we first oonaidor 
tho motion lopiosontod by tho oquationa 

5 =* Bm(^ + c), 

S 55 Bin(^ — o)» 

By ollminaling tho time i wo obtain tho equation 

(5 -h * 10 )* ^ eln^o ooa®o, 

which roproflonlB an olllpso Tho two oompononta of tho osoillation have the 
samo froqiiouoy 1 and tho B^Mno ampUtudo 1, but a difloronoo of phoao 2o 
If this (IKToronoo of jihaeo BUoooflBivoly takes all vahioB bolwoon 0 and 7 t/ 4, 
tho oorrosponding olhpso tho dogonorate straight hno oaso 

^ ^ Y] «», Q to tho oiiolo 1» and tlio osoillation passes from the 

so called Huoar oaoillatlon to Uio oiroular (eh flg8» 1--3) 

If iiB a flooond oxamplo wo oonsldor tho motion lopresentod by the 
oquatloufl 

5 slnf, 

Yj 633 sjn2(^ ^ o), 

wlioro tho froquonoiofl arc no loiigor equal, wo obtain osoillation diagrama 
wliioh aro clooidedly more oomplioatocl, In figs 4 , 6 , and 6 thoso figures 
are given for tho plumo dlltoronooB e ^ 0 , e w/fi, and c =3 7 t /4 rospeotivoly 
In tho first two oasea tho paitlole moves oontlnuously on a closed curve, 
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blit in ilin liwt oivNft It «wlnp bmtkwHnb* tml fnrwnrvln m an aw* nf iii® 
parnbuin 1. ourvc^H ublainnl by ibo Miipt^riH?^itlon uf 



riirx 4'A ilmilMilort 4li4){riimi 


(linfort'nl klitiplo Imnnonia (mitlalkmii in ilim<lliiiM nl nniilftii t« »l)e 
lutolliw aro Klvufi llio ((('noral itnnio of fii/unm. 

3 , Flauolnry Mollon. 

3 u tlm oxiuniih'K diHtiiiHwml kIhivo Uio difToiotitiiil mpmtifiija 
of tliQ irtoUuu cnn itnmodmUiIy (or nflnr ii InuiHfimiiutiniO 
bo wriLloii lit mioh n wny iliiiL iw'li of tlio <*o onliiittl<‘fl cx't’ura 
m ono diftoroiitiftl («|ual.ioii only nnd can Im ifoUiritiiinHl Uy 
olomontary mlogration. Wo aliali now coiiHitlnr Uto mo«t irn- 
liorlaut ituBo of a mufion in wliinli Utn tM|tiat<ionH of tnofion nro 
no longer eopaiablo m Uiia ainiiilc way, ho Uml Ihoir intagmlniii 
involvoa a Bonutwliat nioro dinimilL caknilation. TJio iirobltom 
in quoation is tbo ilcdtwtion of Kepler's lawn of planclattj miton 
from Nmvlon’a kw of attraction. Wo BtiitpoHo llial ai Uio orifuni 
of tho 00 ordmalo syslom tboro is a body of ma«H /i (o g Uio min) 
whoso gravilaUonal hold of foroo por iiinL luasH is givoit by Uio 
voolor ^ 

/«y/*grad\ 

f 

Wbal is tbo motion of o parliolo (a planot) undor tbo influoiino 
of Uiifi Hold of forool Tho o(j[uationB of motion aro 

M ® 

a * 
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In order to mtograto tliom 'w^o first state the theoiom of con.' 
Borvation of energy for tlio motion in the form 

T 

whoro 0 18 constant tliroughout the motion and is determined 
by the initial conditions 

From the equations of motion wo can now deduce other 
equations in winch only the components of the velocity, not the 
acceleration, aro present If wo multiply the first equation of 
motion by y, tho second by », and subtract, wo obtain 

ay—aif= 0, or ^(®2/“ f/») = 0. 

whence by integration wo have 

(By—ya=‘0i. 

Similarly, from tho remaining equations of motion wo obtain * 

yz— Oa, 

zok — Cg. 

Those equations enable us to simplify oui problem very 
oonsidorobly in a way which is highly plausible from the intuitive 
point of view. Witliout loss of gonorality wo can ohooso the 
co-ordinate system in such a way that at tho beginning of the 
motion, that is, at < = 0, tho particle lies m the xy-plano and 
its volooity vector at that time also lies in that plane. Then 

* Wo can also arrive at tlioiao Uiroo oquaMona using yootor notation, if wo 
form tho vootorpro<iuot of bolK aldosof tho oquation of motion and tho position 
vootor X Sinoo tlio force vootor is in tlio samo dlrcotion aa tho poaitioa Yootor^ 
wo obtain s/soro on the right, whilo tho exprossion Ix^] on tho loft Is tho 
(lorlvatlvo of tho vootor [xx] with roapoot to tho timo* It thoroforo follows 
that this vootor [xx] c has a vahio which is constant In tlmoj this Is 
exactly what is stated by tho oo ordinato equations above, 

As wo soO| this equation does not dopond ou our spoolal pro])lom» hut holds 
in gonotal for every motion iu which ifio force has tno same dlrootlon as the 
position vootor. 

Tlio vootor [xx} is caliod tho momeni of and tho vootor 

tiio momeni of mometUim of tho motion. From tho goomotrloal moaning of tho 
vootor product wo easily obtain tho following intuitive in torn rotation of tho 
relation lust given (of the aubaoqiiont dlsousalons in tlio text) If wo projoot 
tho moving parliolo on to tho co ordinate pianos and in oaoh oo ordinato piano 
oonsidor tno area wUloh tho radius vector from tho origin to tho point of pro 
jootlon sweeps over in iimo this area la propertionm to the timo (theorem 
of areas). 
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0 ( 0 ) «= 0, and 5 ( 0 ) = 0 ; and by substituting tboso values in the 
above equation and romomboring that the iight-hand sides are 
constantSj we obtam 

ya> = Oi = A, 
yi — zij= 0, 
tKC — xa — O 


]?roiE these equations wo conclude in the first place that the whole 
motion takes place in the plane 0 = 0 Since we naturally exoludo 
the possibility of a coUiaion between the sun and planet, we may 
assume that the three co-ordinates (», y, z) do not vamsh sunul 
taneously, so that at the time t—OsA which 0 ( 0 ) = 0 we have, 
say, a:(0) 4= 0 Now from the last of the three equations above it 
follows that 



Therefore 0 = 0 ®, whore a is a constant If we put ^ = 0 here, 
then from the equations 0 ( 0 ) == 0 and ®(0) H= 0 it follows that 
o s= 0, BO that 018 always zero. 

We may therefore base our problem of integration on the two 
differential equations 

f 

mj — yx^h. 


Wo next use the equations ® = r cos6, y = r sin 0 to transform 
the rectangular co-ordinates (®, y) into the polar co-ordinates 
(f, d), which are now to be determmed as functions of t. Since 


and 




zy~yx= 


we have the two differential equations 

T 


for the polar co-ordinates r, 6 The first of these equations is the 
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tliooiom of ilio consorvation of onorgy, while the eccoud expresses 
Koploi’s law of aioas In fact (of Vol I, Chap V, soctiou 2, 
pp 273, 2713) the oxpimsiou is the deiivativo with respect 
to the time of tho area awept out in time t by the radius vector 
liom tlio origin to tho particle This is found to be constant, 
or, as Koplor expressed it, the radius vector desa ibes equal areas 
in equal times 

If tho “ aioa constant ” h is zoio, 0 must vanisli, that is, 0 
must remain constant, so that tlio motion must take place on a 
straight hue tluoiigh tlio oiigm. Wo exclude this special case 
and expressly assume that h =j= 0 

In Older to find tho geometrical form of tho orbit, we give 
up thmking of the motion as a fimetiou of tho tune * and consider 
tho angle £/ as a function of r, or r as a function of <?, and from 
our two equations wo calculate tho derivative drjdO as a function 
of r. 

If wo substitute tho value 9 = /i/r^ horn tho area equation 
in tho onorgy equation and recall tho equation 


(hr ^ dr ^ 


we at onoo obtain tho diftorential oqiiation of tho orbit in tho 
form 


or 



To simpilify tho hvtor oaloiilations wo make tho substitution 


I* 


1 

u 


* ^lio oo\mo o( tUo motion m a (iinotion of llio timo oftn bo dotorminod 
flubfloq.uontiy by moftna of tho c(j[Uivtii)ii 



^do « Hi - g, 


in wbloh wo ouppoBO that r 
luoift') 


ia known na a funotion of 0 (of* p. 428)* 

16 * 
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and introduce the following abbreviations: 

p P’ 
a 1 a. 

= 1 H - TT-k’ 

The above difiorential equation then becomes 

/dwV { 1\“ 

W t V f)' 

and this can be integrated immediately. We have 
a ^ f _ ^ _ 


[Chap. 


or if for the moment we introduce u -— v as a new variable, 

f 

fl _ fl - r 

For the integral (by Vol I, Chap IV, section 2, p. 213) we obtain 
the value arosm^, and we thus obtain the equation of the 
orbit m the form 

1 — I ^ -y =s 1 sm{9 — On). 

r p p 

The angle can be chosen arbitrarily, smce it is immaterial from 
which fixed line the angle 6 is measured. If we take 0q = 7 r/ 2 , 
that 18 , if we let = 0 correspond to the value 6 — tt/2, wo finally 
obtam the equation of the orbit in the form 

1— €COs6 


We shall assume that the student already knows from analytical 
geometry that this is the equation m polar co-ordinates of a 
como havmg one focus at the origin 

Our result therefore gives Kepler’s law: the planets move in 
comes vnih the sun at one focus 
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It 18 intoresting to rolato the constants of integration 

f.lt, ..= 1 +^ 


to tlio initial motion Tho quantity p is Imown as tlio semi-latus 
leotiim or paiamotor of tlio conic, m tlio case of the ellipse and 
the hyperbola it is connected mth the semi-axes a and 6 by the 
simple relation 



Tho square of tho eccentricity, e®, determines the character of the 
conic; it 18 an ellipse, a parabola, or a hyperbola, according as 
IS less than, equal to, or greater than 1, 

ITrom the relation 

a 1 1 20^2 

= 1H-— 

my^lJ? 

we see at once that tho throe difloront possibilities can also be 
staled m terms of tho energy constant 0; tho orbit is an ellipse, 
a parabola, or a hyperbola, according as 0 is loss than, equal to, 
or greater than zoio* 

If wo suppose that tho parfciolo is brought at time i *= 0 to tho 
point A?o in tho Hold of foroo and is thoio started off with an mitial velocity 
XQf tlion tlio relation 

^0 

gives tho surprising faofc that tho oharaotor of tho orbit—ellipse, parabola, 
or hypoibola—does not depend on tho direotion of the uutial velocity at 
all, bub only on its absoluto value 

Kepler’s third law is a simple consequence of the other two. 
It states that in elUptto orbits Ike sqtui/re of the period bears a 
constant ratio to the cube of the major semi-aids^ the ratio dependi/ng 
on the field offeree only and not on the paihcular planet 

If we denote tho period by T and tho major semi-axis by a, 
wo should then have 


whore tho constant on tho right is independent of tho particular 
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prtihloiunntl (Idpi'UilH only on llio nmgmlaKl''of Uo' iit,tro''linK 
muHH iniil on (lot ^^mvilolonml ootoilinil y 

To prove IloH vto UHt» tfu' llotoiom of hu'uh m tho Jntl'{ 5 rn^^Ml 
fuiin 

["rhlfl I,{I Q, 

wliioli (Ipflnon llio inoUon iin a fnnclitm of llio iimo Tf wo loKo 
tho inloj^inl over llo> mtorval fioiu 0 lo ~/r, wo olilaiu on fho 
loft lituiil mdn twico llio area of tho oihilal ollipoo, lhat i«. hy 
pn>vionH M'Wtilta, wliilo on I ho righ) hand aido tho liioo 

difloionco I — Iq numt lio ropiacod hy tho |ifiiod T, TIuiroforo 

2nab h2' or 

Wo niroady know that A® m oonnoototl with tho j'hnnonla « and A 
of tho orbit liy tlio rolation A®/yy‘ f H wo roplaro A® m 

ifl 

tho above wpiatioim by y/t, it followa at imi’O that 

a 

47r« 

y/^* 

whioli oxftoLly oxprcBdOB Uiird law. 

FiXmvum 

L Pmvo tbftfc rtii il ^ « tho volnolty of a pinnoi 0 If !U 

orbit Jit a parabola and to a poaitlvo limit if It in a iiyporbidn. 

A plaiiot k moving on lui alHtmo, ami « 4 w(f) (.lonou^ tho mtgla 
PMI\i wlioro P 111 tho piM^ition of Um pbmot at tlm tiino f, lU pfmiibm 
at tlto Umo f| whoit it k nwoat to tlm mm and M Um oontm ^ Um 
X^rovo that w and t aro connoolod by Koplnr'ii tHpiatlon 

h(i — f,) m a6(w e ©Inw), 

8, I’fovo tlmt a body attraoted towiutla a oontro 0 by a fomo of mag* 
tdtuclo tar movciB on an oIHimso with oantro 0. 

4. Provo that Urn orbit of a body ropolled by a fotoo of magnitude 
/(r), wboro / k a givon CunoUon, from a oontm 0 k glvou in polar eo# 
dixiinfttoa [r^ 0) by 





3. Further Examples oe Dieebrential Equations 

Before diacussmg the foundations of the theory of difEorenti&l 
equations, which wo shall do m tho next soolion, wo shall hero 
consider some further examples of prohloms involvmg difierontial 
equations, also arising in part from mechanics. 

1, The deneral Linear Differential Eauation of the First Order. 

In Vol I, Chap III, section 7 (pp. 178,182) we have already 
integrated the equation p' 4- <*2/ + 6 = 0 completely m tho coso 
whore a and b are constants. We can, however, also complotely 
integrate this “ linear differential equation of the fiist older ” * 

y' + ay + b^O 

for tho unimown function y{x) in the general ease where a and b 
are any continuous functions of ». Tho solution is obtained by 
moans of tho exponential fimotion and ordinary integration 
(which, however, cannot in general bo performed in toims of 
elementary functions) 

We liist suppose that 6=0. Then tho differential equation 
can bo put in the form 

provided that y 4= 0 From this it follows that 
log I y I = —Ja{x)dx, 

* Tho “word “ linear ” oxprossoa tho fact that tho unknown function and 
its dorivafcivoa aio only Hnoarlv involved in tlio dilTorontial aquation A dlfforon- 
tial equation is said to bo ** of tho fiisb order ” whon it oontaius first dorivatlvea 
only and no higher doxivatives, 
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tincl finnlly, if for lirnvity wo doMofr luiy milnfmilo iiHt'gnd of tho 
fiiuutioii ii(x) by /l(r), 

(/ Of! 

wh(ao r in lui nrbilrnry ron«lnnt of iiUi'Hmtioii TIum fointiiln 
givoa ft Koliilioit oVdti whon o 0 , tmiuoly ;/ i 0 . 

If iirm h{x) IH uol< (U|Uftl lo :'oio, wo ftUoinpl lo liiiif u tioliiUoit 
of tho form 

y I 

wlioro u(x) imiat Im Huitnldy doli'iiniimd,* 

Smco /['(a:} t i «(/), 

»/' 5 u'(a:)B ofj'jaf/lf) 

nnd for I ho onktiown funution h(x) wo thorofoio hovo uio dif 
foroutiftl oquutioti 

u'{x)e “~6, 
from whii'h it followH tlmt 

U(») J 

Tho oxiiroftHioji 

y{x) tm —fl 

whoro 

/ffx) ' Jtt(x)dx 

tlioroforo givoa o BoUitioii of tho clilToroutml ot|iifttion. Thm imiutiQn 
Ib formod from Iniown fimotioiiB by mofttifl of Uio oxpoiimttial 
function ftiid of OKliimry proooBBOB of iutogmlion only. Siupo tho 
function u{») involvos an tirbilmry ndditivo couHtnut, wo two that 
tho oxproBBion 

y{x) “-a (f — Jb{x)e^^^dix^, 

whoro 

A{,) 

glvoB ft Bolubion wliioh Btill oonlftln# ftn nrhitrnry oonflbant of 
intogi'Ation 0 . This aolulion roally oontaiuB only om arbitrary 
ooMtftnb, ftlthovigh A{a)) also mvolvoa an ndditivo eoiistont. For 
if wo roplftoo A(®) by /((») H- Oj, tho Bohition boconiea ono of 
flimilftr typo obtained from tho origuml aolution by roplaoitig 0 
by c<r**. 

* TW» (loviott li known «« '• v«rl*Uon of tho pnraraoUtr " {m aIh) p, 443 ). 
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For oxampio, in tho ooso of fcho difforeniwl equation 
*/' + *1/ + » = 0 

wo have 

i4(*) = Jcedx = ^\ — 

and honoo tho solution 

y == e-*V2(o — s'**/*) — ce-*V 2 _ 

as wo may verify by diUorontiation. 
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2, Separation of the Variables. 


The idea wluoh underlies the above solution is that of 
separation of the variables. If a difierential equation is of the 
form 


y'«=- 


a(») 

m' 


where a depends on » only and j8 on y only, it may also bo 
expressed symbolically by 


or 


adx-r ^dy= 0 
adiy = —j3dy, 


m which the variables * ana y are separated. Introducing the 
two indefinite integrals 

adx, B — —Jpdy. 


which are obtained by ordinary quadratures, wo at onco obtam 


that is, 


da> 


(4-5) = a+j8y' = 0, 


A~B=>o, 


whore o is an arbitrary constant of mtegration. This equation 
may now bo imagined as solved for y, and tho required solution 
is thus obtained by quadrature. 

Another example in which the same idea is applied is tho 
so-called homogeneous dilforontial equation 
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If wo take z — yfx, so that — a»' + f'ho differential 
equation becomes 


aw' + «'=/(4 

or 


,/(z)-z 


an equation for z in winch y does not appear explicitly. Hence 

wh&re 0 is m arlbitrary constant of mtegration. Using tins equa¬ 
tion to expiess as a function of x, wo obtain tlio required solution« 

IVom y' we at onoo hare 


the solution of which la 


Again, the equation 



honoe 


where A is a constant 


dy 

V X* 



log 1 = c + log I a I > 
% 


y 


1 — w 


Examples 

1» Integrate the following equations by separation of the variables. 
W (1 + V^)xdx + (I + x^)dy = 0. 

(b) (1 4.e2«)c^2/-0. 

2. Solve the following homogeneous equationsi 
(a) y^dx + x{x — = 0. 

(!») {cydx-\-(x^-hy^)dy — 0 

<e) flj* — 4 * ^ 0 

<(?) (a? + t/}dx 'i- (y’-x)dy^ 0. 

- (e) + ^}y' — ^ — y®) + ay + y’» 
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3 Show that a diflorontial esquation of tlio form 

y' = <p (• ^ ° ] (ft, aj,.. constant) 

'Oi'C -|- 6,1/ + c/ 

can bo reduced to a homogonooiia equation as follows. If ah^ ■— afi 4* Oj 
we tako a now nnlcnown function and a now indcpondonfc variable 

Y) 3=5 na; “h 4 - 0, ^ — «i 5 C ‘h hxy + 

If ahi — afi = 0, wo need only ohango tlio unltnown function by putting 

Y) cw; + 

to roduoo the equation to a now equation in wluoli the variables aro sopo.* 
rated. 

4. Apply the method of the previous oxamplo to 

(a) (2aj + 4y + 3)2/' — 2y + ^<5 + 1 

(&) (32/-7a+3)y'-:3y-~7aj + 7 
6 , Integrate the following linear differential equations of tbe first orderi 

(«) 2/ + 2/ *** ooa® (^) V' -“I" 

-r 1 

(e) «?(» — 1)2/'+ (1--2% + «)^*=a 0. {d} 

iC 

(e) (1 + «V + *2/“ 

0. Intogiate the equation 

S. PetotmlnatioQ of tho Solution by Boundary Values, ^he 
Loaded Cable and the Loaded Beam. 

In the problems of moolianios and tbo other oxamples prO' 
viously diaoussed, wo solocied fiom tho wholo family of Wolions 
satisfying tho differential equation a particular ouo by moans of 
so-oalled mitial conditions, that is, we choso tho constants of 
integration in such a way that tho solution and in certain oases 
also its derivatives up to the (n— l)-th order assmuo pre- 
assigned values at a dofiiuto point In many applications wo 
aro conooined noithor with finding tho general solution nor with 
solving dofinite initial-value ptobloma, but instead with solving 
a 80 -callcd boundary-value problem. In a hoiindary-valuo problem 
we are required to find a solution which must satisfy pre-ossignod 
conditions at several points and which must be considered in the 
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niteivals between tlioso points, Here wo shall disonss a few 
typical examples without going into the general theory of siioli 
boimdary-valuG problems. 


Ex, 1 ,—The Differential Equation of a Loaded QaUe, 

In a vorfcioal xy piano—m whioh the y axia ifl vertical—we suppoao 
that a cable whose (oonatant) horizontal component of tension is 8 k 

stretched from the origin to the point 
a, y^h (of, fig 7) Tho cable 
IS acted on by a load whoso density per 
unit length of horizontal projection 
IS given by a seotionally oontmuous 
function p(u) Then tho sag y{x) of 
tho cablo> that is, tho 2^-00 ordinate, 
IS given by the differential equation 

«/"(*) = whore (/(*) = ? 

The shape of tho cable will then bo 
given by that solution y{x) of the 
differential equation whioh satisfies the conditions 1 /( 0 ) — 0 , y{a) = h 
The solution of this boundary value problem can bo witten down at once, 
since the general solution of the homogeneous equation y'' =s= 0 is tho 
linear function + CiOJ, and the solution of tho non-homogeneous equation 
which, with its first derivative, vanishes at tho origin is given by the 

integral J g{^)(of — (see below, pp 441-8) In the general solution 

y{«) = 0 , + Cl* +jrff(5)(!e - 



the condition y{0) = 0 at once gives Oq = 0 , and then tho condition y{a) »=» 1 
gives the equation 

b^0ia+ f (/(5)(a- QdS 

do 

for tho determinatioti of Oj 

In praotioo, besides this very simple form of boundary value problem 
a more oomphoatod oaso ooours, in which the cable is subject not only to 
the continuously distributed load but also to concentrated loads, that is, 
loads whioh are oonoontrated at a defimte pomt of the cable, say at tho pomt 
Xq Suoh concentrated loads wo shall consider as ideal limitmg oases 
arising os s - 4 ^ 0 from a loading p{x) which acts only in the mterval Xq'^ e 
to ajfl 4 - e and for which 



that IS, the total loading remains constant during the passage to the limit 
E -> 0 ; tho number P is then called the concentrated load aotmg at the 
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point Xq By intograting both sidea of tlio difforontial equation i/' =« jS 
over the interval fiom {» — c to a? -|- e before making the pasaago to tho 
limit e ^ 0, WQ see that tho equation + g) — y'{xQ -- c) = P/iSf holds. 
If wo now perform tho pnaaago to the liinit e 0^ wo obtain tho result 
that a oonoontrated load P acting at tho point oorroaponds to a jump 
of tho donvativo by an amount P/S at tho^ point oJo 

Tho following example suflioea to show how tho ooourronoo of a con¬ 
centrated load modihos tho boundary value problem. Wo aupposo that 
tho oahlo 18 stretched between tho points a =5 0, y — 0 and fc = I, y = 1 
and that tlio only load is a ooncontiatcd load of magnitude P acting 
at tho mid point a? — Aocordmg to tho above discussion, this physical 
problem ooiToaponds to the following mathematical problem wo have to 
find a continuous function y(a;) wliioh eatiaClos tho dilTorcntml equation 
y^' ^ 0 ovorywhoio in tho interval 0 g a? ^ I, except at tho point Xa = 
whioli takes tho values y(0) = 0, 2/(1) — 1 on tho boundary, and wlioao 
donvativo has a jump of the amount P/S at the point a;o' ^ order to 
find this solution, we express it m tho following way 

y{x) = & for 0 g a: ^ ^ 

and 

j/(r) c(l — a;) 'h loi* 

Tho oondilioii 2/(0) = 0,2/(1) — 1 gives 6 :=! 0, d = 1, From tho condition 
that both paita of tho function shall give the same value at the point 
«J ^ W6 find that 

sss -|- E 

Fmally, the roqiiironioiit tiiat tho doilvativo y' shall moroase hy tho amount 
P/8 on passing tho point ^ gives tho condition 

P 

Wo therefore have tho oonstanta 

P P 

ft -- 1 C****^!*^ d 5= 1 * 

2*5 28 

ond our solution is thus dotorminod, Moroovor, it is easy to show that 
no other solution with tho same properties exists 

PJx, 2 —The Loaded 

Tho situation in tho oaso of loaded beams is very similar (of. fig, 8), 
Let us suppose that in its position of rest tho beam ooinoidos with the 
«J axis between tlio absoiesoo a; === 0 and a? =* a, Then it is found that the 
sag y(x) duo to a foico aoting vortioally in tho y clirootion is given by tlio 
hnoar difforontial equation of the fourth order 

♦ For tho theory of loaded boaras of, o,g, Jlorloy, Theory 0 / SltuciutM 
(Longmans, Qrcoii & Co,, 1027) 



Fig 8 -—Loaded beam 


dmdod by the elongation), and 1 tho moment of mortia of tho cross Bootion 
of tho beam about a horizontal Imo through tlio oontro of maas of tho 
orosa section 

Tho gonoral solution of this differential equation can at onoo bo ox- 
pressed (p 446 ) m tho form 

!/(*) = Co + Ci» + «s»* + Cja.’ +j^ 

where Oq, 02, Ca oro arbitrary constants of integration Tho real problem, 
however, is not that of finding this gonoral solution, but that of finding 
a partioulai solution, 1 o of detormxnmg tho constants of intogiation in 
such a way that oortam dofimto boundary conditions aro satisficdi If 
6 tho beam is clamped at tho ends, tho boundary conditions 

y{ 0 )« 0, y{a) == 0, 2/'(0) := 0, y\a) «= 0 

hold It then follows at onoo that Co = Ci = 0, and tho constants and Cj 
ore to bo determined from tho equations 

+jj“<p(5) dJi - 0, 

2o,a + 3caa» +J^'S>iK) <= 0. 

With beams the ooourrenoo of concentrated loads is again of partioular 
intorost, As before, wo shall thinlc of the concentrated load aoting at tho 
point ic as arising from a loadmg p(aj), distributed continuously over 

^ 9(9 +« 

the interval Xq — e, to ar^ + e, for which / jp(5)d5 ==» again lot e 

Jvo—« 

appioaoh aero and at the same time lot ^(x) moreoso in such a way that 
tho value of P rernains constant durmg tho passage to tho hmit e -h 0* 
F la then tho value of the concentrated load at a? a?o Just as m the 
example above, we mtograto both sides of the differential equation over 
tho interval from to or 4- e and then poiform tho passage to tho 
limit e 0 , It IS found that the third derivative of tho solution y{x) 
must have a juihp at tho point a? o^o, this jump amounting to 

+ 0)-0) = ^ 

Here y(a?o + 0) means the limit of y{xti + A) as A tends to zero through 
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positive valuos, — 0) boing the ooircsponding limit from the left* 
Thus the following mathematical problem arisoa we attempt to find 
a solution of = 0 winch, togotlier with ita first and second derivatives, 
is oontmuous, for which y{ 0 ) y'{ 0 ) = == 0, and whose third 

derivative hoa a jump of the amount P/Bf at the point and else 

whore la continuous 

If the beam is fixed at a point aj — (of flg< 9 ), i o, if at this pomt the 


Fig 0 —Sng of beam supported in the middle 

sag has the fixed pio assigned value j/ = 0, wo can think of the fixation 
as bemg offootod by moans of a conoontrated load acting at that point 
By the moohanioal principle that action is equal to motion the value of 
this concentrated load will bo equal to tbo force winch tho fixed beam 
exerts on its support The magnitude P of tins force is then given at onoo 
by tho formula 

P « + 0 ) ^ ^ 0 )), 

whore y{x) sattsfioa tho dilforontial equation y^^ ^ PjEI ovorywhero m the 
interval 0 ^ g 1 except at tho pomt a;» and in addition also satisfies 
tho conditions ^(0) == |/(1) « |/'(0) y\l) — 0, 2/(iVo) ==* 0> ^n-d j/, y\ and 
i/' are also oontmuous at a » a?o* 

In order to lUnstiato thoso ideas wo oonsidoi a beam oxtending from 
tho point a = 0 to tho pomt a?« 1, damped at its ond-pomts ri? =« 0 and 
a; = 1, carrying a unifoim load of density p(a:) *= 51 , and supported at tho 
point a; ^ (of fig 9 ) 3 <'or tho sake of elmphoity wo assume that El =31, 
BO tliat tho beam satisrios tho difiorontial equation 

ovorywhoro, except at tho point 

As the formula shows, tho gcnoial solution of tho diftoiontial equation 
is a polynomial of tho fourth dogroo in a, tlio oooffloiout of being l/ 4 b 
Tho solution will bo oxprosHod by a polynomial of this typo m each of 
tho two half-lntorvals, 3 ?or tho first half interval wo write tho polynomial 
in tho foim 

y 6, -h bi» -1- 6,!K> H- 6|,»» -|- i ®*, 

41 

In the second half interval, in tho form 

y = Oo + 0l(» - l) + ««(!» - 1)* + 0|!(!» “ 1)’ + i (« - 1)‘* 

41 

Since tho beam is clamped at tho ends a? *=: 0 and a?» 1 , It follows that 
y(0 )-y{l)-y'(0 )-;/'(!) «0, 
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wlience we obtain 60 = 6^ Co = Cj “ 0 In adtlifcion> y{^)t y''(x) 

must bo continuous at tbo pomfc y tliat is> tho values of 

calculated from the two polynomials must bo tho samo, and tbo 
valuo of y(^ must be zero Thia gives 


I U . 1 




« I 3 T I 1 I 3 


1 

48* 


263 = 2</g — Sog 

Ihom this we obtain tho following values for h^, 65, O2, Oat 



and the force which must act on tho beam at tho point a, ^ in order that 
no sag may occur at that pomt is given by 


r{l +«) _ r (1 - 0 ) - (oc - ^ - (i»,+1) - - i. 


4 Linear Differential Equations 

1. Principle of Superposition Oeneral Solutions. 

Many of tlie examples previously discussed belong to the 
general class of bnear differential equations A difioiontial 
equation m tbo unlcnown function w(aj) is said to bo linear of the 
n-th order if it has the form 

, -f af^u{x) = (j>{x), 

where 03 , * * ♦ , given functions of the independent 
variable x, as is also the nght-hand side The expression on 
the left-hand side we shall denote by tho abbreviation L[u] 
(*’ linear difierential expression of the w-th order 

If ^x) IS identically zero m the interval undor consideration, 
we say that the equation is homogmeomf otherwise, wo say that 
it 18 noTir homogeneous. We see at once (as in the special case of 
the Lnear difierential equation of tho second order with constant 
coeflScients, discussed in Voh I, p. 610) that the following jpnWp/c 
of superposition holds: if tq, solutions of the 

homogeneous equation, every linear combination of them, 
u where the coefficients Og are constants, 

IS also a solution 
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If wo Icnow a. single solution v{x) of tto non-liomogonoous 
equation L[u] = <f){x)f wo can obtain other such solutions by 
adding to any solution of tho homogoneous equation. Con¬ 
versely, any two solutions of tho uon-hoinogoneous equation 
differ only by a solution of tho homogoneous equation, 

For 91 ^ 2 and constant coolTicionts ai, wo proved in Vol 
Chap XI (p 508) that evoiy solution of tho homogeneous equation 
can be expressed m terms of two suitably chosen solutions U 2 
in the form An analogous theorem holds ioi any 

homogeneous diQcrential equation with arbitral y continuous 
coefficients 

To begin with, we explain what we moan by saymg that a 
system of fimotions are Imoarly dependent or linearly indepen¬ 
dent, hy means of the following doftmiion. n functions 

are hnearly dependent if n constants ^ 0 ^ 

exist, which do not all vanish and whioh satisfy tho equation 

Oi,<l>iix) H- + . < • + 0„<}>„{x) = 0 

identically, that is, lor all values of * m the interval undor con* 
sideration Then if o„ 4= 0> Bay, <)l„(a!) may bo expressed in 
the form 

and is said to bo Uncatly dependefiU on tho other functions. 
If no linear relation of the form 

H' + < • ► 4- 0 „^„{! 6 ) 

exists, tho n functions are said to ho lineady independent, 

Ex 1.—-Tho fimoMoiis 1, a;, a;®, ♦ * . , are Imoarly mdopondonb, 
Ofchorwiso, oonfltante Cq, 0 |, .«,, would liavo to exist suoh that the 
polynomial 

Co 'h “H * ♦ * 4* 

vanishoa for all values of m a oortain interval* This, however. Is im 
possible imloss all the ooollloionts of the polynomial are Koro, 

Ex. 2. — Tho fimotions arc linearly indopondonb, provided 

di < a < • * < «„ 

Proo/.-—Wo asaumo that tins ataloment has been proved true for 
(n — 1) auoh exponential functions, Then if 
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is TO identity m x, wo divide by e«n« and, putting a, — o„ = bf, obtain 
+ Ci,e»«» + . . + + o„ s= 0 

It wa diftoMntiate tins equation with icapcot to m, tho constant o„ dJs- 
equation whioh iinplioa that the (n - 1) funotions 
eo*i» ” * ’ * imoariy dopondont, from whioh it followo that 

' ' * f ’ ” IT linearly dopondont, oontrary to our original 

ossiimp ion Honco there cannot bo a hnoar lolatlon between the 4 
oiigmal funotiona either. 


Hx 3—The funotiona am®. sinSe, am3®, .. , amn® aro linearly 
01 epoucleat m tho interval 0 ^ a; § ir. Wo loavo tho reader to prove thlfli 

using the fact that smin® am m® d® « -f ® (Of. Vol. I, p. 217.) 

‘'-ir tit it in = n,'- ' 


If wo assume that the functions ^i{x) have contimimis 
aerjvatives up to and including tho n-th order, we have the 
following theorem. 

^ T7>e necessary and sufficient condition that ike system of Juno- 
twns ^((x) shall be linearly dependent is that the equation 








<i>M 




= 0 


shM he an u^my in x. In addition the n deteminants fanned 
jTom, (b 1 } qJ the funchons must not vamsh simultaneously at 
any point The function W is called the Wronshan of tho 
system of functions * 

That the condition is necessary follows immediately; if wo 
assume that v j ^ 

2c,!A<(ai)« 0, 

successive differentiation gives the further equations 
2o<<jJ,'(a!) = 0, 


= 0 . 

These, however, form a homogeneous system of w equations, 
wboh are satisfied by the n coefficients c^, . , o„, hence W, 
the deti^nant of the system of equations, must vanish. 

J-liat the condition is sufficmit, that is, that if FF = 0 tho 
0 ions are nearly dependent, may be proved in various ways, 

theoi^oUtfcSiilSto waslumeT* elomonta of tho 
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One proof is as follows. From the vanishing of W wo may deduce 
that the system of equations 

+ • . + On'An = 0 

+ ♦ • + — 0 

= 0 

possesses a solution Cj, c^, . , o„ which is not trivial, whore 
C{ may still bo a function of ». Hero wo may assumo without loss 
of generality that c„ = 1 Further, we may assume that V, the 
Wronsldan of the (»— 1 ) functions ^ 1 , , ^„_i, is not 

zero, for we may suppose that our theorem has already been 
proved for (w •— 1 ) functions; thou F — 0 implies the emtonoo 
of a Imoar relation between <l>i, 0 a,and hence between 
01 , 02 , 08,. ., 0„ By differontiatmg * the first equation witli 
lespect to « and combining the result with tho second, we obtain 

Cl 01 “h C 3 0 a t.. "h o,,_i 0 «-i ~ 

similarly, by dilforontiating the second equation and comhming 
tho result with the third, wo obtain 

c/ 0 / + Ca' 02 ' + C«_i' 0 n_i' == 0 , 

and so on, up to 

Oi'0i<«-« H- Ca'02<*’-«> + . . H- c«-i'0tf = 0. 

Since V, tho determinant of these equations, is assumed not 
to vanish, it follows that Oi', 0 a^ • * • > Cn_i' ate zero; that is, 
Cl, Ca,..., o„^i are constants. Hence the equation 

SCi 0 i(a!)« 0 

does aotnally express a linear relation, as was assorted. 

We now state tho fundamental theorem on linear differential 
equations. 

Every homogeneoiis Imea^ differential equation 

X[m] = ao(a!)w<’‘\a!) H- ai(a!)M’‘~^(!B) + • • • + =* 0 

*It is easy to soo that tho oooffloIontB a arc oontln\ioua!y dlfferontlablo 
functions o! z, foi, if tho dotorminant V la nob ttioy can be oxpressod 
rationally in terms of i Iio funotloiia and tholr dorivatlvca. 
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possesses systems o/a linearly independent solutions Ug,. * *, 

By mperposing these fundamental solutions &oery oIIigt solution 
u may be ea^pressed as a linear expression with constant coejfiaents 

^li • • • t n 

U = 

t=l 

la particular, a system of fundamental solutions can bo 
determined by the following conditions At a prescribed point, 
say a; % IS to have the value 1 and all the derivatives of 
up to the (n — l)-th order are to vanish; Uit where t > 1, and all 
the derivatives of up to the (n — l)'th order, except the i-th, 
are to vanish, while the i-th. derivative is to have the valuo 1. 

The existence of a system of jpundamental solutions follows 
from the existence theorem proved in the next section (p 460)» 
It follows from Wronsln’s condition, which wo have ]uat proved, 
that a linear relation must exist between any further solution 
u and for from the equations 

i-o 

= 0 (i « 1,.,., n) 

/=o 

it follows that the Wronsldan of the (n +1) functions 
% Wi, U 2 y . , Un must vanish, so that u^i * , are 

Imearly dependent Since are mdependent, u depends 

linearly on 

2 Homogeneous Dififerential Equations of the Second Order. 

We shall consider difierontial equations of the second order 
in more detail, as they have very important applications 
Let the differential equation be 
, i[ii] = au'* + + cw == 0 

If Wi(a?), are a system of fundamental solutions, 

W — -Wj'Wa' — u^uf is its Wronskian, and W* — ih.u^” “ 

Since 

L[uf[ = 0 and £[t^] =: 0, 

• Two different eyatems of fundamental solutions w,, , .. ♦, 

can be transformed into one another by a linear transformation 

where tho ooeffioionta are constants and form a matrix whoso determinant 
does not vanisih 
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it follows that 

— aW + ~ 0 . 

Honoe by iutegration 

jfc + log 1 F1 = —J 
or 

W = ce-Js'''*, 

whore o is a constant This formula is used a great deal in the 
more detailed theory of diiloicntial equations of the second 
order. 

Another properly worth mentioning is that a linear homo¬ 
geneous ddlorontial equation of the second order can always be 
transformed into an equation of the first order, known as 
RiccaU’s dijjfe) enttal equation Riooati’s equation is of the form 

t)' *1* ^ 

where v is a function of as; or, in a slightly more general form, 
v' •+- pv® ja + r = 0, 

which 18 obtained from the first foim by puttmg v — zfp The 
linear equation is tiansformod into Ricoali’s equation by putting 
tt' = uz, so that «" — u'z •+• ««' « uz^ + m', and we have 

az' bz 0 = 0, 

A third remark* if wo know one solution v{x) of our Imear 
homogeneous diflorontial equation of the second order, the prob¬ 
lem is roduood to that of solving a diflorontial equation of the 
first order, and can bo carried out by quadratures In fact, if we 
assume that i[v] — 0 and put u=zi), whore «(») is the new 
function which we are seeking, wo obtamtho diilorential equation 

a/'v + 9.az'v' + bz'v -|- zL\v] = am!' -f (2au' 6i>)z' = 0 

for z. This, however, is a linear homogeneous differential equation 
for the unlmown function s/ = w; its solution is given on p. 429. 
From w wo then obtain the factor z, and hence the solution «, 
by a further quadrature. 

ExampUi —The linear oquatlon of tlio second order 

sa Or 
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IS equivalont to Eiooati’s equation 

^ ^ Z ^ - 

{V 

wliore z = y/y The original equation has 2 / » os a particular solution; 
hence it may bo reduced to tho equation of the fiist older 

whore v ^ y/x. That av+ h Ilonoo the goaoral integral of tho 

original equation Is given by 

yz= hx 

We would expressly omphasizo that exactly tlio same method 
can be used to reduce a hnear difEeiential equation of the n-th 
order to one of the {n — l)-th order, when one aolution of tho 
first equation is known* 


Exampliss 

1 Provo that if are diffoient numbers and Pi(a), * * • 1 

Pj^5(«) ore aibitrary polynomials (not identically zero), then tho functions 
9 i(®) == Pi(jc)e«i*, •«»> <p;;5(a;) « are linearly mdopeadent, 

2» Show that the so called Bernoulli's equation 

y + a(x)y ^ [n 4= 1) 

reduces to a linear differential equation for tho now unlcnown function 
z ^ y-*”* Use this to solve the equations 

(a) ay + y - y logaj 

{h) icy^{wj/ + 

(c) (1 — x^)f — «y =5 axy^ 

3* Show that Rdooati’s differential equation 

y' + P{x)y^+Q{x)y + li{x)^0 

ean be transformed into a Imoar differential equation if wo know a particular 
integral iji ^ (Introduce the new unlmown function 14 =* l/(y yi)* 
Use this to solve tho equation 

which possesses the particular mtegral y^ = «j. 

4* Emd the mtograls which ore common to tho two differential equations 
(a) y = y3 + 2a? — (6) y' —y^ -- y + 2a; + + ar*, 

6* Integrate the differential equation 

y « y + 2a; a;* 
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m terras of dorinito integrals, using the parlioular integral found in Ex* 4 , 
Draw a rough graph of tho integral ourvea of the ei^uation throughout the 
ay-plano 

O’** Let ijit ^2, 2/3, j/4 ho four solutions of Riooati'a equation (cf» Ex 3 ). 
Prove that tho expression 

Vi - ys ^ VtrzJh 
Vi -ViL V\ 

IS a constant* 

7 * Show that if two solutions, y^ifc) and y^{x)t of Ricoatl*0 equation are 
known, then the gonoial solution is given by 

1/ - Vi “ c(y — 

whore 0 la an arbitrary constant* 

Henoo find tho general solution of 

f/' — w tance = ooao;- 

ooa» 

which has solutions of the form a 
8* Provo that tho equations 
(a) (1 - x)y" + (Cl/--y— 0 , 

(h) 2 x( 2 x l)y" - ( 4 a;« 1)/ -|- |/(2ro + 1) *=« 0 

havo a common solution, Find it, and lionco intograto both equationa 
oompletoly. 

3, The Kon-*homogQnoouB Differential Equation. Method of 
Variation of Parameters. 

To solve tho nou-homogoncous difforontial equation 

L[u] + ... + — (j){x) 

it is sufflciont, by what wo have said on p* 439, to And a einglo 
solution This may be done as follows. By proper choice of 
tho constants ,,,, wo first dotormino a solution of 
tho homogeneous equation L[u] ==? 0 in such a way that tho 
equations 

«(^) = 0, . 

aio BtttisQod, This Bolution, wluoh doponda on tlio parameter 
wo denote by «(», i), Tho funotion «(», is a continuous funotioa 

of ^ for fixed values of a, and so ate its first n derivatives with 
respect to x. As an oxaraplo, for tkc differential eq[uatiou 
u" + !:*«= 0 the solution «(», ^ has the form 8mjt(a3 —• 
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and tills fulfils the conditions stated atovo We now assert that 
tho formula 

vi«>)==rmu(x,$)d^ 

gives a solution of L[u] = <j6 which, together with its first n — 1 
dorivatives, vanishes at tho point 0 )= 0 To vorify this state¬ 
ment wo diflorontiato the function repeatedly with respect 
to a? by the rulo for the differentiation of an integral with respect 
to a parameter (of, Chap IV, section 1, p 220), and recall tho 
relations 

w(a?, (c) = 0, u'{x, aj) = 0, ,, , x) — 0, x)^ I 

(where e g* == ^ == x). 

We thus obtain 

v'(a!) == 4‘i^)u{x, 01 + /' = f 

(>^x ^0 *'0 

^•#♦4 » «• »fl 

*^0 

«<»)(») = ai 

“ ^(®) +j^ 

Since £[w(aj, ^)] ~ 0, this establishes the equation L[v^ « ^(a?) 
and shows that the imtial conditions t;(0) — 0, t;'(0) = 0, . . , 

— 0 arc satisfied. 

The same solution can also be obtained by the following 

♦ Tho phyflioal moaning of this proooaa le thie If a i donofcoa tho timo and 
u the 00 ordinate of a point moving on a straight lino subject to a force 
tho olleot of this force may be thought of ns niislng from tho superposition of 
the small effects of small impulses The above solution «(», f) then corresponds 
to an impulse of amount 1 at time and our solution ^os tho effect of Im^ 
pulses of amount f) during the timo between 0 and x We cannot go furthor 
into the details here. 
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apparently difioreut method Wo seek to find a solution u of the 
non-homogoneous equation in the form of a Imear combination 

u = SyXa!)M,(a!), 

but now wo must allow the ooeflloients y, to be functions of x 
On those functions wo impose the following conditions 

yi + • • • + y/«« ~ 0 

yi'< 4- yaV + ... + ynV = 0 

» « » • * * » * 

yi V"’®) + + ... + yn = 0 

From tlicso it follows that the derivatives of u are given by the 
following formulse, 

u' =3 

Substituting those expressions in the differential equation and 
romembermg that L\u\ « <jli, wo have 

Sy/w/«-'>« 

For the ooefflcients y/ we obtain a Imear system of equations, 
whose determinant is TT, the Wronsldan of the system of funda¬ 
mental solutions Ui^ and therefore does not vanish Thus the 
coefficients y/ are determined, and hence by quadratures the 
coefficients y^. As the whole argument can he reversed, a solution 
of the equation has actually been found, and m fact all solutions, 
in virtue of the integration constants concealed in the coefficients 

ri 

We leave it to the reader to show that the two methods are 
really identical, by expressing t((a?, ^), the solution of the homo¬ 
geneous equation defined above, in the form 

w(a?, f) — 

The latter method is known as va/riaHon of parameters^ 
because here the solution appears as a linear oombmation of 
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functions with variftblc coefficients, wlicrctis iix the case of the 
homogeneous equation these coefficionts wore constants* 

—We oonsidor tlio equaiiou 

tt»_2l5!! + 2-==a.e'». 
oj a; 

By p. 443^ a Byatem of fundamental solutions of the ooxicaponding 
tomogeneous equation 

OJ ^ 

18 giTeoi by Uj ■= 0 ?, % ^ a® Honco if wo seek solutions of the form 
u ^ yiX + Y2^^ 

wo havo the conditions 

Yi'a? -k 

Yi' + ^Yr'oj «= 

for Yi ^nd Ya That is, 

Y/ =5, Ya' 

Honoo the general solution of the original uon-homogenoous equation k 
tt » {re^ + + C^\ 

4* Forced Vibrations* 

Ab an application we shall give a brief account of a method fox 
dealing with forced vibrations, m which the right-hand side of 
the difierential equation need no longer bo a poiiodio function, 
as in the oases oonsidorod in Vol. I, Chap. XI, section 3 (p. 610), 
but may instead bo an arbitrary continuous function f{t), For 
tho sake of simplicity wo restrict ouraolvos to tho caso whore 
there is no friction and take m 1 (or, what amounts to tho 
same thing, divide through by m). Wo accordingly write tho 
differential equation in tho form 

where the quantity is what wo pioviously called fc, and the 
external foioo is denoted by ^ instead of/. 

According to p. 446, tho fimotion 

A)(ZA 
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18 a solution of the diHorential equation » + ic^x — and eatis 
fles the initial conditions 

2?'(0)t=0, i?(01 = 0. 

For the general solution of the difEerontml equation wo thus 
obtain, just as before, the function 

1 

xit) =3 - / (hiX) Bimdi — A)(ZA c, smut + Oo cos/ci, 
icJq 

wliere and Cg are arbitiary constants of integi’ation 

If, in paiticular, tlio fimcition on tho riglitdiand side of the 
diHorontial eq[uaiioii is a purely periodic function of the form 
smeot or cosa»^, a simplo calculation shows that wo again obtain 
the results of Vol I, Chap XI, section 3. 


Examples 


I***. Piovo that tho liuoar homogouooui equation 

Mv) = + Ci3y(»-i> + . • ♦ + Cn^iy' + = 0 

\vith Gonstant ooolHoionta c has a eyatom of fundamental soluliona of the 
foim wlioro tho a/s aie the roots of the polynomial 

f{z) =3 -h . t # d- c,j* 

2 * Iiitogiato tho following equations 

(a) {b) ^ - 22/== 0, 

(0) (d) + 2y^0. 

(a) jcV' + 0^1/' -- 2/» 0 
3 Lot 

«o2/ “h (f'lV' + * • + 


bo a Imonr non-homogoncous diiforential equation of tho n 4 h Older with 
constant oooiHoients, and lot P{x) ho a polynomial. Lot 0 and oonsidor 
tho formal identity 


1 


j -}- cc^i d- ♦ ♦ ♦ d** 


t &o "h d“ d^ * * f • 


Prove that 




IS a particular iutogiol of tho dilTorontlal equation. 
If flfl =5 0, but th 0, then the expansion 


_I_ 

etji d* d* » • 

(aoia) 


d" ^0 “h 'h • 

IL 
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IS possible Prove that now 

y^b Jp(' 0 )dx -h ^.oP(^) + 6jP'(a-) + b^P"(x) 

la a parLioular infcogral of fclio dilTorontial equation 

4, Apply the motliod of Ex 3 to 0nd pai tioular mtogials of 
(a) — 0r, (b) y" + (1 + »)». 

6. A particular integral of tho equation 

«o2/ ay + * * + = c^»P('r), 

whoLO li ao, (ij, aro real conatants and P(^) is a polynouual, ctm bft 
found by introducing a now unknown fiinofcion z ^ z{cc) given by 

and applying tlxo method of Ex 3 to the equation m z 
Use this method to find particular integrals of 

(a) 'if* + 4y' + 3y = 3fi^ (b) y" — 2y* + y=^ ae*, 

6 Integrate the equation 

y"-Gy' + 3 ) 

coraplolely* 


B. General Remarks on Dieferential Equations 

Althoiigli a comploio thcoiy of clifferontial equations would 
extend far beyond the compass of this boolc, we shall hero akotob 
at least the olomonts of a general method for their troatmenbi 

1, Differential Equations of the Eirst Order and their GooiUOlrKltd 
Interpretation, 

We begin by considering a differential equation of tilQ 0rrt 
order, that is, an equation in which tho first derivative of the 
function y(x)f but no higher derivative, occurs in addition to 
and 7j{x) Tho general expiossion for a diCorontial oqiiatflOh, 
of this type is 

y') == Oj 

where we assiuno that tho function F m o, continuously difforoU’^ 
tiablo function of its three argiimoiits % y, if Wo now attoifl^ 
to visualize tho geometrical meaning of tins equation* In thu 
points of a plane logiou with rectangular co-ordinatos (a?, y)|j, 
this equation prescribes a condition for tho direction Of 


VI] 


GENERAL REMARKS 


451 

tangent to any curve y[x) winch passes through this point and 
satisfies the diliorontial equation Wo assume that m a certain 
region TJ of a plane, say m a icctanglo, the differential equation 
can be solved uniquely for and thus expressed 

m the form 

t/ =/(®. y)> 

whole the function/( oj, y) is a continuously differentiable function 
of X and y* Tlioii to each point (a;, y) of R this differential equation 
y' := /(a), y) assigns a diiection of advance ** The differential 
equation is therefore repiesonted geometiically by a field of 
diieclionSi and the pioblom of solving the differential equation 
geometrically consists m the finding of those cuives which belong 
to this field of diiections, that is, whose tangents at every pomt 
have the direction pro-assigned by the equation j/'—/(a;, y) 
Wo call these ouivcs the %ntegTal mves of the d'lffe/rentml 
equation, 

It IS now intinUvcly plausible that through each point (oj, y) 
of R thoic passes just one integral curve of the differential equa^ 
tion f —/(cc, y) Those facts arc stated more piecisoly m the 
following fuudamontal oxiatenco theorem* 

// %n the (kjJoenUal equation y' = f(x, y) the function f is con¬ 
tinuous and has a continuous doivative with resj)eet toy in a region 
R, then through each ][)oint (xq, yo) of R there passes one, and only 
onCf integral curve^ that there exists one, and onhj one, solution 
y(x) of the differential equation for which y(Xo) = y^. 

Wo shall roton to the proof of this theorem in sub-scction 4 
(p. 469), Iloro wo confine ourselves to the consideration of some 
examples 

li’or the difiorontial equation 



which wo conaldor in the region 2/ < 0» say, the dirootion of the field of 
duootlons 18 readily soon to be poipoudioular to the vector from the origin 
to the point (», y), Eiom this we infer by geometry that the cironlar ares 
about the origin must bo the integral curves of the differential equation 
This lesult is very easily voiiflod analytically I?or from the equation of 
these oirolos, 

V ^ - x^), 
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ifc follows at once that 

which shows that these oiroles satisfy the dilToiontial equation. 

At each point the hold of dueotions of the diflorontlal equation 



obviously has the direction of the luie joming that point to the oiigln 
Thus the hnes through the oiigm belong to tins field of dnocfcionB and are 
therefore integral curves As a matter of fact, we see afc onoo tliat tho 
fimotion y=i(ix satisfies the differential equation* for any aibiUary 
constant c 

In the same way we can verify analy tically that tho difioi ontial oquatious 

y'^l (J/ + 0) 

and 


ar© satwfied by tha respeotivo fam^lioa of hyperbolas 

y =’ V(«+!>>’)» 

0 

06 


where c is the parameter specifying the particular curve of tho family. 


Our fundamental theorem shows m general that difierontial 
equations of the first order are satisfied by a ono-paramotor 
family of functions, that is, by functions of x which depend not 
only on x but also on a parameter o (for example, on o =2 =s y( 0 )); 
as we say, the solutions depend on an arbitrary constant of 
mtegration The ordinary mtegration of a function/(oi) is merely 
a special case of the solution of this difiorential equation, namely, 
^0 special case in which f{x, y) does not involve y. All tho 
oirectiona of the field of directions are then determined by tho 
®-co-ordinat 0 alone, and we see at once that the integral ourvos 
a^e obtamed from one another by translation zn the dixeolion of 
the ^-a^s. Analytically this corresponds to the familiar fact that 
m mdefinite integration, that is, in the solution of the difiorential 


direoMons la no longer uniquely dofinedi tlila ia 
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equation y* — /(a)), tlio function y involves an arbitiaiy add-itive 
constant 0 

The geometrical interpretation of the difEcrontial equation 
now enables us to cany out an approxmate graphical %ntegration, 
that IS, a graphical conatruction of the integral curves, in much 
the same way as in the special case of tho indelinito integiation of 



Fig 10 —Dircctloufl of the Integral curves on tho Isoclines in fig ii 
IJ'lg n —Solutions of y « V(«* + y*)lx by tho Isoetinnl method 

a funokon of »(Vol 1, pp. 119-21) Wo have onl 7 lo thiak of the 
integral curve as replaced by a polygon m which oaoh side has 
fche direction assigned by the field of (hieotions for its initial point 
(or for any other one of its points). Such a polygon can bo oon- 
struotod by starting from an arbitrary point in R. The smaller 
we take the length of the sides of the polygon, the greater the 
aocuraoy with which tho sides of tho polygon will agree with tho 
field of dirootious of the differential equation, not only at thoir 
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ijutial points but tliroiigliout their whole length. Without going 
mto the proof, we here state the fact that by suceessivoly 
diminishing the length of side a polygon consti acted in 
tins way may actually bo made to approach closer and closer 
to the integral curve through the initial point For this 
process /(a?, y) need not bo given explicitly; it need only bo 
given graphically 

Such a graphical integration is frequently carried out in 
practice by the so-called isockml method The field of cliiections 
18 reprosentod by joining pomta with the same diiootion by 
curves {isodineB)^ that is, by skctcliing the family of curves 
flx^ ^) == 0 — const, To every value o of this constant there 
then corresponds a,definite dnection which can, for example, 
bo sketched in an auxiliaiy figure An integral curve must then 
cut every isoolmo in the oorrespondmg direction obtained from 
the auxiliary figure, and the construction of the integral curves 
IS therefore easily carried out by drawing parallels 


Fig II shows tho graphical mfcogratiou * of 2/' — 


X 


Iloro 


the isooUnos are balf-lmes through tlio ongm The corresponding directions 
agree with the oorrospondmgly-numberod dlrootiona in tho auxiliary 
fig XO, 


2 The Differential Equation of a Family of Curves* Singular 
Solutions, Orthogonal Trajeotories. 

The existence theorem shows that a family of curves corro 
spends to every differential equation. This suggests the question 
whether this statement is reversible. In other words, does every 
one-parameter family of curves y, o) 0 or y — g{Xf o) 
have a oorrespondmg differential equation 

y, y') ^ 0 


which is satisfied by all tho curves of the family, and how can wo 
find this difforontial equation^ Here the essential point is that o, 
the parameter of tho family of curves, does not occur in the 
differential equation, so that the differential equation is m a 
sense a representation of the family of curves not involving a 

* Thw differential equation oau be integrated explicitly by mtroduoing 
polar 00 ordinates, but the result of this axphoit integration is by no moans 
so oloar and easy to disousd. 
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w In fact, it IS easy to find such a diliorential equation 
aating the equation 

<^(cc, y, c) == 0 

pect to X, we have 

0m + == 0. 

is not identically zeio^ and if wc eliminate tho parameter 
3 n this equation and tho equation 0—0, tlio result is 
od difiorontial equation This elimination is always pos 
a region of the piano in which tho equation 0 := 0 can bo 
or the paramoior c in terms of x and y. Wo then have 
substitute tho expression g i=: y) thus found in tho 

oug for 0a, and 0^ m order to obtain a difioiontial equation 
amily of cuiveB, 

first oxamplo wo oonsidei tUo family of coiioontiio oiroloa 
- c* S3 0, from which, by chfforontiation with respect to x, wo 
LO difiorontial equation 

0 , 

nont ^vith p, 4:6 b 

Uor oxamplo is tlio family {x — o)^ + = 1 of ciroloa with unit 

ad oontro on tho ti axis By difiorenfciation with xoapeot to 83 wo 

(8? — o) + vv' « 0, 

diminating o wq obtain tho difiorontial equation 
or f{l + y'^)-^h 

family y «= (tc — o)^ of parabolas touching tho 83-axis lilcowiso leads 
of tho equation y* ^ 2(^ c) to tho required difiorontial equation 

c= 4r/, 

tho last two examples wo soo that the corresponding 
itial equations aro satisfied not only by tho curves of 
mly, but in tho first case by the linos y^l and —1 

\ tho second ease by tho a>axis y — 0 also Those facts, 
can at once be verified analytically^ follow without calou- 
from the geometrical meaning of the dilforential equation, 
eso linos are tho envelopes of tho corresponding family of 
^ and smeo tho envelopes at each point touch a curve of 
inly, they must at that point have the dlrootion presoribod 
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by tliG field of directions Tliereforo every onvolopo of a family of 
integral curves must itself satisfy tlio dilloiontial equation. 
Solutions of the differential equation which are found by foiming 
the envelope of a one-paramoter family of integral curves are 
called singular solutions,^ 

If to each point P of a region U which is simply covered by 
a one-paramoter family of curves y) o ^ const, wo 
assign Ihe direction of the tangent of the curve passing through 
P, we obtain a field of directions defined by the differential 

equation ~ (see above) If, on the other hand, to each 

point P we assign the direotion of the normal to the ourvo passing 
through it, the resultmg field of directions is defined by the 
differential equation 


The solutions of this differential equation are called the oitho- 
gonal tmjectmies of the ongmal family of curves y) — o 
The curves O c and their orthogonal trajectories mtorsoot 
everywhere at right angles. Hence if a family of curves is given 
by the differential equation y* —/(c», y)y we can find the differential 
equation of the orthogonal trajectories without integrating the 

♦ It ia remarkable that we can find alngalat solutions of a differential ccinalfion 
F{Xf pt y') ^ 0 without integrating the differential equation, that is, without 
having the one parameter family of ordinary solutions to sfcatt from. For wo 
reoall that by our fundamental theorem the solution of tho diffeiontial oouaUon 
IS uniquely determined m the neighbourhood of a point (r, y) wJion in this 
neighbourhood tho differential equation oan be wiitten in tho foim y' » /(m, y), 
where /(a?, y) is a continuously difforentiablo function It follows that at tao 
points through which both a member of the family and also a singulai solution 
pass, suoh an expression must be impossible In the neighbouihood of this 
point (a;, y) the differential equation y, y') cannot liavo a solution in tlio 
above form The theorem on implioit funotions in Chap III, section 1 (p 117), 
however, states that suoh a solution is possible if 0 at tho place in question. 

Wo thus find that a necessary (but by no means a sujjio^oni) oondition fof a 
point of a singular solution is that the equation 

18 satisOed If wo obminato y' between this equation and the given differential 
equatfon, we obtain an equation between x and y whioh the singular solution 
must satisfy (if it exists) The examples above confirm tliis rule Thus from 
the differential equation y*(l + y'®) I we obtain the equation yV 0 by 
differentiating with rospeot to f/', From those two relations we have y* « 1, 
or which ora tho singular solutions found above. 
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given dilieLential equation, fox the equation of the orthogona) 
tiajeotoiiea is 



In the examples disoussod above, from the difforontial equation satisfied 
by the ouolos V{x^ -|- y^) =*= ewe find that the diffoiontial equation of the 
orthogonal trajootorioa 19 y* ^ yjx. The orthogonal trajeotorios are thoro 
foie straight hnea through the oiigm (see p 462) 

If ^) > 0, the family of ooiifooal parabolas (of Chap, III, p 137) 
y 2 ^ 2|i(j5 + p/2) 0 satisfies the difioiontial equation 


Hence the differential equation of the orthogonal trajeotonea of this 
family is 

^ {—» + •\/(“^ "I- 'f))lv ~ y ^ ^ 

The Bolutlona of this diCoiontial equation aro the patabojtis 

V* — + J>/8) == 0, 

where p < 0 , which are parabolas oonfooal with one another end with the 
ourvos of the fiist family. 


3. The Integrating Factor, (Enlet’s Multiplier.) 

H we write the diiEoientiol equation y' —f{x, y) jn the form 
dy~f{ai, y)dx — 0, 

where dx and dy are the difEorontials of the indopondent and 
dopondont variables rcspoctivoly (for the idea of tho difEeioiitial 
see Chap. 11, p 66), and multiply by an arbitrary non-vanishbg 
factor 6(8!, y), wo arrive at an equivalent differential equation of 
the form 

a(a!, y)dx-{- &(», y)dy = 0. 

Tho problem of tho general solution of tho differential equation 
consists in finding a function y{x) such that this differential equa¬ 
tion for the differentials dx and dy is satisfied identically m x. 

In one ease such a solution can bo given immediately; namely, 
when the expression adx -^-bdy is the total differential of a 

function J?'(se, y), that is, if a function F{x, y) exists for which 
lami 16 * 
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a = SJ/Sa: and h s= dFjdy The differontifll equation Uvon becomes 


Tbs IS solved if we put 


(lif “ 0 




where o is an arbitrary constant of intogiation o, and fiom this 
equation wo calculate y as a function of a? and of the constant 
of integration o 

According to Chap V (p 354), a nocossary and suHioiout 
condition that adx d- h3,y may be tho total diltorontial of a 
function P is that the condition of intogrability dajdij cibjcix is 
satisfied If this condition is satisfied, tho lino integral of tho 
expression ad(K-\-hdy \s independent of the path and for a fixed 
imtial point represents a function P(aj, y) of the ond-pomt 
P with co-ordinates (», y), and this function F gives us tho 
above solution 

In general, the cooffioients a and 6 of a diffoiontial equation 
ad<c -f = 0 do not satisfy tho condition of inlogiability Tins 

18 true e g for the differential equation diB ^ dw = 0. Wo can 

then attempt to multiply the differential equation by a factor 
/i(a;, y) which is chosen m such a way that after the multqihoation 
the Mefficienls do satisfy the condition of mtograbihty, so that 
tlie difierential equation can bo solved by evaluating a Imo 
integral along a particular path, that is, by a simple mlogration. 
m our example nip, y) = x is such a factor It loads to tho 
differentml equation xda^ydy^ 0, tho left-hand side of whioli 
IS ^6 diffeieatial of the function -f-,/). Thus in agreomont 
with the previous result on p 451 the solutions of tho diffeiential 
equation are tho circles a:^ -f- 2o 

In general, such ai factor ^(a;, y), which we call an integratmg 
actor or multiplier of the differential equation, is determined by 
the condition that 




or 


aiXy — 6 ^^ + ^ ^ 0 ^ 


*own integrating factor ix{x, y) is therefore itself 
equation involving derivatives, and in fact 
partial derivatives with lespect to ® and y Thus tho finding of 
an mtegratmg factor is not in theory any simpler than tho 
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oiignial proTblcm, Nevertheless, m many cases such a factor is 
easily found hy trial and error, as m the above example The 
integrating factor, however, is chiefly of theoretical interest, 
and wo shall not discuss it further here 


d, Theorem of the Existence and Uniqueness of the Solution, 

Wo now piovo the theorem of the existence and uniqueness 
of tho solution of the difloicntial equation y'«=/(®, y) which 
wo staled on p. d51 Without loss of generality we can assume 
that for tho solution y(iB) m question wo have i/(0) = 0, for other¬ 
wise wo could mtrodneo y — 2fo •= ’I ® — aij = f as now 
variables and should then obtain a now differential equation, 
drildi =f(^ + ®o) ‘>7 + 2/o)» which wo could 

apply our argument. 

Ill the proof wo may confine oiusolvcs to a sufficiently small 
noighboiu'hood of tho point » = 0. If wo have proved the exis¬ 
tence and uniqueness of tho solution for such an interval about 
tho point as = 0, wo can then prove tho existence and umqueness 
for a neighboiu'hood of one of its end-pomts, and so on. 

Wo first oonviuco omsolvos that there cannot be mote than 
ono solution of the dllfoiontial equation satisfying tho initial 
conditions, Eor if there wore two solutions and y^iz), for 
tho difforonco d(x) — yi — yz wo should have 

d'{x) =f(x, i/i(ai)) -/(», y^ix)) 


By tho mean value theorem tho right-hand side of this equation 
can be put m tho form {yi — yi)fv(^, y) = d[x)fy{x, y), where y 
18 a value iiiteiraodiato between tjx and y^ In a neighbourhood 
I a> I ^ ft of tho origin y^ and i/j are continuous functions of a: 
which vamsh at a; = 0. Let b be an upper boimd of the absolute 
values of tho two functions m this neighbourhood, so that 
I i/) ^ 6 whenovor | a ] ^ o Moreover, by M wo shall mean a 
bound of |/y 1 in tho logion | »| ^ ft, | ^ ^ 6. Finally) let D 
bo tho greatest value of \ d{x) j m tho mterval | ^ ft We 

suppose that this value is assumed at a = ^ Then 

\d'{x)\:^\d{x)Ux,y)\^m, 


and thorofoio 


Jd’{x)dx ^\(\m^<tDM 
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We can clioose a so small that aM < 1, lor if \fv{Xy y) | is 
less than ilf in a region [ cc | ^ a, [ j/1 ^ 6, it continues to bo less 
than M in every region obtained by rGduciug a But if aM < 1, 
from -D S <^MD it follows that Z) s= 0* That is* in such an 
interval \(c\^ a we have y^{(K>) — 

By a similar integral estimate wo amvo at a proof of the 
existence of the solution Wo construct iho solution by a method 
which is also important m apphcatious, in particulai, m the 
numerical solution of differential equations This is tlio process 
of tterahon or mccessm afprommUon Iloro wo obtain the 
solution as the limit function of a sequence of approximate 
solutions ^ 0 ( 0 ;), y^{x)y . . As a first approximation 
wo take y^{x) = 0. Using the differential equation, wo take 


as tho second approximation* from tins wo obtain tho next 
approximation yj(a!), 

and m general the (n + l)-th approximation is obtained from tho 
n-th by the equation 

If in an interval | a; | ^ a these approximating fimotions con verge 
uniformly to a limit fmiotion y{x)y wo can at once perform tho 
passage to tho Imiit under tho integral sign, and for tho limit 
function we obtain the equation 


from which it follows by difEorentiation that f/), so that 

y IS actually the requited solution 

We oarxy out tho proof of convoigonce for a suffloiontly small 
interval [ a? ( ^ a by means of the following osiuUato Wo put 
i/n+i(a3) ^ yn{^) ^ dni^) Q^d by D„ denote tlie maximum of 
I dj^x) I in the mterval | a; | ^ a 


boanclod intogiaiicls Jnfco 

™tion givea a quantity whioh vamshos to tho eamo order fjjs tho i/iloiTa] ot 
inUjgratioiii as that interval ton da to zero 
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Etom tho equation 

d'nix) — y'nn — y'n =/(». Vn) —/(», Vn-l) 

bhe moan value tliooiem gives 

<(») = d„-i{x)Ux, 

whore is a value intcrmodiato botwoon and Lot the 
inoqualitioB |j/) | ^ A?, |/(aj, y) | ^ Af^ hold m tlio rect¬ 
angular rogion I aj I ^ c^, I y I ^ 6, If wo assume that for the 
function j/„ the lolation [ | ^ 6 holds m the interval | a? j ^ CJ, 

then hy tho definition of 

1 VnH-l(») 1 = I Vnmd^ I ^ 1 0 ) 1 Ml ^ »Kl. 

Wo shall theroforo ohooso tUo bound a for a? so small that 
aMi ^ b. Then in tho miorval j a: | ^ a wo shall certainly hava 
1 yn+i(®) 1 ^ Sinco for t/ol®) = 0 it is obvious that j | ^ 6, 
in tho interval | a: [ ^ a wo have | y„(x) | ^ J for ovory n. Ilonco 
m the equation 

wo may estimate the integral on tho right by using |/„ ( ^ AT, 
and for tho maximum Z)„+i of | dn+i(®) I interval j«| ^ a 
we thus at once obtain 

jD„+i ^ aMD„, 

Wo now take a so small that aM ^ j < 1, whore is a flxod 
proper fraction, say jr = |, Then D„+i g yDn ^ 

Let us now consider the series 

‘^o(®) “h ^i(®) + d^{x) * 

The w-th partial sum of this sorios is y„{x) Tho absolute value 
of tho w-th term is not greater than the number when 

1 2 ) I ^ a. Our senes is therefore dommatod by a convei’gont 
geomotrio series with constant terms, Henoo {of. Vol. I, p, 892) 
it converges unifoimly m tho interval) »| ^ o to a limit function 
y{x), and thus wo see that an interval | oj | ^ a exists in which 
the differential equation has a unique solution 

All that now lemains to be shown is that this solution can 
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bo exiendod stop by stop until it reaches the boundary of the 
(closed bounded) region E in winch wo assume /(^, y) to bo 
defined The pioof so fai shows that if the solution has boon 
extended to a certam point, it can bo continued onwaid over 
an a;-jnterval of length a, where a, liowovor, dciiends on tlio 
co-ordinates (a;, y) of the end-point of the portion alicady con¬ 
structed It might bo imagined that this advance a climinishos 
from stop to stop so rapidly that the solution cannot be ex¬ 
tended by moie than a small amount, no matter how many stops 
are made This, as wo shall show, is not tho oaso 

Suppose that R' is a closed bounded region ontuoly within 
R Then we can JSnd a 6 so small that for every point {Xq, Pq) 
m R' the whole square a?Q— i ^ a) ^ oJq -(- 6 , Va—b ^y^l/Q-hb 
hes mR If by ilf and wo denote tho upper bounds of j fy{x, y) \ 
and [/(a?, y) ( m tho region Ry then wo find that in tho preceding 
proof all the conditions imposed on a are certainly satisfied if 
we take a to be, say, the smallest of the numbers i, l/2ikf, and 
b/Mi This no longer depends on y^), hence at each stop 
we can advance by an amoimt a which is a constant Thus we 
can proceed step by step until we roach tho boundary of 
Since R can be chosen as any closed region in wo seo tliat tlio 
solution can be extended to the boundaiy of R 

6 Systems of Bififerential Equations and Differential Equations 
of Higher Order* 

Many of the above arguments extend to systems of difforontial 
equations of the first order with as many imknown functions of 
X as there are equations As an example of siifiioient generality 
we shall here consider a system of two diffeiential equations for 
two functions y(x) and ^{x), 

y' ==/(», y, 2 )) 

2' == g{«>, y, 2). 

We again assume that the functions / and g are continuously 
difierentiable This system of differential equations can bo 
mterpreted by a field of directions m a^«-spac6 To tho point 
(a:, y, %) of space a direction is assigned whose dicootion cosines 
are m the ratio daxdy g The problem of integrating 

the differential equation agam consists, geometrically speaking, 
in finding curves m space which belong to this field of directions. 



VI] 


GENERAL REMARKS 


463 

Ab m the case of a single diffoieniial equation, we again have 
tlio fundamental tlicoicm that through every point of a legion 
ZJ in which the above functions are continuously difierontiable 
fchoro passes one, and only one, integral cuivo of the system of 
dilTcroutial equations The region R is covered by a two-para- 
motor family of curves in space These give tho solutions of the 
syatom of difterontial equations as two functions y{x) and ^(x) 
which both depend on tho independent variable x and also on 
two aibitraiy parameters and tho constants of integration, 
Sysioms of differential equations of the fli'st ordci are par¬ 
ticularly impoitant in that equations of higher oidor, that is, 
diltoroutial equations in which doiivaiives higher than the fiist 
occur, can always be reduced to such systems 

For example, tlio dhforontial equation of the eecond order 
1 /' ^ Hx, y, y') 

oan bo wntton oa a system of two dilforontial equations of the first order 
Wo have only to take the first donvativo of y 'uith respect to a as a now 
imlmown function z and then write down tho system of difiorential equations 

z' ^ Vf z)* 

Tliffl Is exactly equivalent to tho given differential equation of tho second 
order, in tho sonso that every solution of tho one problem is at the same 
time a solution of tlio other, 

Tho reader may use tins as a starting-pomfc for tho disoussion of the 
linoar dififoiontial equation of tho second order, and thus prove the funda 
mental oxistonoe theorem for linear differential equations 

Hero wo cannot outer into further discussion of those questions, 
and for illustrations of those general remarks we shall merely 
lofor to tho dilloioniial equations of tho second order which we 
havo dealt with above (of pp 442, 448), 

6, Integration by the Method of Undetermined Coeffloients. 

In conclusion, we mention yot another general device which 
can frequently be applied to the integration of differential equa¬ 
tions. This 18 tho method of integration by power series, We 
asBumo that in tlio difierontial equation 

the function f{00f y) can bo expanded as a power series in the 
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vaTiablos a> aud y and accordingly possesses derivatives of any 
order with respect to x and y* Wo can then attempt to find the 
flolutions of iho chftorential equation in the lorm of a power soxies 

y = ^0 + GjX + + ... 

and to determine the cooflioicnts of tins power series by means 
of the differential equation.'** To do this we may e g. proceed by 
foitmng the difierontiated senes 

replacing y in the power series for /(^, y) by its expression as 
a power senes, and then equating the coefficients of each power 
of X on the right and on the left {method of mdete/mmied co- 
cffiaimts), Then if is given any arbitrary value, we can 

attempt to detennino the coefficients 

^1, O2, C3, O4, ♦ • • 

successively 

The following process, however, is often simpler and more 
elegant. We assume that we are seeking to find that solution 
of the differential equation for which y(0) — 0, that is, for which 
the integral curve passes through the ougm Then Oq = 0 ==5 0. 
If wo recall that by Taylor^s theorem the coefficients of tho 
power series ore given by the expressions 

we can calculate them easily In the first place, Cj = e/'(0) =»/(0, 0) 
To obtain tho second coefficient we differentiate both sides of 
the differential equation with respect to x and obtam 

==/,+4s''* 

If W 6 liere substitute aj = 0 aud the already knowB. values ?/( 0 ) == 0 
and ^'( 0 )=/( 0 , 0 ), we obtain the value y"{0) — Scj. In the same 
way we can continue the process and determine the other oo- 
effioients Og, 04 , . , one after the other. 

It can be shown that this process always gives a solution if 

* The firab few terms of tlio series then form a polynoimal of approximation 
to the solution To a certain extent, therefore, file method is the anaWtioa) 
counterpart oi the approximate grap^ool integration mentioned on p, 453s 
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tho power sonoa for /(», y) coiivorges absolutely ui the interior 
of a ojiclo about a: = 0,y=s0 Wo shall not give the proof here. 


E^A.MPLB3 


It Voiity that iho loft hand aidoa of tlio following dilierontial equations 
aro total dilToionUals, and intogiato tho equations 

(a) (3^*' + -h 4:y'^)dp = 0, 

yj t , y(U — ibdy __ 

% Show how to solve tho equation Mdx + l^dy 0, where M and iff 
wo homogonoous funotiong of the same degree. 

3, Jnlogiato the equation 

^ + (1 — i)iAf)dy « 0 ^ 


wiiloli has an integrating faotor mdopondont of «i. 
4, Intograto tho equation 


and from Its general integral state an integrating faotor. 
6 . Lot 


be a family of plane ourvos. 
and tho oci^iiatlon 


/(aj,!/, 0) == 0 
By olnnmaiing 




the constant o hetwoen thhi 


we got tho cUrtoronUal oquation 

F{», V, V') = ® 

of tho fo.tnIty of ourvos (of. p. 466V Now lot (p(j3) be a given function of ?), 
0, ourvo 0 satisfying the dillorontial equotion 

F(x, V, (p(y')) ^ ® 


ia oolled a trajectory of tho family of oiirves /(», y, o) =■ »• The seoond 
and third equations show that 

y'^fiT) 


h tho relation betwcou the slope Y' of 0 at any given f ® 

1/' of tho curve/(», y, c)« 0 passing through this point. The most imp 
taut ooao Is fp(p) = —l/P* lending to the equation 





466 DIFFERENTIAL EQUATIONS [Chap. 

wluoh 19 filio dillojcntift.1 equation of the mOiogonal iiajeclottea of the family 
of oulves (of p 45G) 

Ufio tliifl mothod to find tho oiLliogoiial tiajccCoiics of tlio following 
families of omvea 


(a) 

X'‘ + -\r cif — 1 = 0 

(6) y = 

(o) 

-1 

(a > & > 0, —6® < 0 < «)• 

+ 0 -h 0 

(rf) 

y = cosa + c 

(e) (» — c)“ -I- y* ==“ 


In oaoli oftao draw tho graphs of tho two oitliogonal families of onivos 
Q I?or tho family of lines y = c^ find tho two families of trajootones 
in which (a) ilio slope of tho trajectory is twice as largo as tho slope of tho 
lino^ (&) tho slope of tho trajectory is equal and of opposite sign to the 
slope of tho hue 

7, Difforontial equations of the typo 

y===a?ip + <|/(p), p^y' 

wore first investigated hy Olairaiit Differentiating, wo got 


wliioli gives p=^c^ const, so that 

Id iti6 general integral of the difforontial equation; it reprosontfl a family 
of straight lines Anotlior solution is 

wluoh together with 

-p¥{p)+ ¥p) 

gives a parametrio ropresontation of tho so called singtihr Megtal, Note 
that tJhe exHve given by tho lost two equations is the onvolopo of tho family 
of lines. 

Use this method to find the singular solutions of tho equations 

(a) 

(&) y ^ ncp + eP 

Find the differential equation of tho tangents to the oatonary 

y =3 CP cosh ? 

' a 

9. Lagrange investigated tho most general differential equation whioli 
is linear in both x and 2/, namely, 
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Diflorentiatmg, wo got 

p - 9{p) +[*<i>'(p)+'i»'(p)i 
wluoh IB oqiuvalont to tho linear dilTorontial cquaiLou 

dp (^[p) p 9 (j)) ^ p 

provided 9(pJ — ^ 4= 0 and p is not constant Integrating and nsing tho 
first equation, wo got a paiainotuo lopiosoutatioii of tho general integral 
From tlio Bcoond equation wo seo that tlio equations «p(2>) Jt) 0, 
p s= const. load to a oortam number of singular aolulions lepiosontmg 
straight Imos, 

The solutions oan bo mtorproted goomotuoally aa follows. Consider 
the Clairaut equation 


whore is tho invorso function of 9(p), i.o. 9*"^ (9(y>)) ^ p* From this wo 
see that tho solutions of tho difiorontial equation aio a family of trajoo- 
torios of tho family of straight linos 


or 

Thus 0 g. 


y {TO + tl/[9'“H0)]l 
y = 059(0) -h ^{0) {c const,). 

j/ = - - + 'Kp) 
p 


is tho diffoiontial equation of tho involutes (orthogonal trajectories of tlio 
tangents) of tho ourvo which roprosonts tho singular integral of tho Clairaut 
equation 

y^xp+ 

Use tills method to lutograto tho equation 

y ^ x{p + a) ^ Up 4- a)K 


10. Express, when possible, tho mtogvals of the following di 0 orenUal 


equations by olomoutaiy funotions* 





(6) 


* 1 

w 

l-p* 

'•> (D’“^ 

{d) 


l-f 

1 + p®' 


In each case draw a graph of tho family of int<^ral curves, and dotcob tho 
singular solutions, if any, from tho figures. 
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11» A differential equation of the form 

(note that jc does not occur explicitly) may be reduced to an equation ol 
the first order as follows Choose y ns the mdopondont vnnablo and )/ 
as the unknown funotion Then 


^ ^ dx ay ^ 


and the differential equation becomes /(y, p, ppO ==* 0* 

Use this method to solve the following problem 

At a variable pomt of a plane curve V diaw the normal to Tj mark 
on this normal the point N where the normal moots the x axis and 0, bJio 
centre of curvature of T at if JTmd the curves such that 


MN MO = const == h 

Discuss the various possible oases for h > 0 and k < 0, and draw the 
graphs 

12*. li^d the differential equation of the third older satisfied by all 
oiroles 

^ + Sflfo? + 2hy + 0 0, 

13, Integrate the homogeneous equation 

^ ^aro sin ^ 

and find the singular solutions 

14^, Solve the differential equation 

V+y-o, 

X 


with y{0) = 1, ^'(0) =5 0, by means of a power series* Provo that thle 
funotion is identical with the Pessel funotion Jq{x) defined m Ex 4, p 223 • 


6, Thu Potential of ATTRAonNo Charges 

Differential equations for fuuotious of a single indopendont 
vanable, such as we have discussed above, are usually called 
ordmary differential equations, to indioate that they involve 
only the ordinary derivatives of functions of one in¬ 
dependent variable In many branches of analysis and its 
applications, however, an important part is played by partial 
differential equations for functions of several variables, that is, 
equations between the variables and the pa/rhctl derivatives of 
the unknown funotion. Here we shall touch upon some typical 
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cases of partial dilTorential equations, and shall begin by con 
siJoLing iliG thooiy of atiiactions 

Wo havo already considorcd tlio fields of force produced by 
masBCfl according to Newton’s law of attraction, and we have 
roprcaonted them as the gradient of a potential ® (of. Chap, IV, 
p. 283 ct seq) In this seotion we shall study tho potential in 
somewhat greater detail.-^ 


1. Potoutials of Mass Distributions. 

As an oxtonsion of tlio cases considered previously we now 
take /X aa a positive or negative mass or charge Negative 
masses do not entoi into tho ordinary Newtonian law of attraction, 
but they do ocoui in tho theory of eloctiicity, where mass is re¬ 
placed by cleokio charge and wo distinguish between positive 
and negative elootiicity. Coulomb’s law of attracting charges 
has tho same form, as the law of attraction of mechanical masses 
If a charge ja is concentrated at a single point of space with 
co-ordinatos (^, 7 ^, ^), wo call the oxpiossion ft/r, where 

r = ^{{a) — +{y — rif + (* - O'®}. 

tho potential | ol this loasa at tho point (a;, y, z). By adding up 
a mvmboi of Biich potontials for diftoront “ sources ” or " poles ” 
Vi> Si) ’"'0 obtain as boloro (of. p 283) the potential of a 
systom of pai tides 

« S 

< n 

The corresponding fields of foice are given by tho expression 
jTsra y grad®, where y is a constant indopendont of the masses 
and of thoir positions. 

If tho masses, instead of being oonoontratod at single points or 
sources ”, aro distributed with density /x(^, 17 , 1) over a definite 
portion R of ^-rj^-spaco, we have already taken the potential of 
this mass-disirib\ition to be 


* An oxtonslvo litoratmo ia dovotod to tills important branoli of analysla; 
BOO, 0 g , ICollogg’a JPiyiindatioia of Potc7ittal Theory {Springer, Berlin, 1020) 
t Wo oould call tliia a potential of tlio masa Any fimotlon obtained by adding 
an arbitrary oonstant to tlila could oaually well be called a potential of the mass, 
einoo It would give the same Bold of force. 
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n tlio masses are distributed over a suilaco S with sui’faco- 
density /it, tbcn tlio surface integral 

ffl^da 

taken over the surface S with surface element da represents tlio 
potential of this surfacO) if the surface is given parametrically 
(p 169 et seq ) by -w, i) as parameters 

For the potential of a mass distributed along a curve wo 
likewise obtain an expression of tho foim 


whore s is the length of arc on this curve, fju{s) the linear density 
of the mass, and r tho distance of tho point (a?, y, z) fiom the 
point S of tho curve 

For every snoh potential the surfaces 

0 =« const 


represent the equipotenkal surfaces or level swfaces * 

Aa an example of the potential of a lino distribution wo take this 
easel a mass of constant linear density (x is distributed along tbo segment 
^ + l q{ the z-a\i8 Wo consider a pomt P with co ordmates 
{x, y) m tho piano «*= 0, if for brevity wo mtroduoo p « 
tho distance of the point P from tho origin, wo obtam tho potential m tho 
form 


Hero we liavo added a constant O to the integral, which does not affect 
tbo field of force derived from tho potential Tho mdofimte integral on the 
right can he evaluated as in Vol I, p 213, and we obtam 


f • j j = ar smh « log ! 

J p p 


* Carvea whioh at every point have the direction of the force vector are 
called linej of force The hnea of force are therefore curves which every whore 
intersect tlie level surfaces at right angles We thus seo that the famihes of 
lines of force corresponding to potentials generated by a suiglo polo or by a 
fimto number of poles run opt from those poles as if from a source In tho 
0080 of a single pole, for example, the Unos of force are simply tho straight linos 
passing through the polo 
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00 iihat the potential in the (By-plano is given by 

<[){a,. y) = 2(1 log + + 4- 0. 

P 

To obtain Uio potential of a Imo extending to infinity m both dircotiona 
wo giYo the value -'2[j log 22 to tlio constant * 0 and thus obtain 

<I)(a-, y) — 2p log ^ 21 ' ^ ' ^ ^ ' ~ 

If we now let tlio length I moreaso without limit, that is, if we lot tUo 
length of the lino tend to infinity, tho oxpiossion {2 + \/(2^d- p®)}/22 tends 
to unity, and for tho limiting vahio of y) wo obtain tho oxpiession 

<S){x, y)^ *-2|a logp. 

Wo thus see that apait fiom tho factor —2[ji the expression 
logp— log'\/(ic5^ + 

is tho potential of a sUatglii line perxmxdieular to the 'siy plane over xoliveli 
ct mass IS diet? ibuied wuformlt/, 

In addition to tlie distributions pioviously oonsidGied, 
potential theory also deals with so-called double laym, which 
we obtain m the following way, Wo suppose that at the point 
(^> C) a chaigo M IB concentiated and at the point + A, v), 
a charge —ill is concontratod. The potential of this pair of 
charges is given by 


V{oi~ 

M 

V{a; - ^ - hf + (y - +(z~ J)"*' 

If WO lot h, the distance between the two polos, tend to zero 
and at the same time lot the charge M moreaso witliout limit 
m such a way that M is always equal to — where jx is a 
constant^ cl> m tho limit tends to the expression 



We call this expression the potenUal of a dipole or doublet with 

* Wo make this ohoioo m order that in the poBsago to tho limit 2 00 tha 

potential (D shall lomam finite. 
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its axis in the ^-direction and with *' momonl ” (i Physically't 
lepresents the potential of a pair of equal and opposite charges 
lying very close to one another In the same way wo can express 
the potential of a dipole in the form 



where djSv denotes differentiation m an arbitiary duootion r, 
that of the axis of the dipole. 

If we imagine dipoles distributed over a surface 8 with 
moment-donsity and if we assume tbat at oaob point tbe 
axis of the dipole is normal to the surface, we obtain an expiossion 
of the form 

where d/du denotes dilleientmtion in the direction of the positive 
aormal to the surface (we Gan> as boforoj choose either direction 
of the normal as positive), r is the distance of the point of the 
surface J) jbeom the point (oj, y, z)^ and the point (^, rj, Q 
ranges over the surface, This potential of a double layer can bo 
thought of as arising m the following way* On each side of tho 
surface and at a distance h we construct surfaces, and wo give 
one of these surfaces a surface-density the other a surface- 
density —jMjih At an external point those two layers together 
create a potential which tends to the expression above as A 0 
Wg shall assume that m all our expressions tho point (a?, y, 
considered is at a point m space at which no charge is present; 
eo that the integrands and their derivatives with respect to 
X, j/, are contmuouB 

2 The Differential Equation of the Potential. 

In virtue of these hypotheses we can obtain a relation which 
all our potential expressions satisfy^ namely, the differential 
equation 

or in abbreviated form 

AO-0, 

which is tnown as Laplace^s equation, As we have already 
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(Vol I, p. 470) Verified by simple calculation^ this equation 
IB satisfied by the expression 1/r It tliorefoio holds also fox all 
the other expressions formed from it by auromation or mtegration, 
Biuoo wo can perfoim tlio diftorentiations with, respect to Xj z 
under the integral sign* This differential equation is also satis¬ 
fied by tho potential of a double layex^ for m virtue of the re- 
Yorsibihty of tho order of differentiation we find that for the 
potential of a single dipole tho equation 



bolds* 

Laplace^s equation is also satisfied by the expression 
log'\/(a;^ + obtained for tho potential of a vertical line, as 
wo can readily verify (cf also Chap II, p 76) Smee this no 
longer depends on the variable Zy it m fact satisfies the simpler 
Laplaco^a equation in two dunonaions, 

+ ^t/v ® 

Tho study of those and related partial differential equations forms 
ono of tho most important branches of analysis We may, how¬ 
ever, point out that potential theory is not by any means chiefly 
diroobod to tho search for general solutions of the equation AC> = 0, 
but rathor to tho question of tho existence and to the mvestigation 
of thoso solutions which satisfy pre-assigned conditions Thus 
a central problem of the theory is tho boundary-value 
problem in winch wo have to find a solution 0 of M> — 0 
which together with its derivatives up to the second order is ^ 
continuous in a region and winch has pre-assigned continuous 
values on tho boundary of R 


8. Uniform Double Layers* 

Wo cannot enter bore into a more detailed study of poteHttal 
functions y that is, of functions which satisfy Laplace^s equation 
A« =0 In this subject Gausses theorem and Green’s theorem 

* It must bo noted that tho difforontiation9/9»> refers to the vanablea ijt ?) 
and tho exeroasioa A to tho variables (a;, y, z) Moreover, tho funotlon ir' 
sldoiod na a function of tho six variables (», 2/» flyiametrioal m ta 

two sote of variabloa, and theroforo aatl&lies the differontml equation 

AO « Off + + Off “ 0 

with rospoot to tho varlabloa (^, E) also 
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(Cihap V, pp. 388, 390) are among tlio cliief tools oraployed It 
will bo sufficient to show by somo examples how such mvestL 
gations are carried out 

Wo shall first consider the potential of a double layer with 
constant moment-density fi — that is an integral of the form 



This integral haa a simple geometrical moaning Lot us assume 
that each point of the surface carrying tho double layer can 
be seen fiom the pomt P with co-ordinates {x, y, z), that is, 
that it can be joined to this point P by a straight Imo which 
meets the surface nowhere else The surface S, together with 
the rays joining its boundary to the pomt P, forms a conical 
region 7? of space We now state that the 'potential of the uniform 
double hyer^ except perhaps for sign^ ^5 equal to the solid angle 
which the boundary of the surface S subtends at the point P By this 
solid angle we mean tho area of that poition of tho spherical 
surface of unit radius about tho pomt P as centre which is out 
out of tho spherical surface by the rays going fiom P to the 
boundary of S We give this sohd angle tho positive sign when 
the rays pass thiough tho surface S m the same direction as the 
positive normal v, otherwise we give it the nogativo sign (cf 
Ex. 9, p, 408) 

To prove this we recall that the function u^ 1/r, when 
eonsiderod not only as a function of (a?, ^s:) but also as a function 

of (f, ^), still satisfies the difierential equation 

We fix the pomt P with co-ordmates (x, y, 2 j), and denote the 
rectangular co-ordmates in the conical region P by r), f), and 
by a small sphere of radius p about the point P we cut off the 
vertex from P, the residual region we call Pp To the function 
1 /r, considered as a function of (f, 97 , ^) m the region Pp, 
we now apply Green’s theorem (Chap V, p 390) m tho form 

11It"’- 

where S* is the boundary surface of Pp and djdn denotes differen¬ 
tiation in tho direction of the outward normal Since Ati— 0, 
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the value of tho left-hand side is zero If wo have ohoson tho 
positive normal diicotiou v on jS so as to coincide with tho outward 
normal n, tho surface integral on the right-hand side consists of 
three parts. (1) the surface integral 

over tiio surface jS, vlnoh is the expression V consictored above 
(p 474), (2) an integral over the lateral Biirfaco formed by the 
linear rays, (3) an integral over a portion of the suiface 
of tho Bmall sphere of xadiua p Tho second part is zero, since 
there tho normal dirootion n la perpondioiilar to tho radius, and 
tliereforo la tangential to the spheio r 5 = const For the inner 
sphere with radms p the symbol djdn is Gqmvalont to —9/9/}, 
since the outward dueotion of tho normal points in tho direction 
of diminishing values of t Wo thus obtain tho equation 



whore on the right wo have to mtograio over tho portion 
of the small spheiical surface which belongs to the boundary of 
Rp If we now write tho surface elomont on tho sphere with 
radiua p in the form da = whore doi is tho aurface element 
on the unit sphei’o, we at once obtain 

7—If da, 

The integral on the right is to bo taken over the portion of tho 
spherical surface of unit radms lying in the cone of rays, and 
we see at once that tho right-hand side ha^ the goometrioal 
meaning stated above; it is the apparent magmtude, except 
for sign, if the noimal dueotion on 8 la chosen so that it points 

* From tills form of Oreon’s theorem it followB in general that the eurfaoe 

integral J* taUon over a closed surface mnat always vanish when tho 

fuuctloTi i* flatlsfies Laplace's equation Aw ** 0 everywhere In the interior ol 
the surface 
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outwards * from the comcal region U Otherwise tho positive 
sign IS to bo taken 

If the surface S is not in the simple position relative to 
P desonbed above, but instead is intersected sovoral timoB by 
some of tho rays through P, we have only to drado tho surface 
mto a number of portions of the simpler land in order to 
see that the statement still holds good The potential oj 
the uniform double layer {of moment 1) on a bounded surface 
is therefordi except perhaps for sigUy equal to the ** apparent*^ 
magmtude wheh the boundary has when holed at from the point 
{^> 7» z) 

For a closed surface we see by subdividing it mto two bounded 
portions that our expression is cq^ual to zero if tho point P is 
outside, and equal to — 47r if it is inside. 

A similar argument shows m the case of two indopondont 
vanables that the integral 

^l-(Iogr)* 

along the curve 0, except possibly for sign, is equal to tho angle 
which this carve subtends at tho point P with the co-ordmntoB 

y) 

This result, like the corresponding result in space, can also 
be explained geometrically as follows Let the point Q with, tho 
co-ordinates (f, tj) lie on the curve 0 Then the dorivativo of 
logr at the pomt Q in the direction of the normal to tho oxuve 
IS given by the equation 

^ (logr) = ^ (logr) 008 (v, r) = i oo8(v, r), 

where the symbol (v, f) denotes the angle between this normal 
and the direction of the radius vector r On tho otlier hand, 
when written m polar co-ordinates (r, $) tho olomont of arc ds 
of the curve has the form 

ooa{vf r) 

* The negiitive sign xfl exploanod by the faot tliat with this oholoo of thw 
Qormal dueotion tho negative oharge lies “ next the pomt P» 
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(of. Vol I, pp 266 and 280), so that tho mtogi’al is tranaformod 
aa follo'WB’ 

/® (log .)*-Jl ,) 

The integral on tlio rights however, i8 the analylioal expression 
of our siatemont» 

4 The Theorem of Mean Value. 

As a second application of Greon^s transformation wo 
prove the following theoicm’ every potential function, that 
ia, every function u which in a certain region R satisfies 
the differential equation hu — 0, has the following mean value 
property" 

The mhie of the potential funchon at the centre P of an arhitra/ty 
&phere of raime r lying completely in the regmi B is equal to the 
mean value of the function u on the surface of the sphe) e, that ts, 

where u(x, y, z) is (he valm at the centre P and u (he value on (he 
mtjace S,. of tire sphere of radius i 

To prove this wo proceed as follows: let S/, bo a conconttio 
sphere inside Sf with radius 0 < p ^ j". Since = 0 overy- 
where in the interior of 8^, by the footnote on p. 476 we bavo 



where dujdn is the derivative of «in the direction of the outward 
normal to 8^. If (^, ij, are ouiront co-oidinatea and if with 
the point (», y, z) as pole we introduce polar oo-ordinates by tho 
equations 

^ —85= poos^sin.0, ij — j/= psin^sinO, a=pooB6, 
the above equation becomes 

^ Jsp op 

Since the surface element da of the sphere 8^ is equal to 



DIFFERENTIAL EQUATIONS 


+78 


[Chap, 


whore da is tho olement of surfaco of the aphoro S of unit radius 
(of Chap IV, p 274), wo find that if p > 0 



where the region of integration no longer depends on p, 
sequontly 



Con- 


and on interchanging tho order of integration and performing 
the integration with respect to p we have 

0 , — m(0 , 0, (j>)]da = 0. 


Since ii( 0 , 6, = u{x^ y, z) is independent of 0 and 9 ^, 

/^ Vi 4:7ru(x, y, z). 


As 


jjv,{r, d, 4) da = ^/jT «(n 0, 4) da, 


whore the integral on the right is to be taken over tho surface of 
Sft the mean value property of u is proved. 

In exactly the same way, for functions u of two variables 
which satisfy Laplace^s equation + Uyy :== 0 we have tho 
correspondmg mean value 'projterty of the cifcle expressed by 
the formula 

277^w(£r, y)^ fuds, 

where u denotes the value of the potential function on a oirclo 
with radius r about the pomt (aJ, y) and ds is the element of aro of 
this onolo 


5 Boundary-value Problem for the Circle. Poisson^s Integral. 

As an example of a boundary-value problem wo shall now 
discuss Laplace’s equation m two mdependont variables y 
for the case of a circular boundary Within the circular region 
^ we mtroduce polar co-ordinates (r, 0) Wo wish 
to find a function w(aj, y) which is continuous within the ouole 
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and on "Llio boiindary, possesses continuous derivatives of the 
first and second order wxtlm the region, satisfies Laplace’s 
oqiiation A« t=; o, and has pieseribcd values tt(B, $) ~f(9) on 
the bouudaiy. Here wo assume that/(d) is a continuous periodic 
function of 0 ivith soctionally continuous first derivatives 

The soluUon of this problem, in terms of polar co-ordinates, 
18 given by the ao-callcd Poisson’s integral 


ti 


2’!t Jo — 2jRr cos (0 — a) -)- r® 


To prove this, wo begin by consti noting as many solutions 
of Laplncc’a equations as wo please in the foUowmg way We 
transform Laplace’s equation to polar co-ordinates, obtaining 

1 1 

Aw=-(rMr)rH--iMM=0» 
r 'r 


and seek to find solutions which can bo expressed in the form 
u 5= </){i)ij!i(d), that 18 , as a product of a function of r and a funo 
tion of 0 If we substitute this expression for u m Laplace’s 
equation, the equation becomes 

#) m' 

As the left-hand side does not involve 6 and the right-hand side 
does not involve f, the two sides must each be mdependent of 
both vaxiablos, that is, must bo equal to the same constant h, 
Por wo accordingly have the diffeiontial equation 0 

8iuoo tho function u and hence also >fi{0) must be periodic with 
peiiod 27 r, it follows that the constant h is equal to w®, where n 
ia an integer. Hence 

^;{d) — a co&n6 + b sm»d, 

whoro a and b are arbitrary constants. 

Tho differontial equation for /(r), 

rY'(r) + r^'ir) - n^(r) = 0, 

ia a linear differential equation and, as we can immediately ver^, 
the functions ?■" and r- are mdependent solutions Since the 
flocoud eoUitjon becomes infimte at the oxigiu, while u is o e 
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contiuuous tliore, we are left with the first solution ^ = »'"> and 
the solutions of Laplace’s equation are 

»"(» cos«^ 4- b eiand). 

Wo now use the fact that by linear combination of snob 
solutions accordmg to the principle of superposition (of, section 4, 
p, 438) wo can obtain other solutions 

5O0 4- 6 oan$ 4 - sinw0) 

Even an inftmte senes of this form will be a solution, provided 
that the senes converges umformly and can bo differentiated 
term by term twice m the interior of the circle. 

If we now imagine the prescribed boundary function f{d) 
expanded in a Fourier series 

f{6) 4- S («„ cosmd 4- b„ smM^), 

this series, regarded as a scries in $, oeitamly converges absolutely 
and uniformly (of. Vol I, Chap. IX, p. 461) Hence the senes 

ii{r, 0) = Ido + S rg- (a„ oosne 4- b„ sm nO) 

a forUori oonveiges uniformly and absolutely in tlie interior of 
tKe oirole Tlus series, however, oan be differentiated term by 
term, provided r < iJ, because the resulting senes agam converge 
uniformly (of the account of power series in Vol* I, Chap. VI, 
p 399) This function is accordingly a potential function, it has 
the prescribed value on the boundary, and heiioo is a solution of 
our boundary-value problem, 

"We can reduce this solution to the integral form given above 
by introducing the integrals for the Fourier ooellioients, 

/ /(a)cosnada, = - / /(a)sinwaaa* 

-TT ‘'q 71* ‘'0 

Since the convergence is uniform, we can interohange integration 
and summation, and obtam 

«(r, /(“) [2 oo8n(d ~ a)I da. 
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Poosboii’b integral formula js tliorelore piovetl, provided that 
we oau establish the relation 

1 « 1 — 

2 ^ 2 — 2i?? COST 4" 

But this can be proved by the method used in Vol I, CJiap* IX, 
p. 436; we leave the piool to the Leader. 


Examples 


1 By applying invorsiou to Poiasoh’b foimnla, find a potential funotion 
u{Xi y) which la bounded m tho region outside fcbo unit oiTolo and aasumoa 
given, values /(O) on ita boundary (tbo ao oallcd outer boundary-value prob 
lem). 

2*. I?md (a) the equipotential surfaces and (6) tho lines of force for the 
potential of tbo aogmont +b of constant linear den¬ 

sity JL. 

Provo that if tbo values of a harmonic y, z) and of its normal 
derivative dujdn axo given on a olosod suifaoo S, thon tho value of u at any 
interior point is given by the oxpiossion 


y *») 


1 r c ildu 

4k j 7^ V ^ 



dcr, 


wh&TQ f IS the diatanoo fiom tho point (ar, y, z) to tho vaiiablo point of 
integration (Apply Groon’s thoorom to Iho fimotiona u and \jr ) 


7. FuUTHEn HxAMPMS 01? PAMIAh DlEEBUBNOMATi EqUATIOKS 

We shall now briefly disoues a few partial ddloroiLtial eg^ua*' 
tions which are of frequent ooouw’enoe. 

1 . The Wave Eauation in One Dimension. 

The phenomena of wave propagation, o.g of light or sound, 
are governed by tho so-oallcd wave eqnahon. Wo begin by oon- 
sidermg the simple idealized case of a ao-oalled one-dbmoneional 
wave Such a wave depends on some property for oxamplOj 
the pressure, the change of position of a partiolo^ or the intensity 
of an eleotno field, and depends not only on the co-ordinate 
of position X (we take the dircotion of propagation as the oj-axis) 
but also on the time t 

Tho function u{x, t) then satisfies a partial differential equation 
of the form ^ 


CB012) 


17 
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where a is a oonstant depending on the physical nature of the 
medium We can express solutions of this equation m the form 

u—f{x —at), 

whore /(^) is an axbitiary function of about which wo 
assume only that it has contmuous derivatives of the first and 
second oidcr If we put x — at, we see at once that our 
diEerontial equation is actually satisfied, for 

In the same way, using another arbitrary function g{^)i wo 
obtain a solution of the form 

u == g(x + at) 

Both these solutions represent wave motions which are 
propagated with the velocity a along the a>axis, the first 
represents a wave travelling m the positive (r-duection, the 
second a wave travelling m the negative jr-direotion For 
let u have the value u{xi, at any pomt at time then u 
has the same value at time t at the point x^ a{t — fi). 
For then x — at — at^, so that /{cc — at) =/(a?i — 

In the same way, we can see that the function g{x + repre¬ 
sents a wave travelling in the negative aj-direction with velocity a. 

We shall now solve the following mitial-value problem for 
this wave equation From all possible solutions of the difierential 
equation we wish to select those for which the initial state (at 
^ 0) is given by two prescribed functions u(x, 0) = (l>{x) and 

u^{x, 0) — 0(a;) To solve this problem, wo have merely to write 

u == f{x — at) + g{x + 

and determine the functions / and g from the two equations 
<l>(x) =/(«!) + g{x) 

li>(x)=^~nx) + g'ix). 

a 

The second equation gives 

o+-fil>{r)dT= —fix) + ^(a;), 
a •'0 
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wlierQ 0 13 an arbitrary constant of integration, From this wo 
readily obtain tlic required solution in tho form 

,) = + 1 r "V) -Jr 

The reader should prove for himsolf, by introducing now 
variables | = a5 — a(, y) = a? + o( instead of » and t, that no 
solutions of the dilforential equation exist other than those given 

2. The "Wave Equation in Three-dimensional Space. 

In the wave equation for space of three dimensions the func¬ 
tion u depends on four independent variables, namely, the three 
space co-ordinates x, ?/, z and the time t. The wave equation is 
then 

■ , 1 

««((+ 

Of 

or, mote briefly, 

Aw=i%. 

Here again we can easily find solutions which topresonb the 
propagation of a plane wave in the physioal sense. 

In fact, any f\iuotion/(^), provided wo assume that it is twice 
continuously diflorentiablo, gives us a solution of the diflorential 
equation, if wo make ^ a linear expression of tho form 

^ = 035 -f + y* i a«, 

whose ooeilioionts satisfy the lelation 

o?+ 1. 

Aw=(aM-i3^ + yV'(f)=r(0 

and 

we see that u=f(ax -|- §y + yz-±,cU) is really a solution of tho 
equation 

Am=-4«». 

a® 

If j is the distance of tho point (®, y, z) from the plane 
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"h ^ 1 / + yz " 0, wo laxow by analytical goomotry (cf. Chap. I, 
p 9) that 

gr aaj 4 Py+yz 

Henco, in the first place, wo see from the expression 
‘^^f{q±at) 

that at all pomts of a plane at a distance q from the plane 
4 — 0 and parallel to it the property wliioh is being 

propagated (represented by u) has the somo value at a given 
moment The property is propagated in space in such a way 
that planes parallel to cue 4" 4“ 0 aio always surfaces 

on which the property is constant, the velocity of propagation 
18 a m the direction perpendicular to the planes 

In theoretical physics a propagated phenomenon of this land 
is referred to as a plane wave, 

A case of partioular importance is that in which the property 
vanes periodically with the time If the frequency of the vibra¬ 
tion IS 01 , a phenomenon of this kind may be represented by 

where Jc, as usual, denotes the reciprocal of the wave-length J 


In the case of the wave equation with four mdopendent 
variables we can find other solutions, which represent a sphet^icccl 
wave spreadmg out from a given point, say the origin A spheidoal 
wave IS defined by the statement that the property is the same 
at a given instant at every pomt of a sphere with its centre at 
the ongm, that is, that u has the same value at every point of 
the sphere To find solutions which satisfy this condition, we 
transform Au to polar co-ordinates (r, (f>), and then we have 

merely to assume that u depends on r and t only and not on 6 
and If we acoordmgly equate the derivatives of u with 
respeot to 9 and ^ to zero (cf p 891), the differential equation 
becomes 

I 2 1 

Mrr« ~ (ru)(,. 


OT 
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H for tlie momont wo replace rw "by w, w is a solution of the 
equation 

1 

«'rr=-2W„, 

a® 


which wo have already discussed, and licneo must bo oxpiessihlo 
in the form 

w z:=.f{r — at) H- g[r + at). 

Then 


“ — ~ {/(»■ '“«*) + //(’■ + 
T 


The reader should now verify for himself dircoily that a function 
of this type is actually a solution of the diftoicntial equation 

Am ~ i 

or 


Physically the function « == - /(»' — at) roprosonts a wave 

f 

whioh 18 propagated outwards into space from a oontre with 
velocity a. 


3 Maxwell’s Equations m Free Space. 

As a concluding example wo shall discuss the system of equa¬ 
tions, known as MaxweWs eqmlwns, which foim the foundations 
of electrodynamics, Wo shall not, however, attempt to approach 
the equations from the physical point of view, but shall merely 
Qonsider them as illustratmg the various mathematicnl concepts 
developed above 

The oleokomagnetio condition in free space is determined by 
two vectors, an electno vector B with compononts E^, B 3 , 
and a magnetic vector H with components i?j, B^. These 
vectors satisfy Maxwell’s equations’ 

curl^H-5- — 0, 

c ot 

ourl^-i^=:0, 

0 St 
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wJiore 0 is tlio velocity of light m free space Expressed in 
terms of the components of the vectois, the equations axe; 


- 0 , 


and 


dij 

dHt^ 1 dill . 

dz G dl 

dSt_ 

dz 

+ 

1 

^ 3 - 

3 j ^13 

dij e dt 

dx 



dy 

dz c dt 

dH, 

.3~l ^^2 

dz 

dx c dt 

3- 


dx 

dy G dt 


0 , 


0 , 


= 0 . 


For the components as functions of position and time we thus 
have a system of six partial differential equations of the first 
order, that la, of equations involving the first partial deiivatives 
of the components with respect to the space oo-ordmates and to 
the time* 

We shall now deduce some distinctive consequences of Max* 
welVs equations If we form the “ divergence of both equations, 
and remember that dtv ciirl-4 = 0 and that the order of difleron 
tiation with respect to the time and formation of the divergence 
IB interchangeable, we obtain 

div-fi*^ const, 
const; 

that is, the two divergences ** are independent of the time. 

If we assume that the constants are imtially zero, then they 
remain zero for all time 

We now consider any closed surface 3 lying in the field and 
take the volume mtegrals 


and 


///cUv£* 

///divZ/i, 
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throughout tho volume enclosed by it. If we apply Gauss’s 
thcoi cm (Chap V, p 388) to these integrals, they become integrals 
of the noimal components II„ over the surface S. That is, 
the equations 

divi?^ 0, 
divjfr= 0 

give 

JjB.da-O, 

In olocirioal tlieoiy surface intogials 

or 

are called tho electric or magnetic flux across the surface 8, and 
out result may accordingly be stated as follows* 

Tho eloctiio flux and tho magnetic flux across a closed surface, 
subject to the assumptions we have made above, are zero 
"Wo obtain a huthor deduction from Maxwell’s equations if 
wo consider a portion of surface S bounded by the curve F and 
lying in tho surface 

If wo denote the components of a vector normal to tho sur¬ 
face A by tho suflix n, it unmcdiately follows from Maxwell’s 
equations that 

(omlJ).---g-, 

(»“>■»)■-+;f- 

If wo integrato those equations over tho surface with surface 
olomont dcr, wo can transform tho left-hand sides into hne m- 
tegrals talcon round tho boundary V by Stokes’s theorem (of 
Chap* V, p 395 )* If wo do this, and carry out the difiercntiation 
with respect to t outside tho integral sign, we obtain the equations 
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whoiQ tlio symbols JS^ and under the integral signs on the lofb 
are the tangential components of the olcotrio and magnetio 
vectors in the dneotion of moreasmg arc, and the sense of de¬ 
scription of tho ourve V m conjunction with the direction of the 
normal n forms a right-handed screw. 

The facts expressed by these equations may be expressed in 
words as follows The lino intcgial of tho electric or the mag¬ 
netic force round an clement of surface is proportional to the rate 
of change of the electric or magnetio flux across the clement of 
surface, the constant of proportionahty bemg — l/o or +l/o 
Fmally, we shall estabhsh the connexion between Maxwell's 
equations and the wave equation We find, in fact, that each of 
the vectors B and that is, each component of tho vectors, 
satisfies the wave equation 

For we can eliminate the vector say, from tho two equations, 
by dilfeientiatmg the second equation with respect to the tune 

dur 

and substituting for ~ from the first equation. 

It then follows that 

0 outl curl H-= 0. 

0 


If -we now use the vector relation * 

ourl ouxl A = —AA + grad div A, 

and remember that 


we at once have 


div E—0, 

1 d^E 




dt^' 


In the same way we con show that the vector ET satisfies tho 
same equation. 




1 

^ 0t2* 


& 


* Tina vector relation ioUews unmediately from the expresalona in torina 
of oo-ordinatea 
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Examples 

li In log rate tlio following pailial difforontml equafciom; 

(a) 

(^) 

(*') '^Vi/ ^ y) 

2"** Solvo tho equation 

%3} 

by roduoing it to ono of tho form of E\ 1(c) 

3, Emd tho partial differential equation aatiafied by tho two paxametoi 
family of Bphoioa 

£3- 1 _ (jp _ 

Let ««(«, t) denote a solution of tho wave equation 

(«>0) 

whioh IS twice continuously diffeiontiablo Let <p(a) bo a given funotion 
whloh 18 twice continuously difforoutiablo and such that 

9(0)«9'(0)-<p"(0)«0. 

Pmd tho soUition u for a; 0 and t ^ 0 wbioh is dotoxmmed by the boim 
clary conditions 

0 ) =: 0) ~ 0 for a? fe 0» 

w(0, 0 9(0 for i 0, 

B* Eind a solution of tho equation 

for whioh it(®, 0) c=j w( 0, g/) =3 1, m tho form of a power Bones, 

6* (a-) Eind particular solutions of the equation 

V V ^ 

of tho form u ^ /(a;) H- g[y) 

{b) Eind paitioulai’ solutions of the equation 

==* 1 

of tho forma u ^ /(®) -I- g{y) and u = /(a)i?(y) 

7*, Provo that if 

z ^ «(a, y, a* b) 

(B012) 17, 
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is a solution, depondmg on two paramotors a, h, of tlio partial diffoioutfal 
equation of the fli<it order, 

y> S3, 2!^, = 0, 

then the envelope of every one parameter family of eoliitiona olioaon 
from z = a, &) la again a solution 

8 Use this result to obtain other solutions of equation 0(&) by putting 

6 = ia = (wnoro is a constant), 



chapter VII 
Calculus of Variations 

1. Intooduotion 
1. statement of the Problem. 

In tlio theory of ordinary maxima and minima of a difEorenti- 
ablofimotion/(a!i, , »„) of wmdopendent variables, the necessary 
condition (p 184) for the occurionco of an extreme value in a 
sortain region of the indopondent variables is 

d/= 0 or giad/=i 0 or /*,= 0 

Those equations express the statwnary cliaiacler of the function 
/ at the point m question. The question whothoi these stationary 
points aro actually maxunum or mmimum points can only be 
decided after further investigation In oontiast to the equations 
given above, the corresponding sufficient conditions take the 
foim of inequalities. 

The calculus of variations is likewise concerned with the 
problem of extreme values (stationary values). Here, however, 
wo have to deal with a completely now situation ITor now the 
functions which aro to liavo an extiomo value no longer depend 
on one independent variable or a finite number of independent 
variables within a certain region, but are so-called functions of 
functions. That is, to determine them wo require a knowledge of 
the behaviour of one oi more functions or curves (or surfaces, 
as the case may bo), the so-called " argument functions ”. 

General attention was fust drawn to problems of this type 
in 1696 by John Bernoulli’s statement of the brachistocJirone 
problem. 

In a vertical aiy-plano a point A{<Cq, i/q) is to bo ioined to a 
point B(®i, yi), suob that yi > t/o, by a smooth curve 

y = u{x) 111 such a way that the time taken by a paiticle sliding 

<101 
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without frzotion fiom -4 to B along tlio ciu’vo under gravity 
(which IS taken as acting in the direction of the positive 7/-as:is) 

IS as short as possible 

The mathematical expression of the problem is based on the 
physical assumption that m such a curve y ^ the velocity 
dsfdt (s being the length of arc of the curve) ib piopoitional to 
^o), the square root of the height of falL Tho time 
taken in the fall of the particle is therefore given by 

r _ r* i 4, =-i_ ri^l±l !3 *> 

‘'X, ds djx V(2/ 2 / 0 ) 

(of, Vol I, pp, 299-301) If we drop the unimportant factor 
^/2g and take (which we can do without loss of generality), 
we have the following problem* 

Among all continuously difiereutiable functions y — 
y ^ 0, for which ^(a?o) = 0, ^{x^) = to find that for which 
the integral 

has the least possible value. 

On p» B06 wo shall ohtam the result, which was very sar- 
prising to Bernoulh’s contemporaries, that tho curve y = 
must be a cycloid Here we wish to emphasize that Bornoulh’s 
problem and the elementary problems of maxima and minima 
are absolutely different Tho expreiSsion iy>] depends on the 
whole behaviour of the fimotion <f>. It cannot be determined by 
statmg the values of a finite number of independent variables, 
that is, it cannot be regarded as a function in tho ordinary senso. 
We mdicate its character of function of a function <f>{x) by 
means of curly brackets 

The following is another problem of a similar nature: 

Two points A{Xq, yo) and B(xiy y^), where y^ > 0 , 

yi > 0, are to be jomed by a ourvo y = u{x) lying above tbo 
a;-axi8, m such a way that tho area of the surface of revoluHon 
formed when the curve is rotated about the {r-axis is as small 
as possible. 

Usmg the expression given on p, 274 for the area of a surface 
of revolution and dropping the unimportant factor 27r, wo have 
the followmg mathematical statement of tho problem, 
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Among all contimiously dilferenUablo functions y = 
for wluoh = y^, <^(a^) = > 0, to find that for which 

the integral 

has the least possible value It will be found that the solution 
IS a catenary 

The elementary geometrical pioblom of jSndiug the shortest 
curve ]oiiuiig two points A and B iii the plane belongs m theory 
to the same category Analytically, in fact, the problem is that 
of finding two functions a5(i), j/(i) of a paramotor t m an interval 
^jL, for which tho values a;(^o) — <^{h) ^ 

Vih) 2/o) 2/(h) Vi proscribed, and for which the integral 

i''V(»» + «* = 

has tho least possible value. Tho solution is of couiBo a straight 
lino 

On tho other hand, tho corresponding problem of finding tho 
geodmos on a gvoen sv/rface Q{x, y, z) = 0, that la, of jorniug two 
points on tho surface with co-ordinates (aSfl, y^, Zq) and (iCi, j/j, %) 
by the shortest possible Imo lying m tho surface, unlike tho 
problem of tho shortest distance between two points in a piano, is 
not a trivial one In analytical language this problem is as follows; 

Among all triads of functions a(i), y{t), z(i) of tho paramotor t 
■which make the equation 

(?(», y, z) =a 0, 

an identity in t, and for which a!({o) == !»o> Vih) *=“ Vo* Kh) “ V» 
x{ti) = y(t]} = i/i, z{t^ = %, to find that for ’which the intogial 

*'<« 

has tho least possible value. 

The mperimekic problem of finding a closed curve of given 
length onolosmg the largest possible area, already disoussod on 
p. 2H, also belongs to the same category. Wo have proved 
above that the solution is a cirolo.* 


Tho proof given thoro applied only to oonvox ouivoa, tho lollowing 
remark, however, enables us to extend tho result immediately to any ourven 
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The general statement of the simplest typo of problems of tho 
kind dealt with here is as follows. 

We are given a fanotion of three arguments, wluoli 

m the region of the arguments considered is continxioiis and has 
continuous derivatives of the first and second ordcis If in this 
function F wo replace ^ by a function y = and <// by tho 
derivative y* = F becomes a funotion of c», and an intogia! 
of the form 

becomes a definite number depending on the behaviour of tho 
funotion i.e it is a “function of tho function 

The fundamental problem of the calculus of variations is now 
as follows 

Among all the functions which are defined and continnoiia 
and possess contmuous first and second derivatives in tho interval 
% S aj ^ and for which the boundary values y^ = 

~ prescribed, to find that for which the integral 

{9} ^has the least possible value (or tho greatest possible 

In discuasmg this problem the absolutely essential point is 
the nature of the “ conditions of admission imposed on tho 

ctions <j}[x) The problem merely requires that when ^(x) is 
substituted F shall be a seotionally oontmuous function of Xj 
^ this IS assured if the derivative is seotionally continuouSr 
ut we have made the conditions of admission more stringent by 
reqmrmg that the first derivatives, and oven tho second dori- 
vatives, of the functions <f>{x) shall bo continuous The field 
m wJuoh the maximum or minimum is to bo sought is of course 
ere y restricted, It will, however, be found that this restriction 
^ oes not in fact, affect the solution, 1 e, that the funotion which 
13 most favourable when the wider field is available wiU always 

100),i,e.theoon. 

aroa of 0 and rectilinear ^ ® ourvo K oonaists of oonvox 

and bridge over concave Lrte of 0 ^ points 

of K exceeds that of 0 ^vldAd n Jt is OYidout that the arort 

the^jrimeterTl wother hand, that 
so & it always “'Pand uniformly, 

prescribed ponmeter, wiU be a outvr ^ resulting curve K' has tho 

closing ra gi^ter aroa flamo perimeter as 0% but OU" 

outaetcon^'ourseiyi to 'couvSourvoa^^^A^/?*^*^*? the 

w convex curves, m order to obtain the maximum uroa, 
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bo found in tbo more icstiicted field of functione with con- 
tmuous first and second derivatives 

Problems of tins type occur veiy frequently in geometry and 
ptysiOB. IIci'o wo mention only one example. The fundamental 
principle of geometrical optics can be formulated as a variation 
problem of tins type If wo consider a ray of light m the «y-plane 
and assume that the velocity of light is a given function v{x, y, y') 
of the point (», y) and of the du'cction y' (y = ^{x) being the 
equation of the light-path and y' — ^'{x) the correspondmg 
derivative), then Feumt's pvtiafle of least tme is as follows* 
Tile path of a ray of light between two given points Ay B is 
such that tho time taken by the light in tiaversing it is less than 
the time which light would take to tiavoiso any other path from 
A to 

In. other words, if t is tho time and s tlio length of aio of any 
curve y != tf>{x) joining tho points A and B, tho time which 
light would take to travciso Uio portion of curve between A and 
B 18 given by tho integial 

p v(i + y) 

4 * (to 4 •(», s, !/) 

To dotormino the actual path of the light wo accordingly requite 
to solve the problem of finding a function y = <jj{x) for which 
this integral has tho least possible value 

Wo SCO that tho optical problem in this form is actually 
equivalent to tho general problem stated above if we relate tho 

two functions F and v to ono another by putting F =5 . 

V 

In most optical oases the velocity of light v is mdependont of 
tho diieotion and is merely a function of position, v(x, y), 

2. Necessary Conctitions for Bxtrome Values. 

Our object is to find necessary conditions that a fimotion 
M =■ ^(as) may give a maximum or minimum, or, to use a general 
term, an extreme value, of the above mtegral Here wo 

proceed by a method quite analogous to that used m the ele¬ 
mentary problem of finding tho extreme values of a function of 
one or more variables Wo assiimo that y — = u(x) is the 

solution. Then wo have to eiqiroaa tho fact that (for a minimum) 
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I mixst increase when u is replaced by another admiasiblo fimotiou 
^ Here, moreover, as wo are meicly conoorncd with obtaining 
necessary conditions, we may confine ourselves to the consiclora" 
tion of fimctiona which approximate to w, i o functions for 
which the absolute value of the difference <f)-^ u remains between 
prescribed bounds 

We think of the function u as a member of a onc-paramotor 
family with parameter e, constructed as follows We talco any 
function which vanishes on tho boundary of the interval, 
1 e for winch ^(ajo) 0 , y}{(!0x) — 0 , and which has continuous 
first and second derivatives everywhere in tho closed intexval* 
We then form the family of functions 

€) = U(X) *-)- €7j{x). 

The expression € 7 /( 0 ?)= 81 ^ is called tho vantahon of Hie function 
u (Since = 0()i/0e, the symbol 8 denotes tho differential 
obtained when € is regarded as the mdepondent variablo and x 
as a parameter.) Then, if we regard tho function u as well as tho 
function 7j as fixed, 

I{u + £ 1 ^}= 0 (e) ==: r^Fix^ u -p erjt u' + 

♦'#0 

13 a fimotion of €, and the postulate that u shall givo a minimtmi 
of imphes that the fimction above shall possess a minimiina 
for € =5 0, so that as necessary conditions we have the oq^uatiou 

O'(0) =:= 0 

and further the mequality 

9'\0) ^ 0 . 

In the same way, if we were seekmg a maximum, wo should 
have the same equation O'( 0 ) = 0 and the inequality O''( 0 ) ^ 0 
as necessary conditions The condition O'(0) — 0 must bo satis¬ 
fied for every function rj which satisfies tho above conditions 
but 18 otherwise arbitrary 

Puttog aside the question of disornninatioii between maxima 
and minima, we say that if a function u satisfies the oguation 
®'( 0 ) 0 , for all functions tj, the integral I is stationary for 

^ w. K, as before, we use the symbol 8 to denote differentiatian 
With respect to €, we may also say that the equation 

8/^€a)'(o)--o, 
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when, satisfied by a function ()i = m and an arbitiaxy rj, expresses 
the stationary character of I The expression 

eO'(O) ~ el^ f F{x, u -h ert, u' + e-rj')(fojl | 

18 called tlio variaHonf or moio aoourately tiio first vai iaiion,"^ 
of the integral Slahonmy chamcler of an inteff}al and vanishing 
of the first variation^ theiefo'tCy mean exactly the same thing. 

Stationary ohaiactor la necessaiy loi the oocuiionco of maxima 
or minima, Wt, as in the case of oidmary maxima or minima, 
it m not a sufficient condition for the occiirronco of oitlier of 
these poaaibilitios Ileio wo cannot go into the problem of sulti- 
Gient conditions in more detail, and in what follows wc confine 
ourselves to the prohlcm of stationary character^ 

Out mam object is to transform the condition ®'(0) 0 for 

the stationary cliaiacter of the mtcgial in such a way that it 
becomes a condition for v only and no longer contains the arbi¬ 
trary function ij 


Examflus 

1. In oonnoxlon with tbo biachiBtoohrono pioblom (sco pp 401, 402). 
calculate tho timo of fall when the points A and J9 aio joined by o 
straight line 

2 Let tho voloolfcy of a pattiolo with polar oo ordinates (r, 0, <p) moving 
In throo-dlmonaional spaoo bo t;=s l//(r) What timo does tho parixolo 
take to deeonbo tho poiUon of a oiiivo given by a imamotor a (tho Co 
ordmatoa of a point on tho onrvo being 0(a), <p(a)) boLwcon the points 
A and 


2, Dii?]?EraNTiAii Equation in tm Simplest Cabe 

1 , Beduotlon of Kulor's Differential Kauation. 

The fundamental criterion of tho oalculus of variations is as 
follows: 

The necessary and sxiffioient condition that the vntegral 

i{<i>}== rF{x, 0 . <i.')da 

* ITrom this comes tlio use of tho term cahulm o/ wnafioiw, which ia meant 
to Indicate Uiat in Una aubieob wo aro oonoovnod with tho bohavtour of funotions 
of 0 function when this indopondont fimoilon or “ argumojit funotion la mode 
to vary by altering a parameter 
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shall he slahonary when is that u shall be an admissible 
function satisfying Buler^s diffeunlial equation ^ 

or, mfull^ 

To prove tine we note that we can diffoientiato tho expression 

®(e) = f F{x, U + €7^, vf + e 7 j')dx 

With respect to € under the integral sign (of Chap IV, § 1, 
p 218), provided that the differentiation gives use to a con- 
tmnous function, or at least a scotionally continuona function of 
X, under the integral sign, In this case, on putting w + eij === ^ 
and differentiating, we obtain undoi the integral sign tlio 
expression TjFy + Tj'Jy, which, owing to the assumptions mado 
about /, w, and satisfies tho conditions ]UBt stated, Ilenco 
we immediately obtain 

O'(0) = r -f cJk = 0 mx, u, «')). 

For subsequent purposes (see the next page), wo note that in 
the formation of this equation wo have used nothing beyond tho 
continuity of tho functions u and rj and tho sectional oontmuity 
of their &st derivatives In this equation the arbitrary function 
appears under the integral sign in a twofold form, namely, as 
7j and 7}^ We can, however, immediately get rid of t;' by integra¬ 
tion by parts, wo have 

for by hypothesis 7 j{xQ) and 7){x^ vanish In this integration by 

ports we have to assume that the expression ^ can be formed, 

dx 

but this assumption certainly holds good, for we began by assum 
mg contmmty of the second derivatives. Hence, if we write 

• terms ^tnc^^l equation, dharaciensHo equation are also used* 
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lor biovaty, wo liavo tlio equation 

f •»?£[«] (fo) = 0, 

Jx, 

Now tbiB equation mnsb bo eatisficd for every function 7 } wbioh 
Batisfica our condltionB but is otbeiwise arbitrary. Wo thus 
oonclttde that 

L[tt] = 0, 

in virtue of the following 

Letnma I—^If a function G{x) which is continuous in the 
interval under considciation satishcs the relation 


f\x)G{x)dx>=x a, 

wliCTG 7 j(a;) is any function bucIi that t}(a?Q) ^=5 = 0 and 

m continuous, then 0 {x) = 0 /or every value of x m the 
interval The proof of this lemma will he postponed to the next 
sub-section (p 601 ) 


Wo could, liowovor, obtain our condition in a diCforont wyt* by 
getting nd of the toim m y) m tbo oqualion 




by mtogratloii by paita For if wo wnio for 

brevity and remombor iho boundary condition for v), on integrating by 
parta wo obtain 



If we pnt = 7)', wo liavo tlio condition 


f\A^ B)dx^0 

dxo 


In this motliod wo ucod not maUo any further osaumptions about 
the second doiivatlvos of q and ii On tjio contrary, it is sufiioient to 
oflaumo that 9 (or v) and /) aio continuoua and have seotionally continuous 
Arab deilvativoa Now our equation must hold, not, it is true, for any 
arbitrary (seotionally oonlmuous) function C but only for those functions ^ 
which arc dorivaUvoa of a function /}(») satisfymg our conditions If, 


♦ d’ho Arab inothod 1s due to Lagrange, the second to P Du Bois Beymoneb 
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Lowever, ^(a) w any given seotionally continuous function satisfynig tho 
relatiou 



0 


and otherwiso arbitrary, wo oan put 

wo have then oonstruoted an admiosiblo /j, for t)' « ^ and ^(»o) = v)(aJi) *=■ 0. 
We thus obtain the following result. 

A necessary condition that the integral should bo stationary la 


f\A- B)dx^0, 


where C is an arbitrary seotionally continuous function moroly satisfying 
the condition 



We now retiiiiro the help of 

Lemma U.—If a seotionally oontmuous funotion S(x) satisfloa tho 
oondition 



for all funotions whiob are seotionally oonthmous in tho Intoi'val and 
for whioh 



0 , 


then la a constant o, 

Tins lemma will also be proved in the next sub section (p 601). 1/ 
meanwhile we assume its truth, it follows, if we substitute tho abovo 
expresaions for A and jB, that 


f + 0 = 


The left hand side regarded os an mdofinito integral may bo diflorontiatod 
with respect to x and has as its derivative, tho same is theroforo true 

of the right-hand side. Hence the expression j- for the supposed 
solution w exists, and the eq^uation ^ 




holds.' 

Thus Euler^s equation still remoms the necessary condition for an 
extreme value, or the condition that the integral should be stationary, 
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wbon fcho <jlass of admis'^iblo ftinotions <p(a.) la oxtondod from the outset by 
requiring only seotional continuity of iho first donvativo of 

Euler’s equation la an ordinary differential eqxmtion of ilie 
second ordei Its soIutioiiB arc called tlio extremals of tko mimnuim 
problem To solve tlio mmimum pioldcm wo liavC; among all 
fete extremals, to find one wlncli saiisfiGa the presciibcd boundary 
conditions If ** Legendre^s condition ’’ 

^’«v + 0 

18 satisfied for = «(«), the difforoutial equation can be brouglit 
into tlie “regular” foim u"=f{a), u, «')> ■'vlioio tbo iight-hand 
Bide IB a known expression involving », u, u'. 

2 . Proofs of tlio Lommas, 

Wo have now to prove tko two lommas used above 
To prove Lemma I, wo assiuno that at some point, say ® 

G(x) 18 not zero, say positive Tkou m viituo of tko contmiuty 
of (?(af) we can certainly mark oil a sub-interval 

I — a^ajg^H-a 

witkin the complote interval in suck a way that G{x) remaina 
positive overywkoro in the sub-intoival Wo now define aa 
given m tins sub-intoival by 

r](x) = (a) — ^ aY(x — — a)* = [{x •— —• a®}'' 

and elsewhere as zero Tins function ij certainly fulfils all the 
pitoaorihed conditions, r){x)G(x) is positive inside tko Bub-intorval, 

and zero outside it. Tko intogial J 'rjOtfe thoroforo oannot bo 

zero.* Since this contradicts our kypothcBis, O(^) cannot bo 
positive. Per tko same reasons, G{i) cannot bo nogativo, Ilonoo 
O(^) must vanish for all values of ^ within tko interval, as was 
stated in the lemma 

To piovo Lemma II, wo note that our nBBumption about ?(») lm> 
mcdiatoljr loads to the lolationa 

f 1^(1;) di* = 0 and f —<>}(?*■« 0 , 

*'*• Jx, 

♦Tho intogrol oI a oontmuous non nogativo tiinolion Je positive, oxoopt 
when the Intogiand. vanishos ovoiywlioioj this toliows immocfiatoly from tfw 
deflnltion of mlogral, 
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where c is an arbitrary constant Wo now choose c in an oh a way that 
— c 13 an admissible function ^(a), that is, wo dotorinine o by the 
equation 

0 « r \dx= I {S(x) — c}dx — f S{'ti)dx — c('»i — «?(>)* 

Subatitutmg tins value of o m the above equation and taking ^ £= ;Sf(^) — Cp 
we at once have 

r\i3{x)^e)Hx^0. 

Ao 

Since by hypothesis the integrand is contmuona, or at least Bootionally 
oontmuousj it follows that 

— 0 = 0 

ifl an identity in a?, as was stated m the lemma 

3 Solution of Euler’s Differential Equation. Examples. 

To find the solutions u of the rmnimum problem wo have 
(p 497 ) to find a particular solution of Euler^s differential equation 
for the interval Xq^x^x^ which assumes the prescribed 
boundary values and at the end-points. As the comploto 
integral of Eulei^s difierential equation of the second order 
contams two constants of integration, it is generally possible to 
make these two constants fit the boundary conditions, tho latter 
giving two equations which the constants of integration must 
satisfy 

In general it is not possible to solve Enlcr^s differential 
equation exphcitly m terms of elementary functions or quadra 
tuies In the general case we have to be content to establish 
tho fact that the variation problem does reduce to a problem in 
differential equations, On the other hand, in important special 
cases and, m fact, m most of the classical examples, tho equation 
can be solved by means of quadratures 

The first case is that m which F does not contain the deri¬ 
vative y' — exphcitly F = jP(^, x). Here Euler^s differential 
equation is simply F a) = 0, that is, it is no longer a 
differential equation at all but forms an implicit definition of 
the solution y = w(aj) Here of course there is no question of 
integration constants or tho possibility of satisfyine boundary 
conditions 

The second important special case is that in which F docs 
not contain the function y = <^(cp) explicitly F = F{y*, aj) Hor o 
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Buler^’s diCeieniial equation i8 — — 0, wlucli at onco gives 


F ^ Gy 

wliore 0 18 an arbitiary constant of intcgiation. Wo may uso 
this equation to express u* aa a function, /(a;, c), of x and o, and 
we then have the equation 

U' ==/(», C)y 

from which by a simple integration (quadrature) we obtain 

that IS, u is expressed as a function of £C and c, togetlier ivitli an 
additional arbitrary constant of intcgiation a In this case, 
therefore, Euler’s diflcioutial equation can bo completely solved 
by quadrature 

The third case, which is the most impoi taut m examples and 
applications, is that in which IP docs not contain tho mdopondont 
variable x explicitly F = F{y, y') lu tins case wo have the 
following impoitant theorem 

If the independent miiable x does not occur expkoiily in the 
variation problem, then 

E = F{u, «') — u') — 0 

■»» 

ts an integral of Eider’s differenkal equation That is, if we sub¬ 
stitute in this expression a solution ii(x) of Euler’s differential 
equation for E, the expression becomes a constant independent of x. 

The truth of this statement follows at once if wo form tho 
derivative dEjdx Wo have 

~ - F„u' -t- F„,u'' ~ u"F„. - u'^F,,,,. ~ 

(IX 

or 

/rr n n 

= 0 , 

hence for every solution u of Euler’s differential equation wo have 
E^c, where e is a constant. 

If we tliinlc of «' ns calculated from the equation E = o, 
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say tt' ~/(w, o), a simple quadrature applied to the equation 
dx ^ 1 

gives X ^ g{Uj o) + (wlioro a is another oonata-nt of micp’ation}, 
1 6 , a? IS expressed as a function of u, c, and a, and hy Bolving for a 
we obtain the function u{Xf c, a)« Ilonco the general solution 
of Euler^s difierential equation, depondang on two arbitrary 
constants of integration, is obtained by a quadrature. 

Wo shall now use those methods to discuss a number of 


1. GeMral Note —There la a gonoral class of oxamplos in wluoli N le 
of the form F g(y)V{ly'% whore g{y) is a function doponduig 
exphoitly on y only, For the oxtromals our last nilo at onoo gives 

(7(w)v'(l + - g(u)v/^lV{l + u'^) « 

or 

M ^- 
V(i + vf^) " 

(r 




and on integrating we have the equation 




du 


{gwr/o^- 1 


where 6 la another constant of integration, By evaluating tlio iniogral on 
the nght and rmagming the equation solved for u, we obtain w as a function 
of X and of the two oonstants of integration g and & 

2 The Surface of Newluhon of Least Area —In this oase I’ho 

integral given above beoomes 


f- T ^ cor cosh-; 

J — T 


hence the result is 


yx= G oosh 


oj — 6 


That is, the solution of the problem of finding a curve which on rotation 
gives a surface of revolution with stationary area is a catenary 

A neoessaiy condition for the ooourrenoe of such a stationary curve is 
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that bho two givon points A and B can bo joined by a oatonary foi whioU 
^ > Ov Tlio question whotlioi tlio catonaiy ronlly represonU a mmimum 
cannot be discussed hero 


3 Th& Biaohstochrone —^Another example is obtained by taking 
^ =3 IjVy Tina is tho problem of the braohistoohrono By moans of the 
subfltitiitiona 1/c® w =3 Ajt, t am® 0/2 the mtogral 


r dn 

i VT/^^ 


is Immediately transformed into 

cos0)d0, 

whence 

a J ) ^^(0 
=5s u « |fc(l — ooaO)* 

The braolustoobrone is accordingly (of Vol, I, p» 261) a commm cifdoid 
with its cusps on tho ft? axis 


Exampuss 

Ijind tho extremals for tho following integrand 95 
1 # = ^^0 + !/"“) 2. J«VT+?a/y 3. 2? =. vVl - V^- 

i Find tho oxtiemals for tho integrand J? «= and prove that If 
ft Si 1 two points lying on opposite sides of tho y axis cannot bo joined by 
an extremal. 

B Find the extremals for tho integrand whoro n and «i are oven 
integors. 

6 Find tho oxbremalfl for tho integrand T =» ay'^ + 2hyy^ + cy\ 
whore a, 6, 0 aro given oontinnouBly difiorontiablo funoilojia of «?, Pi:ovo 
that Eulor^s difforontial equation is a linear dilTorontial equation of the 
second order. Why is it that when h is constant this oonsbanb does not 
enter into tho diCorontiol equation at all? 

7 Show that the extroraala for tho mtogrand T «* + y** are 

given by the equations 8iii(y — 6) =: whoro a, b arc 

constants. Discuss tho foim of those curves, and invostigato liow tho 
two points A and B must bo situated if they oan ho joined by an oxtroraal 
are of the form y ^ f((o) 

8. For tho COSO whole U* does not contain tho derivative deduce 
Eul 0 P*s condition » 0 by an elementary metliod. 

9. Find a function giving tho absoluto minimum of 

/ (y) e= ^ ^ 
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with the boundary conditions 

(a) 2/(U) y(l) =x Oj 

(b) 2/(0)-0, 2/(1) «L 

i. Ideixtioal Vanishing of Euler's Expression* 

Euler’s differential equation for F{Xj y, y^) may degenerate 
mto an identity which tells us nothmg, 1 0 into a relation winch 
IS satisfied by every admissible function y ^ ^{x) In other words, 
the corresponding integral may be stationary for any aclnussiblo 
function y = (l}(x) If this degenerate case is to occiu’, Eulor s 
expression vanish at cveiy 

point X of the interval, no matter what function y ^ ^{x) is 
substituted in it We can, however, always find a curve for 
whioh j/ = j/' == 9^', and 1/" == have arbitrary proscribed 

values at a definite point Euler’s expression must therefore 
vanish for every quartet of numbers a?, y, y\ y*\ We conoludo that 
the coefficient of y", i e F^^yfy must vanish identically F must 
therefore be a Imear function of y\ say F^ ay' ’i- 6, where a and 
b ore functions of x and y only If we substitute this in the 
remaining part of the differential equation, 

Fyy^y' 'j- Ffyyy* Fy^ 0 , 


it follows at onoe that 

or 

6v> 

must vanish identioally m x and y In other words, Euler’s ex¬ 
pression vanishes identically if, and only if, the integral is of the 
form 

l^j {a{xy y)y' + b{x, y)}da>=Jady + bda>, 

where a and b satisfy the condition of integrability which wo 
have already met with in Chap* V, § 1 (p 3 B 3 ), that is, where 
ady + befa: is a perfect differential 
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3 Generamzations 

1. Iii4«gtals with More than ouo Argumout Fttnollon. 

The pioblem ol fmclnig llio oxtiomo valiw'fi (Btationiuy valupfi) 
of an integral can bo oxlcnded to tllo ftiifio wht'i'o tins mti'gral 
depends not on a single aiginneut funotion but on a nuinlioi' 
of argument fimctions (fiix), <l>z(x), .,, 'I’iio typical pioblem 
of tins type may bo formulated as follows* 

Lot F{x, ^1, ,, , <j)„, bo a Innotion of tbo 

(2»t 4* 1) arguments aj, ,,., wluob is continuons and has 
continuous derivatives up to and including the second ordenn tlio 
interval nndor consideration If wo rojilaco j/j “ by a function 
of CB with continuous first and second doiivatives, and </>/ by its 
derivative, F becomes a function of tlio single vauablo a?, and tlio 
integral 



over a given interval aio ^ a; ^ cbi lias a doriiuLo value dotorminod 
by the choice of llieso functions 

In. the comparison wo regard ail functions <l>tix) as ailminsiblo 
which satisfy the above continuity conditions iiucl for whioJi the 
boundary values f/l/a?,,) and have piescnbod fixed values. 
In other words, wo consider the ciuves y{ = »/><(») joiiimg two 
given points A and B in {n -|- l)-dimensional space in which the 
co-ordinates are 1/3, . , y„, « The variation problem now 

roquires us to find, among all those systems of fimotions 
one iyi~ <l>{{x)~ Ut{x)) for which the above integral 
• • • > ‘!^n} has an extreme value (a maximum or a 
minimum). 

Hero again wo cannot disouss tlio actual nature of tho 
extreme value, but shall confine oursolvcs to inquiring for 
what systems of argument fimotions 4 i{^) ==“ Wi(®) i-h® integral is 
stationary. 

We define tho concept of stationary value ni oxootly tho same 
way as we did in § 1 (p d 96 ) We inoliidc tho system of fimotions 
Vj(®) in a one-paramotor family of functions depending on the 
parameter e, mtho following way. Let ijji®),..., bo n arbi¬ 
trarily chosen functions wliich vanish for tet=> Xq and ® => ate 
continuous in tho interval, and possess continuous fust and 
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second derivatives there Then we consider the family of funclioila 

The term is called the vanahon of tho funol^ion 

Ui If we substitute the expressions for (f>^ m , <l>n}i 

integral is transformed into 

0(e) **J Wn+ 

which IS a function of tho parameter €♦ A iiecessaa^y condition 
that there may be an extreme value for (j)i = Uit i e. for ^ 0, 

is 

O'(0) ^ 0. 

Just as in § 1, p, 496 , we say that if tho equation O'(0) 0 

holds, or, as we may also say, if the equation 

8 Z ==€ 0 '( 0)==0 


holds, no matter how the functions 7]i are chosen subject to llm 
conditions stated above, tho integral I has a stationary value for 
Ui In other words, stationary character of the integral for 
a fixed system of functions Ui{x) and vanishmg of the first varia* 
tiou S 7 mean the same thing 

We have still the problem of settmg up conditions for tho 
stationary character of the mtegral which no longer contain tho 
arbitrary variations To do this we do not require any no^v 
ideas, but proceed as follows If we take ^ identi¬ 
cally zero, i e if we do not let the functions U2, *, vary, 

and thus consider the first function <l>i{x) as alone variable, tho 
condition O'(0) — 0, by § 2, p, 498 , is equivalent to Eulor^B 
difEerential equation 




As we can pick out any one of the functions Ui{x) in the same way, 
we obtam the following result 

A necessary and sufficient condition that the mtegral 
I{ui, Uj, . . ., u„} may be stationary is that the n functions iij(x) 
shall satiny the system of Eulef^s equations 

O' (^==l, 2, ♦ .,n). 
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This is a system of dilloreiitial equations of tlio secoiicl order, 
» in mimber, for ilie « functions w,('c) All solutions of this 
system of difteiontial equations are said to bo exhemals of tho 
variation problem Thus tlio pioblom of finding stationary values 
of the integral reduces to the pioblom of solving these difiorcntial 
equations and adaptmg tho gonoial solution to the given boundary 
conditions 

2 Examples. 

The possibility of giving a general solution of the system of 
Euler’s difforcntial equations is oven more remote than in the 
case in § 2 It is only in vory special oases that wo can find all tho 
extremals explicitly lloio tho following theorem, analogous to 
the particular case on p 503 , is often useful: 

If the function E does not coniann the independent variable 
X explicitly, E = T^(<l>i, • •.» ^n> • • > i>n)> then the expesaion 

n 

E ^ • « y ^ ) • « • ) ) ■" ^Ui 1* 

i^t 

%s m miegral of EuWs system of differential eqitaiionSe Tliat 
IB, of we consider a system of solutions of systom 

of differential equations, wo have lor tins BoUilion 

E -- == const* 0, 

whore, of course, tho value of this constant doponclB upon the 
system of solutions whiolx is suhstitutccl 

The proof follows the same Imcs as m § 2 {p 603 ); woclilTeron- 
tiate tho left-hand sido of our cxpiossion witli respect to x and, 
using Buler^s diftorontial equations, voiify that tho result is 
zero 

A triT^ial example is tho prohlom of flnding tho sUortoat diotanoo hoLwoon 

* Using Lomma II (§ 2, p 600), wo can piovo iliat those (lirforouUaloq^uaUouft 
must hold, iiwlor tho gonoial assumption that tho atlinlsslhlo fiinotloiia noocl 
only have seotlonally continuous lust doilvatlvoa* I'Vn tho bog inn or who wishes 
to oemoontrato on tho esaoiitlal moohanism of tho fiubjoot, hqwovor, It in nioro 
convonlont to inoludo oontlnulty of tho sooond tlorlvaUvos In tho oonclltlona of 
i^miflsibllity of tho funotioiiH Wp oan then work out tho oxpiosfllons 

and write thorn in tho more oxphoit foim 
n a 
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two pointa m tluee dimensional space Hero wo have to dotoiinino two 
fimotiong y = y[x)t z = z{x) such that tho integral 

baa the least possible value, the values o£ 2 /(ar) and z{x) at tho end points 
of the interval being prescribed Euler’s diffoiontial equations gavo 

^ y' ^ ^ = n 

d% V{i+ y'^+z'^) dx \/(l + 2 /'^ + 

whence it follows at once that the derivatives y'(x) and z\x) nio constant; 
henoe the extremals must ho straight linos 

Somewhat less trivial is the problem of the hracdiistochi one %n three 
dvmensimis (Gravity is again taken as acting along tho positive y axia ) 
Here wo have to determine y = y(®)» z = z(x) in such a way tliat tho 
integral 

IS stationary Euler’s difSeiential equations give 
%' 1 _ 

Vv V'(l + 2/'^ + *'") ^ 




_1 _ I 


6 , 


where a and 5 are constants By division it follows that = afb = k 
IS lilcewiBO constant Tho curve for which tho integral is stationary must 
therefore lie m a plane hx-^h Erom the further equation 




there follows the fact, obvious from § 2 (p, 605), that this ourvo muefc again 
be a oyolold 

Example 

Write down the ddforential equations for tho path of a ray of light 
in three dimensions in the case whore (polar co ordmatoa r, 0 , 9 being 
used) the velocity of light la a function of t (of § 1, Ex 2, p 407), Show 
that the rays are plane curves 


3 , Hamilton’s Fnnoiple, Lagrange’s Equations, 

Elder’s system of difierential equations has a very import 
taut bearing on many branches of applied mathematics, especially 
dynamics For tho motion of a mechanical system consisting 
of a finite number of heavy partioles can be expressed by the 
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conditiou tliat a certain oxpics&ion, the Bo-ealled ITamilton’a 
integral, is stationary Hero wo shall liriofly exjiUin tins connexion 
A mechanical system has n degrees ol Iiocdom if its position 
18 determined by n independent co-ordinates q^, q^, .. , q„ 

If, for example, the system consists of a single particle, n~'A, 
smeo for q^, q^, wo can take the throe rectangular co-oidmatcs 
or the tlircc polar co-ordinates Again, if the system consists of 
two particles which are held at unit distance apart by a rigid 
connexion—assumed to have no mass—^then «== B, since for 
the co-ordinates qt wo can take the three rectangular oo-oidinatca 
of one particle and two other co-ordinates detormming the 
direction of the lino joining tlio two particles 

A dynamical system can be dcsoiibcd with suflioiout generality 
by means of two functions, the Undio energy and the foteniial 
energy. If we think of the system as moving in any way, the 
co-ordinates will bo functions qi{l) of the time t, tlio “ com¬ 
ponents of velocity " bomg q, ~ dqfjdt Then associated with 
the dynamical system thcio is a function which wo call the 
Imietio energy and which is of the form 

fl 

• • •» 5«) !?i> •. •. jn) = ^ (a<ft = a«). 


The kinetic energy, therefore, is a hoinogencoua quadiatio ex¬ 
pression in the components of velocity, the cooflicioiits being 
taken as known functions, not depending explicitly on the tune, 

of the co-ordinates .themselves."* 

In addition to the kinotio energy, tlie dynaimoal system 
is supposed to bo oharaotoiizcd by another fiinotion, the poten¬ 
tial energy . ,, q„), which depends on tlio co-oidinatos ol 
position 2, only and not on tho velocities or the timo. j* 

Now Hamilton’s pimciplo is as follows, tho actual motion ol 

♦ Wo obtain thiB oxproBslon for tho kniotlo onorgy T by thljilclng of tho 
IndlvlduBt rootaogular oo oidinatos of tho paiUoloo of tho ay atom m Qxpro.»aod 
OB functlona of tho oo oithnaioB f/p ., Then tho loo Singular voLoolty 
oomponontg of tho individual paitioloa can bo o\pica*iod aa Dnoar liomogonooua 
fuDOtlons of tlio and Anally tho olomoiiiaiv oxpioB^lou for tho klnotlo 
onorgv IS formod, namoly, half tho auiu of tho inoduolB of tho Individual moftaoB 
and the equaros of tho coiroaponthng volooltloa 

t Ab is sho^vn in dynannoal loxibookfl, Ihia potontial cnoi^y tjloiorminoa tlio 
oxtornal forces acting on tho ayBlom In bunging tho ayHlom Cu>m ono noaiUon 
Into another inoohanioal woik is done, tliia ia equal to tlio dilToionco tolwom) 
tlio oorrosponding vnluos of U and dors not doponcl on tho path by which tho 
ttamfeionce hom ono position to another takoa jilaco. 
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ft dynamical systpm m the interval ol time ^ ^ ^ ''i ^ 

given initial position to a given final position is such thftt for this 
motion the integral 

IS stationary, if in tho comparison wc moludo all oontmuoiis 
jEunctiODB wMcli have coutmuous derivatives up to and include 
mg the second order and which for and it have the 

prescribed boundary values. 

This principle of Hamilton's is a fundamental principle of 
dynamics The advantage of it is that it forms a brief Bummary 
of the laws of dynamics When applied to Hamilton's principle, 
the general theory of this chapter gives Lagrange's eqiiationSt 


i 

cK ^q^ dq^ 0j/ 


1 , .,., 


which are the fundamental equations of higher dynamics 

Here we shall merely make one noteworthy deduction, namoly, 
the law of the conservation of energy 

Smeo the integrand m Hamilton's integral does not depend 
explicitly on the independent variable t, the solution qS) of the 
difleiential equations of dynamics must be such as to make tho 
expression 

dii 


constant Since V does not depend on tho g/s and I* is a horao> 
geneoue qnadratio function m them (of. p 109 ), 


Hence 


V« ^) _ _ Vo __ 9T 


T+ const; 


that 18, during the motion the sum of the kmetio energy and the 
potential energy does not vary with the tune 


4 Integrals Involving Higher Derivatives, 

Methods analogous to those used m the examples discussed 
previously can be used to attack the problem of the extreme 
values of mtegrals on which the integrand F not only contains 
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the required jhmction y = and its dorivntivo ef>', but also in¬ 
volves higher derivatives, e g the second For oxamplo, suppose 
wo wish to find the extreme values ol an mtegial o£ tho form 

whore in the comparison those functions y =. ^(»,) iiro ndmiasiblo 
which, together with tlioir first doiivativcs, have piosciibed 
values at the ond-pomts of tho interval, and whioli also liavo 
continuous derivatives up to and including tho iouitli ordoi 
To find necessary conditions for an oxtroino value wo again 
assume that y= u(a;) is tho desired function Wo tlion inoludo 
it in a family of functions y = =- w(a;) -|- c'q{x)) whore e is 

an aihitiary parameter and i}(a!) an arhitiarily-ohosen function 
with continuous derivatives up to and including tho fourth order, 
which together with its dorivatives vanishes at tho ond-pomts. 
Tho mtegral then takes tho form <I>(€), and tho ueccssaiy condition 

(I)'(O) = 0 


must ho satisfied for all tlieso functions ij(®) Pionocding in a 
way analogous to that in § 2 (p 198 ), wo diflorcnluito under tho 
integral sign and thus obtain tho above condition 111 tlio loun 


which must ho satisfied if « is substituted for ^(a,) Integrating 
once by parts we reduce the toim in 7 j'(») to ono 1111/, uuil int<‘gcat- 
mg twice by parts wo roduco the toim in to ono in ij, taldng 

the boundary conditions into account, wo easily obtain 


Hence tho necessary condition for an exlronio value, i.o. lliat tlio 
mtegral may be stationaiy, is Euler’s dificiontial equation 




The reader can verify for himscU that this is a dilTorential equa¬ 
tion of the fourth order, 

(«8i2) la 
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Consider 

•'Xt 

where/(») la a given fonotion Here Euler’s diQoiontial equation Is 


5 Several Independent Vanahles. 

The general method for finding necessary conditions for an 
extreme value can. equally well be applied when the integral 
IS no longer a simple integral but a multiple integral Lot 
D be a given region bounded by a sectionally smooth curve P 
in the a 5 «/-plano Let F((b, y, bo a function which is 

continuous and twice continuously diflorentiablo with respect to 
all five of its arguments If m i? wo substitute for ^ a function 
y)> which has continuous derivatives up to and including 
the second order m the region D and has piesciibed boundary 
values on Pj and if wo replace f-iid <l>v by the partial deriva¬ 
tives of (j^, F becomes a function of a; and y, and the integral 

H4‘]=f y> 

has a value dopendmg on the choice of tj) The problem is that 
of finding a function ^ = «(«, y) for wliioh this value is an 
extreme value. 

To find necessary conditions wo again use the old method. 
We choose a function y) which vanishes on the boundary P, 
has continuous derivatives up to and meluding tbo second order, 
and IS otherwise arbitrary; we assume that u is the required 
function and then substitute ^ = u e-r] m the integral, whore 
e is an arbitrary parameter The integral again becomes a function 
3 >(«) and a necessary condition for an extreme value is 

<I)'(0) = 0 

As before, this condition takes the form 

+ Vv^'v^Avdy = 0 

To get rid of the terms in ijj, and under the integral sign we 
regard the double mtegral as a repeated integial, and integrate 
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ono torm by parts witb roaiiect to x and the other with respect 
to y Smco »} vanishes on F, the boundary values on F fall out 
and wo have 



Lemma I of § 2 (p 499 ) can bo extended at once to more 
dimensions than ono, and wo immediately obtain Euler's jHutial 
dij^erential equation of the second order. 




ExAMPIiDS 

1 ^ tss ^ If WO omit tho factor 2, Euler’s differential equation 
booomoa 

Aw <-|'* Uy^ :=2 0 

That iH, Laplaoo’s equation has been obtained from a variation problem 

2 Miiniml Surfacea. I^lalca%Ca Prolilm —To find a surface z = /(a?, y) 
over the legion A wluob passes tbrougb a prescribed ourvo in space wboao 
projection is P, and whoso area 

//y* + 

is a minimum 

Hero Euler’s clifforontial equation is 

____ 4 - £, . - , « 0, 

0^1 /(I + V + V) ■/(! + V + V) 

or, in expanded form, 

This is tho oolobiatod diffeioiiiial equation of minimal surfaces, which we 
cannot disouss fuithoi hoio 


6 Problems Involving Subsidiary Conditions. Euler’s Multiplier, 

In diBcnssing ilio tlieory of ordmary extreme values of func¬ 
tions of several variatlos m Chaplor III, § 6 {p 191 ) wo con¬ 
sidered tlio case where those variables aro subject to certain 
subsidiary conditions In this case tho method of undoter- 
ruinod miiltiphors led to a particularly clear expression for the 
condiiions that the function may have a stationary value. An 
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analogous metliod is of oven greater importanco in tlio caloiilus of 
variations Here we shall briefly discuss the simplest oases only, 
(a) Ofd/inaiy Svbsxdtary Gond/thms, —As a typical case wo 
consider that of finding a curve a? = y y(0j ^ ^ ^(0 
(^0 ^ i ^ m three-dimensional space, expresflod in terms of 
the parameter subject to the subsidiary condition that the 
curve shall lie on a given surface G^(aJ, y, « 0 and shall pass 
through two given points A and B on that surface. What wo 
have to do, then, is to make an integral of the form 



, z, Ay yy i)dt 


stationary by suitable choice of the functions a?(i), y{t)i ^{t)i 
subject to the subsidiary condition Q{Xy y, == 0 and the usual 
boundary conditions and continuity conditions. 

This problem can bo iimnecliately reduced to the cases dis¬ 
cussed in sub-section 1 (p 607), We assume that x{i)y y{t)y z{t) 
are the required functions We assume furilior that on the 
portion of surface on which the required curve is to ho % can be 
expressed in the form z = g{Xy y), Tlus is certainly tlio oaso if 
G» differs trom zero on this portion of the surface, If we assume 
that on the surface in question the thioo equations 
<?v — 0, G*, = 0 are not simultaneously true and confine our¬ 
selves to a BuCficiently small portion of surfaeo, we can supposo 
without loss of generality that 4= 0* K wo then substitute 
y) and —+ ^uder the intogi’al sign, the 
problem becomes one m which x{i) and y{t) arc functions inde¬ 
pendent of one another Thus we can immediately apply the 
result of sub-seotion 1 (p 608) and write down the conditions 
that the integral I may be stationary, by applying the aforesaid 
result to the integrand 

y, g{Xy y)y Ay y, xg^ + yg^) ^ H{Xy y. A, j^). 


We then have the two equations 

I «•-«• = I + S ('•■'.) - 1 ” 

IH. - fl, _ I y, - + IK,.) _ F.!,. - i’. I - 0. 
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as wo BOO at onco on dilleroniiation Honco wo Imvo 

If for brevity wo write 

iF,-F,^\G .(A) 

that is, if wo introduce a multiplier A(i), and use the facts that 
g„ — —GJGf, = —OJOg, we obtain the two further equations 

~F,-F„^XG„ .(A) 

iF,~Fy^\Q, .(A) 

Wo thus have the following condition that the integral may 
bo stationary 

If wo assume that ffj,, ffg do not all vanish simultaneously 
on the sui'faco (? — 0, the necessary condition for an oxtieme 
value is the oxistonoo of a multiplier A{i) suoh that the throe 
equations (A) given above are simultaneously satisfied in addition 
to the subsidiary condition 0 (x, y, 2) == 0 . That la, wo have 
four synunotrioal equations determining tlio functions !>:((), y(i), 
z(() and the multiplier A 

The most important special case of this is the pioblom of 
finding the shortest lino jommg two points J and B on a given 
Burfaoo (? — 0, on which it is assumed that the gradient grad(? 
does not vanish Hero 

and Euler’s difiorontial equations aro 

d d \rl 
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^ y 

dt 


^ A(?y, 


d z 

dt \/{x^ + y^ + 


XQ. 


These equations are mvanant with respect to the introduction 
of a new parameter L That is, as the reader may easily verify 
for lumaelf, they return the same form if t is leplaood by any other 
paiameter r==T(<)> provided that the transfoimation is one-to- 
ono, reversible, and continuously difEerentiable, If wo take the 
aro as the new parameter, in other words, if we assume that aftei 
the introduction of the now parameter + j/® + = 1> our 

differential equations take the form 




XO^ 



ds^ 


- Aff, 


The geometrical meaning of these diffeiential equations is 
that the osculatmg planes * of the exti'omals of our problem 
are orthogonal to the surface = 0 Wo call these curves 
geodmes of the surface The shortest distance between two 
points on a surface, then, is necessarily given by an aio of a 
geodesic 

Examplb 

Show that the same geodesics are also obtained as tho paths of a portiolo 
which IS constrained to move on the given suifaco (? = 0, subject to no 
oxtemal forces (In. this case the potential energy U vanishes and tho 
reader may apply Hamilton’s principle (p 512).) 

(6) Oth&r Types of Subsiduwy Conditions —^lu the problem 
^ discussed above we were able to eliminate the subsidiary con¬ 
dition by solvmg the equation determmmg the subsidiary 
condition and thus reducing the problem directly to tho type 
discussed previously With other lands of subsidiary conditions 
which frequently occur, however, it is not possible to do this, 
The most important case of this type is the case of isopori- 
metric subsidiary conditions The following is a typical 
example 

With the previous boundary conditions and oontinmty con¬ 
ditions, the integral 

♦ I.o the planes oontatmng the veotora (tfe, y, z) and (ju, z) (of. Ex 1, 2, 4, 
pp 03“4). 
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18 to bo made stationary, the argument function <f>(x) bemg 
subject to the further subsidiary condition 

n{(f)}= a given constant 0. 

Jx, 

A particular case of this {F — <f>, G — -y/il <^'^)) is the classical 
isopeiimetric pioblcm 

This typo of problem cannot bo attacked, by our previous 
method of forming the “ varied ” function ^ = u eij by means 
of an arbitiary function ijf®) vanishing on the boundary only 
For in general these functions do not satisfy the subsidiarv 
condition in a neighboiuhood of e = 0, except at e — 0 We can 
attain the desired result, however, by a method similar to that 
used m the original problem, by intioduomg, instead of one 
function rj and one paiameter €, two functions 171(0!) and 172(0!), 
winch vanish on the boundary, and two parameters and 
Assumnig that (/>= u is the rcquiied function, we then form 
the varied funotion 

s=3 « -j- ejlJj + €2172. 


If wo introduce tins function into the two integrals, we obtain 
the following as a necessary condition for on extreme value or 
stationary oliaracter of the integral 



subject to tho subsidiary condition 



tho funotion <I)(ci, eg) is to bo stationary for = 0, ej = 0, where 
ei, €i satisfy tho subsidiary condition 

T(ei,e2)-o, 


A simple disouBsion, based on tho previous results for ordinary 
extreme values with subsidiary conditions, and in other respects 
following tho same lines as tho account given in § 2 (p. 498 ), 
then leads to tbs result: 
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StahmuxTy ohaiacter of the vniegral is equivalent to the existence 
of a cmstant muUt'plier A such that the equation 11 — o and Stder's 
differential equation 

l(i?'„, + AG'„,)-(J?'„ + A(?„) = 0 

are satisfied An exception to this can only occur ij the function 
u satisfies the equation 

iQ^,~G„ = 0 

ax 

The details of the proof may bo left to the reader, who may 
consult the htorature on this subject ^ 

Examples 

I 4 Use the method of Euler’s multiplier to prove that the solution 
of the oloBSioal laoperimetrio problem is a circle 

2 A thread of uniform density and given length la stretohod between 
two points A and J5» If gravity acta in the direction of the negative y-axis, 
the eq[uilibnum position of the thread is that m which the centre of gravity 
has the lowest possible position. It is acoordmgly a question of making 

r^i 

im mtegral of the form j yV(l + y'^)dx a minimum, subject to the sub 

V (1 + y'^)dx baa a given constant value. Show 
that the thread will hang m a catenary 

Misobllanbous Examples VII 

1. Show that the geodesics on a oylmder are helices, 

2 ]?md Euler’s equations m the following coses: 

(a) V(1 + 3 /'») + 

( 0 ) F^y'^^y'^ + y\ 

{d) F^^il + y'^) 

3 If there are two independent variables, find Euler’s equations in the 
following cages* 

* B g 0 Bolza, Lectures on the Oatoalvs of Variations (University of Ohioago 
Press, 1904), 0 A. Bliss, The Oatculus of Variaitons (Open Court Publishing 
Company, Ohioago, 1926). 
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(а) F = + 269„(j)^ -|- c(p/ + <fH, 

(б) Jr' = (<p^ + = (Aq,)a, 

(o) J" = (A<p)« + (<p«,<p„„ - <p“„y) 

4 Find Euler's equations tor the isopeiiraetiie problem in whioU 

/*Al 


f (aw'2 4- 2huu' 4 cu^)c?a. 

Is to bo stationary 8ub]eofc to tho condition 

/ 1 , 

(>» l40t/('r) bo a given funotion Tho integral 
%)=/(*■)<?(*') <?» 


IS to bo made a maximum siibjoot to tho integral condition 



JO 


(whoio IS a given constant) 

(a) l^’ind tho solution u(x) from Enloi’s equation, 

(h) Piovo by applying Schwarz’s moquality that the solution found 
m (a) gives tho absolute maximum for /• 


(ttOI2) 


18 * 
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FunrlioiiK of u (loiuplox VarlaMo 

fn (Jliiijt. Vlll, ^ 7 (|» ' 110 )nfV<il T (oiii’lit <1 (HI tilt' lln'ory 
ot fnniilioim of a roniitlcx \iirmlili' uml miw llmt tlim lluory 
tlmwH JH'W IikIiI. on llio Hlrm luro of ftniclioiiH of n ri-nl viirmlilf', 
lIor» wo nluill ^ivo a luiff liiii. iiiorn iijhtriiiutio miiniiit. of tho 
I'lomouta of Unit tin ory. 

1 iMUomK-IIOM 

1. LlmlU nud luQnllo aorlcti with Ooiuplox Toraiv. 

Wo iitart from Iho oli'inpiilflry coiirojit of a raiitplox mim 
l)or 8 - 35 i t’l/ (of. Voi I, p. 7.'1) fornK'tl from Iho minutiimiy 
unit t luul nny two ronl iiumborB x, y Wo o)H'mlo with Uimo 
complex lunnliorH jimt a« wo tlo with onUnniy iniinhom, W'lth tho 
additional ruin that n* may alwayii ho roplmoit hy 1. Wo ro 
liroaont ®, tlin real j»ut, ami y, tho iiniij{inury part of e, hy root 
angidar co onlinalcs m an jri/piano nr a "complox a piano ", 
Tlio uufulior I r*! te • ty in cullod tho coniplox numhor (xntjiiyata to 
* Jf wo iiitrodnoo jiolar co nrdinntca (r, f>) hy inonns of Uto rohi 
tioiiB 05 E-T r ooB d, y - r niii 0, 0 is callcfl tho nryummU (or 
Ivde) of tho complex mitnlK'r and r ■ • d 1^) ' ■* ' ^ | e | 

ita absolute mlue (or modulm). 

Wo can nmuediatoly OBtahhah tho ho callci^t *' tnanjtb in¬ 
equality ” satiaflod l)y tho com|ik<x nurnhem Sj, %, and h %, 

l*l + *8! "'I»i|'l \ h\, 
and tho lurtlior moquality 

I tq I •" 1I I *hi"" |i 

which follows immodiatoly from it, if wo put jq t-' - m, - 
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[Chap. VIII] 

Tho ** trianglo inequality ** may bo mterpioted gcomotrioally as followa 
wo can roprosent tho complex numbors vectors in tho a.y-plano 

with oompononta and x^t lespectively Tho Ycctor which repro 

senta tho sum -f- is then simply obtnmod by vector addition of tho 
two first VQotors^ Tho lengths of tho sides of tho trianglo so formed are 
I *1 |> I |j I I Thus tho trianglo inequality ” merely expresses 

tho fact that any ono side of a triangle is less than the sum of tho 
other two 

The essentially now concept wliicli wo now have to con¬ 
sider is that of the h/mt of a sequence of complex numbers. Wo 
state tho following definition, a sequence of complex numbers 

tends to a limit z provided — z\ tends to i^ero This 
of course moans tliat the real pait and the imaginary part of 
Zn'- z both tend to zeio Cauohy^a test applies the necessary 
and sufficient condition for tho existence of a limit 25 of a sequence 
2„ IS hm 1 z„ — I = 0 

H—><0 

fn 

A particularly important class of limits aiiscs from inftmio 
mxes mlh complex tmns. Wo say tliat tho infinito sorics with 
complex terms, 

oo 

So„ 

v«0 

oonvorgos and has the sum 8 , if the sequence o! partial sums 

S„ = S c, 

P-O 

tends to tho limit S. If tho real sorios with non-nogativo terms, 

oonvorgos, it follows, just as in Ohap. VIII of Vol. I (p, 809 ), 
that tho original sorios with complox terms also oonvorgos Tha 
latter sorios is then said to bo absolutely comeryent. 

If tho terms of tho sorios, instead of being constants, 
depend on (a), y), tho co-ordiimtos of a point varying m a region 
R, tho concept of untform convergence aoqiurcs a meaning. Tiio 
sorios 18 said to bo uniformly convergent m R if for an arbitra¬ 
rily small prcBoribod positivo e a fixed bound N can ho found, 
dopondmg on c only, such that for every n'^N tho relation 
I — ;S 1 < c holds, no matter whoio tho pomt z =»» -f* hca 



SH 
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in thn n'v^inri II thiiftfrm ntmrrtfffUt of a c^ftpunui nf 

fnnninniH S^{ ) clr{ipiii|iiif^ nii tin’ pf*inl ^ tif f{ luity *»f i*nir/U' 
Ih» drtun’^l in (In^ nuuw way Ml fin nljitinia^ niiil 

iliHlfiUiniiM iumI IIm) pnifif*^ nirr«*<|Hunl llv llnr«M 

with ulnrK \sa ura nlnnuly funniiar friuu l)n< llinir> nf ruil 
variJihli H 

TJn^ nxiunjili' of u uHiiVi»rfj(«'nt is^^ru n m Ihn ^oniflnn 

HITK'H 

1 1 1 j »• I « 

Jimt fwi m tlm vi\m of thn ri’ul vnrmlila, wo Iniva 


1 M I I . • , * fnr \t^\ ^ 1, 

I z 

wo Roo Umt Uio Ronniotrif* Rorinn roitvorj^oR n!>mthiU'ly pmviilo^l 
und almi timt Iho oonvorfi^nnro m uiuforin jim** 
Vidoil \z\^ wlioro q m any fixoit jKmihvo luimhor Iw^lworn 
0 fuut 1, In oUmr wordw, f/m ytomrirw f^rnr^t iitusutlttfrhi 

for all mlur'ii of r, n^Uhm Urn iniii nrrfct and um/xftmlq 

%n mry cUml nrclr mvcmlnt mlh Ua? ioii( nrWr and with a 
radim bm than unity, 

Kor tho invoaUKation of oouvorgonct* tho jirMim/ilo nf c^mpftnmn 
m again aviulablo: it t 1 i V^t wham m roul and non nogativo, 

m 

and il Uio iiilinitn fttiriim miuvorgra, Umn tho cctm(il(«x Korina 

r*»»0 

<'OUV(«rg('« ubacdutnly. 

If tUo p,'fl ttro canHUiiita, wluin tlin n/n dnpwd on tt ptdnt i 
varying ni if, tlio enrios 3f5o,, oonv«rgi'« un^tfrmly in Urn rngjon m 
quoation, Tho jiroofs aro word for word Uio wunn on U»h mrr^' 
Bpondmg proota for Uio real varinblo (Vol. I, Chap VIll, p 392) 
and tboroforo need not bo ropoated hero. 

If Ai id an arbitrary poKiUvo ooimlant and q « ptmitivp nuinlm 
botwoon 0 and I, tho infinite Kenea with Uio poaitivo tenna '^Mq* 

or f1 eon verge, a« wo know from Vol. I, 

Chap. Vin, p, 401. Wo slmll umnedialioly iiinko uao of thwMJ 
oxiircflflionB for purpoBOB of compariBon. 
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2, Power Senes, 

Tho most important infinite series with complex terms are 
power senes* lu which is of tho form ^ that is, a 
power senes may be expressed m tho form 

P{z) = S a/, 

V -.0 


or, somewhat more generally, m tho form 

S a^{z — ZqY 

v-O 

where Zq is a fixed point As this form can, howevei, always be 
1 educed to the preceding one by tho substitution = 2 — 
we need only consider the case whoio Zq= 0 

Tiio mam thcoiem on power senes is word for word the same 
as tho corresponding theorem for real power series m Chap VIII 
of Vol, I (p 399 ) If the power senes converges for con¬ 

verges absoliUolg for every value of z such that | z | < [ ^ | Further^ 
i/ q ^s a positive mmber less than 1, the senes converges uniformly 
withn the circle [ z | ^ q | ^ | 

Wg oan at once proceed to tho following fuither theorem. 
The two senes 

D{z) = S 

V«1 




I' + l 




also converge absolutely and uniformly ^ | z | ^ q | ^ |. 

Tho proof follows exactly as before, Smoe tho series P(z) 
converge a for z it follows that tho ^-th term, tends to 
zero as n inoreases. Ilonoo a positive constant M certainly exists 
such that tho inequality j a^h 1 < M holds for all values of 7 U 
If now \^\ — q\h» 0 < 5 < 1 , wo have 


I 1 ^ 


M 


I 

'w +1 




ro 1 


Wo tliua obiiftin, comparison series wMch, as we have seen akeady 
(p. D 2 d,), converge absolutely. Our theorem is thus proved. 
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S^o 


|t n\x\ 


In i]n\ i JIMP nf u pn\vf*r m rn*H llu atr \wn v\i]u r 

itconvoi^oM funill valuiHofnr iUvu^ lun \,iUu ;• j/ (nr \\\n* h 
it TIh’U hy Mu' fhi'tin'iu Mm* nniMi niMni 

/nr all vulutfi nf ? fni \vlnt‘h I ^ 1 * 1 /(• f \<<l I, p aml^ juht 
im in Uu' nisa nf n‘al (nn^i'r Hrrn h, thrn* im u tmint-i uf nmuhinuY 

r ftiu'h fiuit ilia t'nnvorj.(t*H uhoii | ^ | p inal tlni r^'i n wlum 

2 ] /I TIu' Hiuuo upjilira tn IIm' Ivmi atii! /(i"), Mm 

valun of p Imin^ Mio Hiuia 'm ftir Mm* ntip^uiul rMriiM Tim nrHt* 
\z\ /MH rullud Mio nn/r* of vmrtttft'mT nf Ihn po\\«ir ai*rioH 
No gouoial HtiiU*mi*hlH ran 1 m' niiolt uIhmiI. Mm 1 nuivi’rgniHo nr 
divurginuMi of Mm^ «oru*« on Mm cir* nnifinonon of flm vm In ilrmlf, 
1.0. lor \z\ fu 


3 , Dinoronlladou and Into^ratlou of Power Borlon, 

It la imtunil to onll an oxiironninn u( Mm funa 

/(*)* ffo I «1» I I . . ^ ««*" 

with fixed (cr)ni]ilex) noclltricnU a, ft fttuiitm nf a, nud mum 
juirlioulnrly ti polf/nomitil of tlw H<Ut rfeyrre i« « 1 m Uie »tu(n« 
Wfty, ft oouvergciit itciwer aerit'a 


r{e) -ilrt/ 


ifi MgftKlmi na ft fuiioUoin of the ooimtlex vitriuhln « in Uie int^’rior 
of its oirolo of eonvorgouoo, In Umt regwii it w Ihn Intnt to 
Nvlilok ilm polyuointfti 

r„(s) * 51 

l»w»0 

twulB fta n loncla to infinity. 

A polyuomiftl/{8) may bo dlfTorontifttod with rt'S[K*ct to tlio 
indopondoiit voriftblo a m exactly fcho oarao way un for tho roal 
variftblo. In tlio flrat plftoo wo notioo that tho nlgnbrnio identity 


h‘ 


*« 


»i"-> »r *« +. 


, jfw 1 


Iiolda. If wo now lot tend to s*. wo iminodifttcly have 


8" " 1 Hill 


- 

i K 


♦Tho wneopt of ti llinll for r ooiiUnuoua oomplfn* Yfirkbl» (i. - 
lutroduood in oxfiolly Mm wwim way m for Urn real varlulile. 


^«) em (m 
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In tho same way wo immodiatcly liavo 

P„'(z) = i P„{z) = hm = s vaX-* = D„(«) 

c!l2; v«l 


Wo naturally call tho expicssion P/(^) doivative of tlie com' 
plox polynomial 

Wo now have tlio following tlieorom, winch is fundamental 
in tho thcoiy of power series* 

A convergent power sotes 

P{z) ^ S (t/ 

vi«0 


may be differenkated term by term %n the vnterior of its cmle of 
convergence That ^Sf the Imtt 

P'(p)=^ hm 

exists, and 

F{z) ~ S = lira P„'(2) — lim P„(*) = D(z). 

ytttX «—>-CO 

From this theorem it is at onoo clear that tho power series 




0 V d"* 1 




may ho regarded as tho indefinite i/ntcgral of tho first power scries, 
i,o» that /'(«) — P{^) 

Tho torm-by-torm diftoiontiabihty of tho power series is 
proved in tho following way: 

From p. 526 wo know that the relation I>{z) ^ lim D^iz) 

UoIcIb within tho oiroki of convorgonoo. Wo havo to prove that 

tho absolute value of tho dillotonoo quotient ^ — difiors 

from D(z) hy loss than a proscribed positive number e, if only we 
take suffioiently close to z withm tlie oirolo of convergence 
For this purpose wo form ilio differonoo quotient 


P^ P{z)_^ P„{z,)- PS + s a.A, 






m ,«) 


z 
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wliexe for brevity we write 


[Chap. 




.+2’ 


,v_l 


If WO keep to tlie notation used on p 625, and if | 2* | < J I ^ I 
and also 1 % 1 < ff | ^ |> tbon it is certain that 

Hence 




CQ 

S 


a.A„ 


^ S 

1 


I i 1‘ 


p-~l 


■ ^ V ,..■'-1 

ms vQ * 

P«;H1 


Owing to the convergouoe of the senes of positive terms 
the expression | ii!„ | can therefore bo made as small as wo please, 
provided we make n suf&oiently large Wo choose n so largo that 
this expression is less than e/S, and also so large—inoi easing n 
further if necessary—that | b{z) — D^{^) \ < e/3. Wo now 

P (2h) — -Pn(^) 

choose so close to z that the absolute value of " - j -- 

also differs from D^iz) by loss than e/3. Then ^ ^ 


■ D( 2 ^, z) - D(z) I g 


Pn(h) - Pni^) 




Zi—Z 

<1 + ^ + ^-^, 


and this inequality expresses the fact asserted. 

Since the derivative of the function is again a power series 
with the same radius of convergence, wo can differentiate agam 
and repeat the process as often as we like, That is, a power 
series can be d'hffermhaied as often as we please m the %ntefnot of its 
circle of comergmee 

Power senes me the Taylor senes of the funi^'tons P(z) wimh 
(h&y represent, that is, the coefficients may he expressed hy the 
formula 

IpM(O) 

The proof is word for word fie same as for the real variable 
(of, Vol I, p. 404) 
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L Examplog of Power Senes. 

As wo mentioned in Chap VIII, § 7 (p 413) of Vol I, the power aorioa 
for the olomontary funotions can immediately ho extended to the complex 
variable, in other words, wo can logard tho power senes foi the clomentary 
fiinotiona as complex power senes and extend tho definitions of these 
functions to the complex realm m this way Por oxamplo, the sorica 

CO ijv CO CO ^ ^ ^2v-\‘X 

>.=o (2V + 1)1 ’ .=o(2v -I- ijl 

convoigo for all values of z (This follows at once fiom oompanson testa) 
Tho funotions represented by those power senes are again denoted re- 
spcotivoiy by tho symbols c*, cos^ snug, ooslisj, ainh^, just as m tho real 
ease The relations 

COfli!! -h t sm« 

ooshsj — coat«, ♦ Bmh« »=s sintis 


now follow immediately from tho power soiios Again, by differontiating 
toim by tiJrm we obtain tho relation 

£ e* = e** 
dz 


Aa examples of power eonos with a fiuito radius of oonvorgenoo, 
other than tho goomotrio series, wo oonsidor the eoiies 

log(H-«)=S(-l)Hi?l 

V 

« f*! 

aro tanz = SJ-1)*' {log(l + fo) - log(1 — tz)}, 


whoso sums wo again denote by the symbols log, aro tan Hero tho radius 
of oonvoigonoo is again 1. Difieioutlating term by term, wo have 


dIog(l + z) 
dz 


I 

1 + 


(aro tan a») 

(IZ 


_x_ 

i + 


EXAMI'LUS 

1 , For wliioh points %y in 


2. Provo tliat if is dbsoluidy oonvorgont for K) t^bon it is 
uniformly oonvorgont for every z suoli that \z\ S | ^ 

8 , Using tho power aoiios for oosj» and sfn«, show that 

oos*« + sln^j? wa 1, 
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4* Eor what values of « is 

00 -V 

S 

convergent? 

2 Foundations op the Theoey op Funotions op 
A Complex Variable 

L The Postulate of Differentiability, 

As we have seen above, all functions wlucli are ropresontoct 
by power series possess a derivative and an indefinite integral 
This fact may be made the starting-point for the general theoiy 
of functions of a complex variable The object of such a theory 
18 to extend the differential and integral calculus to functions of 
a complex variable In particular, it is important that the con¬ 
cept of function should be generalized for complex independent 
variables m such a way that the function is differentiable m the 
complex region 

We could, of course, confine ourselves from the very begmnmg 
to the consideration of functions which are representod by power 
series and thus satisfy the postulate of differentiability. There 
are, however, two objections to this procedure In the &st place, 
we cannot tell a pnon whether the postulate of the differon- 
biabihty of a complex function does necessarily imply that the 
hmotion can be expanded m a power senes (In the case of the 
real variable we saw that functions even exist which possess 
derivatives of any order and yet cannot be expanded in a power 
senes (of Vol I, p 336)) In the second place, wo learn even from 
the case of the simple function 1/(1 — z), whose power senes, 
the geometric senes, converges in the unit oirclo only, that even 
for simple functional expressions the power series does not 
represent the whole behaviour of the function, which m this 
particular case we already know m other ways 

These difficulties can, it is true, be avoided by a method duo 
to Weierstrass, and the theory of functions of a complex variable 
can actually be developed on the basis of the theory of power 
senes It is desirable, however, to emphasize another point of 
view, which is due to Cauchy and Bxomann In their method, 
functions are oharaoterized not by eaphoit eoi^presstons but by 
simple properties. More precisely, the postulate that a function 
shall be differentiable, and not that it shall be capable of being 
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represented by a powoi Beries, la to bo used to mark out the region 
in winch a function is defined 

We could start a pnon from the following general conoept 
of a complex funotion C ™/(^) the complex variablo z Ji R 
IS a region of the 2 !“plano and if with every point 0 = aj + in 
R wo associate a complex number ^ === « + tv by means of any 
relation, ^ is said to be a complex function of z m R This 
definition, therofore, would merely express the fact that every pan 
of real numbers y, such that the point (a?, y) lies in has a 
corresponding pair of real numbers u, v, i e that u and v are any 
two real functions w(a?, y) and v{Xy y)^ defined in ii, of the two 
real variables a and y 

This concept of function, liowover, would bo much too wide 
Wo limit it in the fust place by the condition tliat u{x^ y) and 
v{x^ y) must bo contnmous functions in R with continuous first 
derivatives Further, we insist that our expression 

u -h tv = ^ ^f{^) =/(^ H” %) shall bo clifierontiablo in R with 
respect to the complex mdependout vaiiablo z\ that is, the limit 

Im „ to 

flliall exist for all values of * in i? Tins limit is then called tlio 
dcrivaUve o!.f(z) 

In Older tliat Iho function may be difforentiable it is by no 
means sufliciont that u and v should possess continuous doriva- 
tivos with respect to x and y Our postulate of diftorontiability 
implies far more than dillerontiability in tbo real icgion, for 
7 j = r + is can tend to zero through both real values (s = 0) 
and purely imaginary values (r >=» 0) or in any other way, and 
tho same limit f'{z) must result in all oases, if tho fimotion is to 
bo dillorontiablo. 

If, for oxamplo, wo put ««=>», « = 0, that la, J(z} <=< /(.r -1~ ty) = ®, 
wo eliould liavo a ooiioapondonoo in wliloh «<!«!, y) and y) axo con- 
tmuouBly diffoiontlable. For tho donvaUvo, liowovor, by putting ft = » 
WO obtain 

Jto/Ji±±2/(5) „ Uin ^±1:::-* = 

r->0 f r—>0 •“ 

wboroas if wo put ft => is wo liavo 

, f{z + w) — /(*) „ 0 ,, 

lim -—^™ » Ilm =■ 0, 

l->0 M I—>-o** 


1 , 



53« 


COMPLEX VARIABLE 


[Chap. 


tbat iflj wo obtain two ontirely difiorout limits For ^ -w -h ==» a? + 

W6 flimiliwly obtain different limits for the difforonco (juoiicnt as h tends 
to Kero in different ways 

Thus in order to ensure the differentiability of f{z) wo have 
to impose yet another restriction This fundamental fact in the 
theory of functions of a complex variable is expressed by the 
following theorem: 

// ^ -= u(x, y) + iv(x, y) = f(z) = f(x + ly), where u(x, y) 
and y(x, y) are conhnuoush/ dffferenUahle^ the necessary and suffi- 
oimt coniiUons that the function f(z) shall be d/ifferenUable %n the 
complex region are 

Vyy Uy 2 =^ 

iTie so-called Oauchy-Rxmann differential equations. 

In eoery region R where u and v satisfy these conditions f(z) 
%s said to be an analytic ^ function of the complex variable z, and 
the demahve of f (z) %s given by 

/'(«) = ~ {U^ + IV f) 

1/ 

Wg shall first show that the Cariohy-Riomann difioroniiol 
equations form a necessary condition If we accordingly assume 
that/'(») exists, we must ohtam the limit /'(jz) hy taking h equal 
to a real quantity r. That is, 

f'iz) = lim + y, y) - «(ig> y) , ^ 11(01 + r, y) — v{x, y) 

' r->o r ‘ r 

= «» H- VOa. 


In the same way, we must obtain/'(z) if wo take A to bo a pure 
imaginary %s, that is, wo must have 

/'(z) = hm y + ^)~ y) ^ ^ <01, y+ s) —-ii(a!, y) 
t-ro ts is 

= j (M, -k ^Vy) 

Henoe 

«« + Wa = ^ {U„ 4- Wv) 

% 


* The term regular is also used. 
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By equating real and imaginary parts wo at once ottam the 
Oaucliy-Riemann equations 

Those equations, however, also form a sufficieni condition 
for the diffcioiitiability of the function/(«) To prove ttia, we 
form the diflcicnco quotient 

/(^+ 70-/(g) 

h 

_ m(!b + r, y + s) — u{x, y) + ^{v(x + r,y + s)~ v{x, y)) 

r + zs 

__ ru„ -h suy + irv„ + isVy + gj | ^ | + I ^ I 
r-h w ’ 


where and Cg are two real quantities which tend to zero 
with 17i 1 == i'lio Cauchy-Riomann equations 

hold, the above expression immediately becomes 

7tl . 


«» + H- 6l 


r-|- « 




r - - IS 


Wo see at once that as A 0 this expression tends to the hmit 
u„ + vo„, and that indopondontly of the way in wboh the passage 
to the limit h ->- 0 is carried out 

Wo now uso tlio Cauohy-Ricmann equations, or the property 
of diflorentiability which is equivalent to thorn, as the defimtion 
of an analytic function, on which wo shall base our deduction of 
all tho pioportics of such functions. 


2, Tho Simplest Operations of the Diilorential Oaloulus. 

All polynomials, and all power senes in tho interior of then 
oirolo of convorgonco, are analytic fimctions, by § 1 (p 627). 
Wo SCO at 01100 that tho operations which load to tho elementary 
rules of tho diltorontial calculus can bo carried out in exactly the 
same way as for tho real variable. In particular, tho followmg 
rules hold* tho sum, tho diitcronco, tho product, and (ptovidod 
tho donommator does not vanish) tho quotient of analytic func¬ 
tions can bo dihEorentiatocl according to tho olomontary rules of 
tho oaloulus, and honco aro again analytic functions Further, 
an analytic function of an analytic fimotion can be difiorentiated 
according to tho chain rulo and thoroforo is itself an analytic 
fimotion. 
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Wc also note the following theorem if the dcnvaiive of an 
analytic function I = f(z) vanishes everyivhere in a region R, 
the function is a constant 

Prooj —^We have Ua--- lu^^ 0 everywhere m R Hence 
= 0, Wy 0, and m virtue of the Cauchy“Riemami eq^uations 
= 0, 1 ;^; 0, that is, u and v are constants; hence £ is a 

constant, 

Apphcaiion to the Exponential Function —>We use this theo¬ 
rem to define the exponential function, which wo have alicady 

00 

defined by means of the power senes e* = S by means of 

K »=*0 

its differential property, in the complex region also. 

If a complex function f(z) satisfies the differential equation 

then f( 2 ) = ce*, where oisa constant 

Proof —^As we sec at once by differentiating tho power scries 
(which converges everywhere) term by term, tho exponential 
function certamly satisfies tho condition If g{z) is another 
function for which f{z) = g{z)^ it immediately follows that 
^ ^ 0 everywhere m J2. Wo are entitled to 

assume that g{z) is not zero at any pomt, as otherwise our relation 
would be satisfied at that point by f (z) = 0, or o == 0, which 
gives f{z) ^ 0 everywhere Then tho equation {ff — ^ ® 

means that the derivative of the quotient//gf vamshes, no. that 
ffg IS constant, which is what we asserted 

Prom this follows the functional equation of the exponential 
function, 

(On the basis of the power senes definition this functional equa¬ 
tion 18 by no means a trivial assertion) We obtam it by con¬ 
sidering the function g{z )=where % is fixed By tho chain 
rule, g{z) satisfies the differential equation g^{z) g{z), Honoo 

by the above theorem g{z) ^ ce* To determmo o wo put Zi=^ 0 
and bear m mind that accordmg to the power senes definition 
== 1 Thus we at once have ^f(O) = * — c, and tho functional 
equation follows 

In § 3 (p B42) we shall develop a more satisfactory method 
for disoussmg the exponential function independently of tho 
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power senes Here wo merely mention that in particular for 

gitMv ^ e«(cosy + ^ smy) 

It follows further that the exponential function can never vanish, 
for if vamshed, then e® — would vanish for all values 

of Zj which IS certainly not the case 

Making use of the facts that coa27r 1 and fiin27r = 0, we 
immediately have 

=== 1 . 

The exponential function tlicrefoie satisfies the cq^uation 
that is, it is penodto with period 27rf 

ExAMPLia 

Piovo that tho product and the quotient of analytic functions and the 
function of an analytic function arc again analytic, usnig not tlie property 
of diitorontiability but tho Cauoliy-Rieniami dillcioutial equations 

S. Conformal Reprosontatlon. Inverse Functions. 

By moans of tho fmiotions y) and u(a;, y) tho points of the 
jj-plane or a;y-plaue are made to correspond to points of tho 
$-plano or wu-plano Tims wo have a Uansformation or mapping 
(Chap in, § 3, p. 133) of logioiis of Die a;y-plano on to rogions 
of tho wu-plauo. Tho Jacobian of tho transfoimation is 

D == ~ == -h V = I f'{z) I®. 

d{x, y) 

Tho Jacobian is thorofoio difforent liomi zero, and is in laot posi- 
livo, w]iorover/'(2) =1= 0 If wo aAsiimo Uial/'(2) 4= 0, our provioxia 
results (Chap. Ill, § 3, p, 152) show that a noighbourhood of tho 
point 2o iw f'ho 2 -plano, if sufliciontly small, is mapped luiiquoly, 
rovoreibly, and contiunously on a region of tho ^-plano in the 
noighbourhood of tho point ~/(2o)* This mapping is conformed, 
i.e angles nro luiohauged by H. For, as wo have soon in Chap. Ill, 
p. 166, tho Cauohy-ltiomann equations ato tlio necessary and 
sufhoicnt conditions that tho transformation may bo conformal, 
not only the magnitudo but also the sign of angles being pre¬ 
served Wo thus have tho following result 



536 


COMPLEX VARIABLE 


[Chai\ 


Oonfomahty of the transformation given by u(x, y) and v(x, y) 
and analyho character of the function £( 55 ) = u -1- i v mean exactly 
the same thing, pomded we avoid ^points for which i'(zo) = 0 

The reader should study the examples of oonfoiinal ropiesontatiou 
djsoussed m Chap III, § 3, p 136, and piovo that all these transformations 
can bo expressed by analytic funotions of simple form 

Since m the case of a unique revciaiblo conformal represen¬ 
tation of a neighboiuhoocl of % on a neighbourhood of fo 
reverse transformation is also conformal, it follows tliat 2 ; = 5 = a? + 
may also be regarded as an analytic fimotion 0(^) of ^ 

This function is called the inverse of ^ ^f{z) 

Instead of usmg onr geometrical argument, we can at once 
establish the analjiiio character of this inverse by calculatmg the 
derivatives of x{u, -y), y{u, v) as on p 143 We have 

Vm jy 

and we see that the Cauohy-Riemann equations x^^ = x^=--yxi 
are satisfied by the mverse function As wo can at once verify, 
the derivative of the inverse «= ^(0 of the function ^ 

18 given by the formula 

& ^^1 
dt dz 

Kxampljss 

1 , Fmd where the following funotiona are continuous: 

W !. W l»ll W w ^ 

2 Which of the funotions in Ex* 1 are also difforontiablo? 

3*, Prove that a substitution of the form 
^ _ a« + p 
p;^ + a 

where a and p are any complex numbers satisfying the relation 

~ pp === 1 , 

transfonna the oiroumforenoe of the unit oirolo into itself and the interloi 
of the circle mto itself* Prove also that if 

Pp — oca — 1, 

the interior is transfonned mto the exterior. 
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d Provo that m Uio transformation ^ === + 1 jz) tlie ciroles with 

centres at the origin and tlio straight Imoa through tho origin of the z-plano 
aro rospootivoly tiansfoinicd into confooal dlipsos and hyporboloa m tlio 
l^-plano (of. Ek C, p ICB) 


6 Provo that a substitution X, ^ loaves tho cross ratio 

J? I I—^ of four points unaltered 

^2 ^8 / ^2 ^4 

6 ^ Provo that any oirolo may bo transformed by a substitution of the 

form C ==« ^4^ into tho upper half piano bounded by tho real ams (Use 
Y^ + o 

Ex 1, p 629 ) 


7. Provo tho following pioporty of tho goiioral linear transformation 


az + h 
cz dr 


whoro «, hi Ct d aro constants and ad •— ho r|=: 0* 

All oiioloa and straight linos in tlio z piano aro transformed by this 
relation into all straight linos and circles m tho C piano* 

If tho z piano and tlio X, piano aio imagined to ooinoido, tho pomts z 
for which 2 ! ttio callod fixed j^otnia In general there aro two diffoxent 
fixed pomts, Show that m this oaso tho family of onclos tlirough tho two 
fixed points and tlio family of onoloa orthogonal to thorn transform into 
thomsolvos 

8 , Tho invorso of tho power function is unique in tho neighbour 
hood of ovory point piovidcd Zq r|=; 0, for thon tho derivative 
dooa not vaniRlu Tho point Zq ^ 0, whoro tho doiivativo vaniahos, howovoTj 
forma an oxcoption, hoaoo tho mnny-valuodnoss of tho function 
Wo elmll disouss tlioso relations inoro closely in § O, p, 603 


3. ThB iNTKaRATION 01? ANALYTIC FUNOTIONS 
1 , Definition of tho Integral. 

Tho oontral fact of tho difterontial and integral oaloulus of 
fxmotions of a real vanahlo as expressed lu tho theorem that 
tho luiogral of a function (tho upper limit bomg undetermined) 
may* bo rcgaidod as tho primitivo function or indeflmto integral 
of tho original function (Vol. I, p. 109) A corrospoadmg relation 
forms tho nucloua of tlio theory of analytic funotions of a com¬ 
plex variable. 

Wo bogm by extending tho definition of the dolimto integral 
of a given function f(z), llero it is convomont to uso i ==3 r + 
msioad of tho mdopondont variable as wo shall uao t to denote 
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the variable of integration Let the function f{t) be analytio m 
a region and let ^ and zho two points in this icgion, 
joined by an oriented curve G which is piecewise smootli and lies 
wholly withm R (fig 1) We then subdivide the curve 0 into n 

portions by means of the succes¬ 
sive points Iq, tij , and 

form the sum 

v^l 

where tj denotes any point lying 
on 0 between and If 
we now make the subdivision 
finer and finer by lotting the 
riff I number of points morease with¬ 

out limit m such a way that the 
greatest of the mtervals 1I tends to i^ero, tends to 
a limit which is independent of the choice of the particular inter¬ 
mediate point V of the pomts t^, 

This can be proved directly by a method analogous to that 
used to prove the corresponding theorem of the existence of tho 
definite mtegral for real variables. For our piuposo^ however, 
it is more convenient to reduce tho theorem to what we alioady 
Icnow about real ourvilmear integrals (of Chap V, § 1, p, 344)^ 
as follows We put /(i) = «(r> s) + ^t;(r, s), 

== == Then wo have 

u 

jS„ = S M(r/, «/)Ar,~ v{r/, 

+»| V)Ar„ + M(V, s/)A8,|. 

As n inoreases the sums on the right-hand side tend to the real 
curvilinear integrals f {udee — vdy) and ^f{vdas~^-udy) respeo* 

tively, and hence, as wo asserted, /S„ tends to a limit Wo call 
this hmit the definite integral of the fimction f{t) along the curve 
0 from to z, and write it 

ff{i)dt or Jfm. 
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Jf{,t)dt—J{udx—vdy)-\-iJ[vdx-{- udij) 


The definition of this definito integial (of Chap V, § 1, p, 349) 
at once gives the following iinpoitant ostimato* \ f(t) | ^ M 
on the path of integration, where M ts a constant and L is the 
length of the path of integiatwn, then 


\ffm\ 


In addition wo may point out that operations with complex 
mtegrals (in particular, combination of different paths of iii- 
tegiation) satisfy all the rules stated in this connexion for cuivi 
linear integrals in Chap V, § 1, p 347-9. 


2. Oauoliy’s Thoorom. 

The OBSontial fact of the theory of functions of a complex 
variable is that tho integral between Iq and * is largely indepen¬ 
dent of the choico of the path of mtogiation 0 In fact, wo have 
Cauchy’s theorem 

If the fmdion f(t) is analytic in a simply-connected region It, 
the integial 

Jf[t)dt^Jf{t)(U 

IS mdependent of the particular olmce of the path of integration 
0 joining to and z in B; the integial is an analytio function F(z) 
such that 

I =/(.). 

li'(z) is accordingly a primitive function or indefinite integral 
o/f(z). 

Cauchy’s theorem may also bo expressed as follows! 

If subject to the above assumptions we tah the int^ral of f(t) 
round a dosed cwve lying m a simply-connected region, the integral 
has the value zero 

Tho proof that tho integral la mdopondont of the path follows 
immediately from the mam thoorora on oiirvilmoar integrals 
(of. Cliap V, § 1, p 363), for both u<h ~ vd/if, tlio integrand in 
tho real part, and vdx -|- udy, the integrand in tho imaginary 
part, satisfy tho condition of mtegrabihty, in virtue of the Cauchy 
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Riemann equations (p i532)* Thus tho integral is a function of 
a;, If or f{z)^ Z7(aJ, y) + y), and from our 

previous results for curvilmear integrals wo have the relations 

Vx —Vy Vto ^Vy u, 

that IS, 

Uga^Vyy Vy= TJ ^ %V gy ^ U %Vy 


which shows that l!^{z) is actually an analytic function in JR with 
the derivative F{z) ^f{z) 

The assumption that the region is smply-connecled is essential 
for the validity of Oauohy’s theorem. 


Eor example, we may consider tho function l/ty which is analytic ovory- 
whore in tho t plane except at the ongm Wo are, however, not entitled 
to conclude from Cauchy’s theorem that tho integral of l/ty taken round 
a oloaed curve onolosmg the origin, vanishes Eor this ouivo cannot bo 
enclosed in a simply connected region in which the function 10 analytic 
The simple oonneotmty of the region is destroyed by the exceptional 
point ^ =1 0 If we take the integral 0 g, round a on ole K given by | ^ 1 1 = f 
or t ^ lu tho positive sense, and make 0 the variable of miogration 
{dt ^ n€^^dO)t we have 


Jjc i Jo 


that IS, tho value of the mtegral is not zero but 2m 

We can, however, extend Cauchy^s theorem to multiply- 

connected regions as follows 
If a multiply-connected region 
B %s bounded by a finite number 
of sectionally smooth closed curves 
Oji, Oa, , ♦, and if i{z) is analytic 
m the interior of this region and 
also on its boundary,* then the 
sum of the integrals of the function 
along all the boimdary curves is 
zero, provided that all the hov/ndaries 
are described m the same sense relative to the mterior of the region B, 
i e that the region B is always on the sme side, say the left-hand 
side, of the curve as U is described. 

The proof follows at once, on tho model of tho corresponding 



* A function is said to be analytic on a curve if it la analytic thioughout 
a neighbourhood, no matter how small, of this ouive 
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proofs for ouivilnicdt integrals, vrc out up the region JR. into a 
finite mimlioi of aunply-conueoted regions (figs 2 , 3 ), npjily 
Cauchy’s theorem to these regions separately, and add the results. 



F!ff 3 —A muUiijly connected rc«ion Ji subdivided by On * Into 
Bimply-conncctcd rcglona 


We can express tliis theorem in a somewhat different way! 

If the region R is formed from the interior of a dosed curve 0 
hg ouUmg out of this interior the intmiors of furl/icr curves O^, 
O 2 ,..., then 

ff{t)(U=:ljJf {t) dt, 

Jq y ifOy 

where the integrals round the external boundary 0 and the internal 
boundaries are to be taken in the same sense 

3. Applioailons. Dlie LoKanthm, the Exponential Punotlon, and 
the denoral Power Funotion. 

We can now use Cauchy’s theorem as the basis for a satis¬ 
factory theory of the logarithm, tho exponential funotion, and 
hence of tho other oloTnontary functions, following a procedure 
similar to that adopted for tho real variable (Vol. I, Chap. Ill, 
§6,p 167). 

Wo bogm by defining tho logarithm, as tho integral of the 
fimction i/{. At fiist we hmit tlia patli of integration by maldng 
it lio in a simply-connootod region, making a out along tho nega¬ 
tive real s-axis, that is, pormiUiug no path of integration which 
crosses the negative real axis. More ptooisoly: if wo put 
i =3 111 (cos d +1 sin 0), wo limit 0 by tho inequality ~tt 
I n the {-plane, after tho out has boon made, wo join the point 
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f = 1 to an arbitrary point z by any curve G, and wo can then 
use Cauchy’s theorem to integrate the function l/t between these 
two points, independently of the path The result is an analytic 
function, which we call log^' 

S = Iog*=/ 7=/(2). 

t 


Tile logantlim lias the property that 


I (log*)- 


1 

» 


As this derivative does not vanish anywhere, wo can form the 



inverse fimction of the logarithm, z<=‘g{^) Wo have ^'(0) = 1, 
and by the formula for the derivative of the mvorse 

By § 2, p 636, the mvorse is thus determined uniquely and is 
identical with the exponential function defined previously: 

The function /(«) = log 2 is uniquely detornuned, except for 
an additive constant, by its differentiation property/'(») = Ijz. 
Bor if there wore another function g{z) with this property, thoir 
difference would have the derivative zero and would therefore bo 
constant Since the function g{z) ^f(az) — log(az) satisfies tho 
condition g'{z) — af'{az) = a/az —1/«, by tho chain rule, wo have 
log(a 2 ) = g{z) = c + log 2, where o is a constant independent of 
z Its value is determined by puttmg « = 1, i.e logz = 0, and 
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wo thus have log (a) = 0 . This gives the addition theorem for the 
logarttlm, 

log(a«) = loga + log«. 

Tho integral 

log.=/'* 

•^1 t 

is easily evaluated explicitly by taking tho straight lino jommg 
the points i = 1 and f = | ss | together with the circular arc 
(J1 =3 1 2 1 as tho path of integration. Wo have 

log? = log 1 2 j + io, 

where 0 is tho argument of tho complex number z (fig. 4) 

Tho value obtained in this way for tho logarithm of any com¬ 
plex number z, whoso aigument lies m the interval —tt < 0 g tt, 



is often called tho frmd-pd value of tlio logarithm This termino¬ 
logy is justified by tho fact that other values of tho logarithm 
can bo obtained by removing tho condition that the negative 
real axis must not bo crossed. Wo can then jom tho point 1 to 
Uio pomt 2 by a point which encloses tho origin t — 0 On this 
curve tho argument of t will moreaso up to a value which la 
greater or less than tho argument previously assigned to 2 by 
27r. Wo then have tho value 

log 2 = log 1 2 1 -f- r0 -f 

for the integral (fig. 6) In the sumo way, by making 
tho curve travel round tho origin in one direotion or tho 
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otilier any iniegml number of times we obtam tbo value 
l 0 g 2 J = log I ^5 I -f iS + 2^77^ 

This expresses the many-valuedness of the logarithm 

In the case of the exponential function this many-valuedncss 
IS exlubitod m the equation Eor the same value of z 

corresponds to all the difieient values ^ log;?:, which differ 

only by multiples of 27ri. In the inverse of the logarithm, i e the 
exponential function, the addition or subtraction of 27n to or 
fiom the argument must not alter the value of the function: 
9^(5 + 27^)== </»(^), or If £=0, we have the 

equation 1 

If we now introduce the trigonometrio functions smz and cos 2 ; 
by means of the equation 

0082 : -j- i sina:, 

which we now may take as their defimtion, we see at once that 
those functions have the period 27r Thus we have deduced 
the periodic character of the trigonometric functions without 
reference to their elementary geometrical definitions. 

Now that wo have introduced the logarithm and the expo¬ 
nential function it is easy to introduce the general power functions 
a* and 2 :“, whore a and a are constants (of. the oorrespondmg 
discussion for the real variable m Vol I (Chap III, § 6, p. 173)). 
We define by the relation 

where the principal value of loga is to bo taken, In the same way 
we define ^ by the relation 

While the function a* is defined uniquely if we use the princi¬ 
pal value of log a in the defimtion, the many-valiiednoss of the 
function if' goes deeper. Takmg the many-valuednoss of log 2 : 
into account, we see that along with any one value of 2 :® we also 
have all the other values which are obtained by multiplymg one 
value by where n is any positive or negative integer. If 
a la rational, say a =; p/j, where p and q are mtegers prime to 
one another, among these multipliers there are only a finite 



VIII] COMPLEX INTEGRATION S4S 


number of diffloiont values (whose q-ih. power must bo luiity) 
If, however, a is iriational, wo obtain an infinite number of 
dificreut multiplioxs TJie many-valiiediicsa of the function 
will bo discussed in groatei detail in § C (p GCll) 

As we see from tho chain iiilo, these functions satisfy the 
difierontiation formute 


d{a^) 

dz 


log a, ^ 
dz 


ExAMUEiBS 


1, (Tho gamma function ) Piovo that tho iiilcgial 





(whoie tho pimoipal value of is taken), oxtondrd over all real values 
of tho vaiiablo of integration i, la an analytic function of tho paiamotor 
00 + ly^ if » > 0« (Show directly that tho oxincsaion r(^) can ho 
dilfoiontiatcd with respect to z ) Piovo that tho gamma function thus 
defined for the complex variahlo aatisfios ilio functional equation 
V{z + 1) ==: zV(z) 


2*, (Riomami^s zota function) Taking tho principal value of a®, form 
tho infinite series 


1 




Provo that this senes converges if » > 1 and lopicBonta a diffoiontiahlo 
function {^(3) IS called RiomamVs zela function) Tho pi oof oaii be oaincd 
out duootly by a method like that for powoi soiios (of. Vol I, p 382), 


i Cauchy’s Eohmula and its AppuoA'riONS 
1 Cauchy’s Formula, 

Cauchy’s theorem for multiply-connected regions leads to a 
fundamental formula, again duo to Cauchy, winch expresses tho 
value of an analytic fiiiictioii f{z) at any point a in tho 
interior of a closed xogion 7i, thiougliout which tlio finuition is 
analytic, by means of tho values which the function takes on tlio 
bouudaiy 0 

We assume that the function f(z) la analytic in tlio aimjily- 
connected region R and on its bourn buy 0. Then tho function 
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19 analytic cveiywliero in the region iZ, the boundary 0 included, 
except at the point a. Out of the region R wo cut a cncle 
of small radiua p about the pomt lying entirely within R 

(fig 6), and then apply Cauchy*s theorem (p 6dl) to the fimotion 

g{zy If K denotes the ciroum- 

^----ference of the circle described 

\ in the positive sense and 0 the 
I ( 3 -*-a ) ] b<^™daiy of R described m tlio 

1 VJL/ / positive sense, Cauchy^s theorem 

\ X / states that 


fg{z)dz = f giz)dz. 


On the circle K we have 
z:= a pe*^, where the angle 0 determines the position of the 
point on the circumference On the circle, therefore, dz =: pte^^dO, 
and hence 

f dz — zff{a+ dO. 

Since f{z) is continuous at the point a, we have, provided p is 
sufRoiontly small, 

/(a H- pe'O) =/(a) + ri, 

•where | ij | is leas •than an arbitrary prescribed positive quantity e. 
Hence 

I f% + pd^)dd - p{a)dO I = I j\dO ^ 27T€, 


and therefore 


^2tr 

j /(^ + P^^)d0 == 27r/(a) + 


where | k | ^ Sttc Thus if p is sufficiently small 
J g{z)dz = 27n/(a) + /a, 

wliero I /ci I < € 

If wo make € tend to zero (by making p tend to zero), 
the right-hand side of the equation tends to 277 «/(a), while 

tlio value of the left-hand side, jg{z)dZy is xmaltered. 
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Adz. 


If W6 now rovort to ilic nso of t as variable of mtegiation and 
Lbon. replace a by the formula takes the form 




if 

SttI *'<7 


m 


dt 


This formiiia expresses the values of a function in the interior 
of a olosod region in which the function is analytic by means 
of the values which the function takes on the boundary of the 
region 

If m paitioukr 0 is a oirolo with centre that is, i£ 

di =5 then 

1 /2ir 

In words, ilia mlm of a function at the centre of a ctrch ia equal to the mean 
of tis values on the circumferencci piovtded that the closed area of the circle 
IS a region in which the function %a amlyixc. 


% Expansion of Analytic Punctlous in Power Scries, 

Cauchy’s formula has a number of impoilant theoretical 
applications, the oluof of which is the proof of the fact that 
evmj amlylio function can he ea^jianded in a power mtes, which 
thus connoots the present theory with that given in § 1 (p 527)* 
More piooisely, wo have the following ihoorom, if the funclton 
f(z) IS analytic m the interior and on the boundary of a circle 
155 — Zq I ^ R, it can be expanded as a poioer set ie$ m z — Zq 
which converges in the inienor of that cvrcle. 

In proving tins wo oau take without loss of generality. 
(Otherwise we sliould merely liavo to introduce a new indepon- 
dont variable z' by means of the transtormation 
Wo now apply Cauohy’s integral formula to the ou’olo 0, | j = IS, 
and write the integrand (using the goomotrio aciies) in the form 

A =M_JL A 1 ^ 

t l-zjt t\ t»/ ' t V/ !-«/«■ 

Since 2 la a point in the interior ol the cncle, \zll\— g is a positive 
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number leas than unity, and for ^ romamclor 

of the geometric senes, we obviously have the cstimato 

Introducing our expressions mto Cauchy^s foimula and integi'at^ 
mg term by term, we obtain 

f(^) =:= Cq -f* + . . + "h ^nt 

where 

1 rm,. 


c^±fmdt, 


If Af is an upper bound of tbo values of (/(f) ( on tlio oiroitm- 
ferenoe of tbo circle, our estimation formula for complex integrals 
(of. § 3, p, 639) immediately gives 

1 /yn+l 1*1 

-27r7?M=;i- M 

' ' 2'nR 1 — g l — q 

for the remainder Smee <f is a proper fraction this remainder tends 
to zero as n moreases, and for f{z) wo obtain tbo power eorios 

/(«) = 2 o/, 

ymtO 

where 

0 /■ Mdt, 

27rt Jo f ■'+1 


Our assertion is thus proved 

This theorem has important results To begin with, wo Imow 
from § 1 (p 628) that every power senes can be diilorontiatcd as 
often as we please m the mterior of its ciiolo of convergenoo 
Since every analytic function can be represented by a power 
senes, it follows that the dotvoMve of a function in the mtonor 
of a region where the function is analytic is also diilorontiablo, 
i e* 18 agam an amlyiic function In other words, the ojj&taixon 
of differ enUaUon does not lead ns out of the class of analytic fmo- 
Hons. Afl we already Icnow that the same is tiue for the operation 
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ol mtcgratioii, wo sec that dijjoentiation and integmUm oj 
analytio functions can be can ted out without any i est) ictions Tins 
18 aa agreeable state of alfaiis, which does not exist la the case 
of leal fimctions* 

Since, ns wo saw m § 1, p 528, oveiy power senes ib the 
Taylor serios of the funolion which it xepresents, it now follows 
in general that every analytic function can be expanded in the 
noighbouihood of a point region B where the function 

la analytic in a Taylor seiiea 

v\ 


Iho coollicicnls o, above aio accoxdmgly given by the formulte 





2irt Jo 


dt 


From oiu' lesulb wo may alt.o deduce an important fact about 
tlio radius of convorgonoo of a power aeries Tbe Taylor aeries 
of a fuuotion/(«) m the neighbourhood of a pomt ccrtamly 
convergea m the mtorioi of the largest circle whose intoiior hes 
wholly Within the region wheto the function is defined and is 
analytio 

In virtue of the theoromB on drfterontiation and mtegiation 
which wo have now ostabliahod as valid for the complex variable 
also, all the elementary functions which wc expanded in Taylor 
senes for the real variable have exactly the same Taylor series 
for the complex vatiablo. For most of these functions we have 
already soon that this is true 

IIoio WQ may pomt out tliat o g. the blaomml sonea 

is also valid for the ooinplox vaiiablo il | 2 | < 1, provided that 
(1 + zY ^ 

is f 01 mod from tho principal valno of log(i + z) 

Tho fact tlmt the radius of oonvorgouoo of this series is eq^ual to umty 
follows from what wo have just said, together with the remark that the 
funotion (1 + z)^ is no longer analytic at tho point 2 = —' 1 l^or if it wore, 
all tho dcuvatlvoa must exist tlioio, which is cortamly not the oase^ Tho 
oirolo witli radius 1 with tho pomt 2 = 0 as contro is thoreforo the largea^i 
ouolo in the intoiior of which tho funotiou is still analytic 
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As we have already pointed out in Chap VIII of Vol I (p 414), 
the Behaviour of power senes as regards coiivoigenco only 
becomes completely intelligible in the light of the fact whicli 
we have just proved about the radius of convergence 

Pot example, the failuio of tho geomotno senes roprosonting 1/(1 ‘H 
to oonvorgG on tlio unit cuolo is a simplo consequoiioo of tho fact 
that tho function la no longer analytio for a: = and « = — t Wo also 
see now that tho power aeries 



winch defines Bornoiilh*s numbers (cf Vol I, Chap VIH, Appendix, p 422), 
must have tho oirolo | | Stc as its oirclo of conveigonoo, for tlio do 

nominator of the function vanishes for z ~ but (apart from tho oiigm) 
at no point interior to the circle \ 

EXAHtPJDB 

Prove, without using the theory of power sorios chiootly, that the 
derivative of an analytic function is dilloiontiable, by suooosBivo difToion 
tiation under the integral sign m Oauohy^s foimula and justification of the 
validity of this process 

3 The Theory of Functions and Potential Theory. 

From the fact that analytic functions may bo differontiated 
as often as we please it also follows that the functions u{<c^ y) 
and y) have continuous derivatives of any order. Wo may 
therefore differontiate tho Cauohy-Riemann equations, If wo 
differentiate the first equation with respect to x and tho second 
with respect to y and add, wo have 

in the same way, tho imaginary part v satisfies the samo equation 
AU :=^ ^ 0 

In other words, the real part and the %may%r\wry part of an amlyhc 
function are potential functions 

If two potential funotions w, v satisfy the Cauohy-Riemann 
equations, v is said to be conjugate to and —u conjugate to v. 

We accordingly find that the theory of functions of a complex 
variable and potential theory in two dimensions are ossentmlly 
equivalent to one another, 
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Example 

Show that for oveiy poiontial funotiou « it is possible to oonstruot a 
oonjugato funotion v and to dotormmo it uniquely apart from an additive 
constant 


d Tlio Converse of Cauchy’s Theorem, 

As a fiu'fcher deduction we Lave the converse of Cauchy’s 
theorem 

If the continuous function ^ = m +=/(z) is such that its 
intogial lound every closed cuivo 0 m its region of definition R 
vanishes, thon/{z) is an analytic function in R 

To piovo this wo note that in any case, by § 3, p 639, the 

iiitcgi'al Jf{t)dt taken along any path joining a fixed point 

and a variable point is a difEoientiablo function F{z), where 
F'{z) =f(z) F(z) IS thercfoio analytic, and by our resvdt above 
so is its derivative F'{z) =/(2) 

This converse of Cauchy’s theorem shows that the postulate 
of differentiability could have been replaced by the postulate 
of intogrability The equivalence of these two postulates is a 
very ohaiaotoristic feature of tlio theory of functions of a complex 
vaiiablo. 


6 Zeros, Poles, and Residues of an Annlytio Function. 

If tho function/(«) vanishes at the point »= Zq* constant 
term in tho Taylor scries of the funotion in powers of z Zj, 

/(«)=/W + (2~2o)/>o)+ •• . 

vanishes, and possibly further terms of tho series vanish m 
addition. A factor {z -- z,,)" may thon be taken out of the power 
senes and wo may write 

/(2)=(z-Zo)"if(z), 

whore giz^) 4= 0. A point Zq for which this occurs is said to bo a 
zero of ihefimclion f(z) of the n-ih order. 

Tho leoiprocal l//(z) = q(z) of an analytic function, as we 
saw above, is also analytio, except at the points where/(z) vanishes, 
If Zo IS a zero of/(z) of tho n-th older, the function g(z) can bo 
roprosontod in the neighbourhood of tho pomt Zq in the form 
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wIiGre h{z) is analytic in the neighbourhood ol At the 

point the function q[z) ceasos to bo analytic, Wo call tins 
point a svngulanty {singuhr point)^ in this paiiicular case a pole 
of the function q{z) of the n-th order If we thinlc of the function 
h{z) as expanded in powers of {z — %) and then divided by 
(z — Zq)^ term by terra, in the neighbourliood of the polo wo 
obtain an expansion of the form 

q{z) ^ ^o) H- ^ > 


where the coefficients of the powers of {z — Zq) are denoted by 

> 0 ^ 1 , Cq, 

If wo are dealing with a polo of the lii’st order, i o if — 1, 
we obtain the coefficient c^i irainediaiely from the relation 


Since 


we have 


0_1 = lim {z — i?o)(/(z) 

X‘->se« 

1 „ /(g) ^ /(g)-/(gp) 

g(z)(«-Zo) g —gfl g—gfl 


0_i = 



In the same way, if q{z) = r(z)/<f>{z)i and ^{z) has a zero of 
the first order z^ Zq, while r[z^ 4" 0, wo have 



If a fimotion is defined and analytic everywhere in the 
neighbourhood of a point z^y but not at the point itsolf, its 
mtegral round a complete circle enclosing the point z^ will in 
general not be 2 ero, By Cauohy^s theorem, however, the integral 
is independent of the radius of this circle and in general has the 
same value for all closed curves 0 which form the boundary of 
a sufficiently small region enclosing the point z^ The value of 
the integral taken round the point in the positive sense is called 
the resxd/ue at the point 

If the Bmgularity is a pole of the n-th order and if wo integrate 
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the expansion of the function, the integral of the series witli 
positive indices is zero, as this power scries is still analytic at the 
point Zfl 

"When mtcgiatcd the term o_i(z—Z q)“^ gives the value 27rtc.i, 
while the terms with highei negative indices give zero, for the 
nidofinito intogial of (« — z^~'' for v > 1 IS — p), 

as m tho real case, so that tho mtegial loiind a closed curve 
vanialioa 

The residue of a function at a pole %s therefore 27tio_;i 

Ill the next section wo shall become acq^iiaiiitcd with the 
usofiilnesa o£ this idea as oxpicssed by the following theorem 

Theorem of Residues If ike function f(z;) is analylie in the in¬ 
terior of a region R and on its boundaiy C, except at afmite numbef 
of pdles^ the integial of the Junction taken lound 0 in the positive 
sense is equal to the sum of the residues of the function at the poles 
enclosed by the bounda/>y 0. 

Tho proof follows at onco from tlio Btatomeuts above. 
Examples 


1*. Show tliatr tho function 




/(O 






whoro iho integral is taken round a simple contour enclosing the points 
0 and IS a polynomial g(z) of degree li- — 1 Buoh that 

>=» for w Ks 0,1,4 * •, tir — 1« 


2. Lot f{z) bo analy tie for | | ^ p* If M is the maximum of [ f{z) [ on 
the oiiolo \z\^ p, then tho oooflftoionts of the power a ones for /, 


satisfy tlio inoq^uaUfcy 


■CO 


f{z) ^ S a,z\ 

v»-0 



3*. Piovo that if a region is bounded by a single olosod ourvo <7, and if 
f{z) IS analytic in the mtouoi of 0 and on 0 and does not vanish on 0, then 


Ja f(z) 


dz 


is the mimbor of Koros ot fin iho Intoiior of 0 

4 (a) "Ihvo polynomials P(z) and Q{z) are suoh that at ovory point on 
a 001 tarn olosod contour 0 


( 11012 ) 


|<2(*)| <|P(«)1. 


19 * 
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Prove thub the equations P(z) 0 and P(y) -f- Q{z) =* 0 have tho samo 
numbers of roots within G (Consider the family of fimoUons P{z) + 
whoro the parameter 0 vanes from 0 to 1 ) 

(6) Provo that all the roots of the equation 

+ az + 1^0 

ho withm the cirolo | z | = ^ if 

\a \ < — 3, 

' ' r 


6 If /(^) = 0 has one simple root d within a oloaod ourvo 0, piovo that 
this root la given by 

— z ' 

Sat J/j 


z^.^dz, 

•>0 m 


6 Applications to Complex Integbation (Contouii 
Integration) 

Caucliy’s theorem and the theorem of residues frequently 
enable us to evaluate real definite integrals by regarding those as 
mtegrals along the real axis of a complex piano and then simpli- 
fymg the argument by suitable modification of the path of m- 
togration In this way we sometimes obtam surprisingly elegant 
evaluations of apparently complicated definite integrals, without 
necessarily bomg able to calculate the coiicsponding indofimtn 
mtegrals We shall discuss some typical examples. 

1. Proof of the Formula 



Here we give the following mstructive proof of this important 
formula, which we have already discussed by other methods 
{Vol I, pp 261, 418,460, Vol II, p 316) 

We mtegrato the function e <*/2 m tho complex «-plano along 
the path G shown in fig 7, which consists of a semioirclo II of 
radius R, a semicircle of radius r, both having thoir contros 
at the origm, and the two symmetrical intervals I^ and I^ of 
the real axis. Smee the fimotion 13 regular in tho circiilar 
rmg enclosed by these boundaries, the value of tho mlogral m 
question is zero Combining the mtegrals along I^ and Zg, wo 

. 1 , 

f-dz + f ^-ldz+2zf ^^dx^O. 

•'Vji » ''or 2 "'r X 
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Wo now lei) It toiul to infinity Then tho integral along the semi- 
011 do 11 „ toiicls to zero Eoi il we put z= i?(cos0 -f -1 sm 0)= Ee'^ 



lor pomtfl on tho Bcmuurolo, wo have e‘»= and 

tho integral boooinoa ^ The absolute value 

^0 

ol tho lactor is 1, while tho absolute value of the factor 

g-R«ino jjj lygg 1 moreover, tends uniformly to zero as 
li tends to infinity, in every interval e ^ 0 g tt ~ e Hence 
it follows at once that tho integral along II„ tends to zero as 
R->co As tho reader can easily prove lor hunsclf, the mtegial 
along tho semicircle //, tends to —ni as r -> 0. The mtegral along 
tho two syminotrical inteivals Ij, Jg of tho real axis tends to 

2i / -dte as and Combining tlieso statements, 

wo immediately obtain tho relation given above. 

2. Proof of tho Formula 

f oosaxe~’‘*clx = lA/Ke"!"', 

Jo 

Wo havo already piovod this formula in Chop. IV (Ex 4a, 
p. S18), but wo shall now obtain it by means of Cauchy’s 
thooiom, 

Wo integrato tho expression c“** along a lectanglo ABB'A' 
(fig. 8), in which tho length of tho vertical sides AA'^ BB' is a/2, 
and that of tho horizontal sides AB, A'B' is 21? This integral 
has tho value zero, by Cauchy’s theorem On tho vertical sides 
wo have |c~**| »= —and this 

expression tends uniformly to zero as R tends to infinity, Thus 
tlio portions of tho whole integral which arise from tho vertical 
sides tend bo zero, and if wo carry out the passage to tho bmit 
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R and note that on A'B' dz ~ d(x H- ^i(t) ~ dun wo May 
express the result of Cauchy’s theorem as follows: 

= f er*'dx. 

‘'—CO 

That i8, we can displace the path of integration of the infinite 
integral parallel to itself By our previous result *** (p* 262) the 



i 






value of the integral on the right is tt. The integral on the loft 
iTumediately becomes 

^ sinaaj)(fo? = fcosaxe'^^'dx, 

‘'-00 ‘'o 

if we remember that smooj is an odd function and cosoa? an oven 
function This proves the formula 

3« Application of the Theorem of Besldues to the Integration of 
Rational Funotions, 

If m the rational function 

‘ 

&0+V+ “ + 

the denominator has no real zeros and its degree exceeds that of 
the numerator by at least two, the integral 

r Q{x)dx 
00 

can be evaluated m the following way 

We begin by taking the integral along a contour consisting of 
the boundary of a scmioirolo S of radius It (on which z 
0 ^ ^ ^ tt), where JR is chosen so large that no pole of Q(z) lies 
on or outside the circumferenoe of the oirole, and the real axis 
from —R to H-S Then on the one hand the integral is equal 
* Of also sub seotlon 6, p 601, 
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to tlio Biim ol ilio rcsiduos ol Q[^ within tlio soxaioirole, whila 
on iho other hand it is cctital to tlio mtcgial 




pluB tlio integral along tlio Hoiincirolo II By onr assumptions, 
a fixed positive constant M exists such that lor suilioiontly 
largo values of It m have " 


ewi<f 


Tho longlli o£ tho oiroumtoionco oT tlio soraiciiolo is nR By our 
osLifnation foimiila on p. B39, tlio intogial along tlio soinienclo 

Ib ilioroloio loss in absolute value tlian iri? ^ , and hence 

R^ R 

tends to zoio as 7i -»• CO, Tins means that the tnlegid 

I~f Q{K)(h 

is equal to the sim of the i esidues of Q(x) %n the upper half-plane, 
Wo now apply this principle to somo interesting special oases. 


Wo begin by taking 


Q(«) 


1 1 

az^ H- hz-l 0 f{z)* 


whoio iho oocdloionifl a, b, o aro loal and saimfy the oonditiom a > 0, 
— drto < 0. Thou iho hmoiion Q{z) has only ono snnplo polo 

zsxi {*^6 -1- iV{iao — 6^)h 

2a 


where iho aqiiaio root Is to bo iakoii positive, in tho upiior half plane. By 
tho gonoral vulo (p. 658), ihoroforo, iho residue Is 27i;t , Sinoo 


wo have 


i: 


/'(«i) « 2azy -h <V(dao — 
1 , 275 


ow® H- hx + 0 


dx « 


V{4ao - h^) 


♦ This iollowfl litnnoclifttoly horn tho fact that Q(z) *- ^ JR{z)t whoro 
tends to Koro as »—> oo (whon n > i- 2) or to (when n «- m + 2), 



5S8 


COMPLEX VARIABLE 


[Chap. 


Aa a second oxamplo we shall prove the forinnla (of Vol. I, p 234) 

•+» di, 
l + a;! 


i: 




Hero again wo oan immecliatoly apply our general principle In tlio 
upper half piano the function 1/(1 4 - ^!*) =:= Xlf{z) has the two poles 
» 0 ss 2 (the two fourth roots of ---I which liavo a posi- 

iivo imaginary pait)» Tho sum of the residues is 

2iw (~L_ -I-l_l = 2nt 1 (i + = -- (e-» — s®), 


OS waa assorted* 


1 Provo tho formula 


Sir Tf 1 /Cl 

—m tsm-p= Tcsrn-= 47ry2, 
4 4 


Examples 


/: 


^ dx 4 ^V 2 


-<o 1 4" 

m tho samo way oa ahovo 

2 Provo that m general if n and m are positive integers and w > 

f«> , tt {2m+l \ 

j -.aas=^8ml- - —tc). 

*/_oo 1 + ^ 2n / 


The following proof of the formula 



doo __ 7T (2 h)! 

(1 + 4n 


exemplifies the case where tho residue at a pole of higher order 
has to be cabulated 

If we replace x by the denominator of the integrand is of 
the form (z + and tho mtogrand accordingly has 

a pole of the (n + l)‘-th order at the point To find tho 

residue at that point we write 

1 ^ JL 1 _ 1 

(z^ + 1)”*^^ f{z) {z — (2^ + ^ 

=_ I _+ 

K we expand the last factor by the bmomial theorem, the term 
in has the coefficient 
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1 1 / 1) 2n_^«(2w)l 

(2t)»\ n } ^12 n 2" («•')“*■ 

Tlio coefficient o_i in the serice for the integrand in the neigh¬ 


bourhood of the point 2 ! = r 18 therefore equal to 


1 l(2tt)I 


The residue 27rtc_i ib theicfore which proves the 

torinula ^ 

As a further oxoroiso tho rcadei may piove for himself by the theory 
of rosKliios that 

J-co aj® + 


(loplacmg 8m a; by 


Example 


Xjot /(^) bo a polynomial of degree n ^nth tho simple roots a^, « 2 » » 

Provo that 

S ,-^ = 0 (fc== 0 ,l, ...n- 2 ) 


fColwIdor f— <U round a olosod oiuvo onolosing 

J /(») 


nil the a„'B ' 


d. The Theorem of Residues and Linear Differential Equations 
with Constant Coefficients. 

If 

a, -1- a^z + + . . + = P(z) 

IS a polynomial of tho w-th degree, and t a real parameter, wo 
think of tho integral 

taken along any closed path 0 in the z-plane, which does not 
pass tlu-ough any of tho zeros of P{z), as a function «(<) of tho 
parameter t. Lot f[z) ho a constant or any polynomial m «, of a 
degree which wo shall assume to bo less than n By the rules 
for diflorontiation under tho integral sign, which hold unaltered 
for tlio complex region, wo can difEerentmto the expression u{t) once 
or repeatedly with respect to t Tbs difiorentiation with respect 



COMPLEX VARIABLE 


[CiiAf, 


560 

to t \indor tlio mtegral sign is eq^iuvalent to multtplicaiion ot iliG 
integrand by , as tlio case may bo If wo now foim 

the difierential expression L[w] = ^ 0 ^++ • * + 
or, in symbolic notation, Pll))u, wliere D denotes the symbol 
of differentiation D = djdt^ we have 

P{D)u=^ L[w] == fe^^f{z)dz 
Jo 


By Oaiioliy^s theorem the value of the complex integral on 
tho right 18 zero; 10 , the function u{t) is a solution of the dif 
ferential eq^uatioii L[w] 0 If f{z) is any polynomial of the 
{n — l)41i degree^ this solution contains n arbitiary constnats 
We may accordingly expect to get in this way the most general 
solution of the linear dificrential equation with constant co- 
officients, L[u] — 0 

In fact we do obtain tho solutions m the form which wo 
already loiow (of, Chap VT, § 4, p 449), on evaluating tho 
integral by the theory of residues, with the assumption that tho 
curve 0 encloses all the zeros Zg, , Zf^ of the denominatoi 
P{z) = an(z — Zq){z {z-- Zj^) If we assume to begin 

with that all these zeros are simple zeros, they are siraplo 
poles of tho mtegrand, and the residue at the point a^, is 


2m 


p'i\) 


^Hp 


By Buitable choice of the polynomial /(«) tho 


expressions can be made arbitrary constants, wo 

accordingly obtam the solution in the form 


» 


u{t) == S 


in agreement with our previous results 

If a zero z^ of the polynomial P{z) is multiple, say r-fold, so 
that tlie ooirespondmg pole of the mtegrand is of the r-th order, 
the residue at tho pomt z^ must be determmed by imagining 
the numerator e^^f{z) ^ also expanded m powers 

otz-- z^ We leave it to the reader to show that the residue at 
the point z^ gives tho solutions as well as the 

solution 
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/ OO 

e~'^'dx ~ Vtc. 

-00 


In evaluating llio integial on p 556 wo took over tins formula 
as known from tlxo tliooiy of leal vaiiables It is, liowovcr, 
possible to obtain tlxo result by complex intogration, using the 
tlxeory of lesiducs As this proof is very mstrixctivo, wo shall give 
it hero, although fioin our elcmontaiy point of view its starting- 
point may appear artificial We begin with a complex integral 
which arises m other blanches of mathematics (e g the thcoiy of 
numb or b) 

We use the symbol to denote the straight lino a; ^ 

(_oo < p <co) in the ^^-plano, that is, a straight line making 
an angle of 45^ with the aj-axis and cutting it at the point 
The symbol /—J or /O will bear a similar meaning. Let u bo 
a real paraiuoter We then consider the intcgial 




This integral is to bo regarded as an improper integral, that is, 
wo integrate in tlio first place betwoon the limits p = — H, 
ps= R, and then let R tend to infinity The reader may verify 
that tHs integral exists by moans of an argument following the 
pattern of similar arguments for real intogials Then 

f{u + 1) -/(«) 



As the integrand on the rigbt is regular ovorywlioro, wo can 
use Cauoliy’s theorem to displace the path of integration 
parallel to itself to any extent, as on p 550, writmg, for 
example, 

f(u -h 1) “ fill) == 0“’''"' f 

• 1/0 
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where z = on. the path of integration and honco 

That is, if we substitute Vw/i = i, wo have 

yTT^'^oo 

Again, if we put =:== A + 1 and take A as the new vanablo 
of integration, we obtain the expression 

^iriX*+ 

/(«) = -jf ^ 

uamg the facts that e®’” = 1, e" == — 1, or 

n r „ /♦ y>Trl\*+2WX« 

+ f -(?A. 

By the above result, as wo can again displace the path of integra¬ 
tion parallel to itself, the first integral on the light is equal to 
g-7riu«j^ If we replace the second integral by the integral obtamod 
ioxf{u) by displaomg the path of integration through an interval 
1 to the right, wo have to note that the polo A — 0 of the 
integrand lies between the two paths of integration. 

Wo now apply the theorem of residues—^the fact that the 
path of integration /—\ and j\ extends to iniiuity gives ua no 
trouble, m virtue of the analogous discussion on p 666—prove 
that the residue of the integrand at the point A == 0 has iho 
value 1, and then at once obtain the result 

+ f{u) - 1 

from our equation Here neither I nor the function/(w) is ox 
phoitly known. If, however, we put disappears fi’om 

the equation, and wo are left with 

But since 

YTT •'-.CO 

tbe real integral formula follows at once. 
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6 Many^valued Functions anb Analytic Extension 

In dofiiimg funoiions botli real and complex wo Eavo Mthorto 
always adopted tlio x)omt of view tliai foi each value of the 
ludependont vaiiable the value of the function must bo unique 
Evon Cauchy’s theoiem, for example, is based on tho assumption 
that tho function can bo defined nmquoly in tho region under 
consideration All the same, many-valiiedness often arises of 
necessity in tho aotual construotion of functions, 0 g m finding 
tho mvoiso of a unique function such as tho n-th power In tho 
real case wo separated difiorciit onc-valueA handles of the iiivorflo 
function m inversion processes such as oi We shall 
SCO, however, that m tho complex case this separation is no 
longer possible, for the vaiious ono-valiicd hranohes are now 
interconnected 

We must be content hoio with a very simple discussion based 
on typical oxainpIcB, 

For instanoo, wo shall oonaidoi Uio mvoiso of tlio fimolion 

J 5 ^2 rpQ omj value of % Uioio ooiiespond tho two possible Bolntions and 
— of tho equation z ^ I’lioso two bianohos of tho funoiion aio oon 
nooted m tho following way Lot If wo then pul ^ 

f(z) 10 ooiiainly analytic in every simply ooimeotcd logion M ox- 
oluding tho origin (whoio /(-<) le no longer dlffoioutiablo) In such a region 
^ Is imiqiioly doHned, by our proVioua statomoiit. If* howovoi, wo lot tho 
point z move round tho ongm on a oonoontno oirolo A, say m tho positive 
direction, will vary oontmiiously} tho anglo 0, however, 

will not rotinn to its oiiglnal value, but will ho morooaod by 2Tr. Honoo 
m this oonlinuous oxtonsion when we oomo back to tlio point z wo no 
longoi havo tho initial valiio but tho value 

Wo say tiiab whoii it is oontimioiisly oxionded on tho closed ourvo K 
tho function J{z) is not unique, 

Tho fn notion ^^z, whoro n la an intogor, exhibits exactly the samo 
holiavioui lloro ovory lovolution multiplios tlio value of tho function by 
tho n th root of unity, namely s and tho funoiion only returns 

to Its original valuo after n lovolutions 

In tho oaso of tho funoiion log» wo saw (p C‘I3) that there is a elroilar 
many-vaUiednosa, in that in tiavolhng onoo oontlnuously lound tho origin 
m tho positive sonso tho valuo of log* is inoroaeod by 2n»i 

Again, tho funoiion z^ is multiplied by per lovolution, 

All those functions, aliliough in tho first instance uniquely 
defined in a region J2, are found to bo many-valued when wo 
extend them continuously (as analytic fimotions) and return to 
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the starting-point a certain closed path Tins phonomoiion 
of many-valuednosa and the associated general tlieoiy of analylio 
cxtensiou cannot be investigated in greater detail wiiluii the 
limits of this book We would merely pomt out that the unKiuo-^ 
ness of the values of a function can theoretically bo ensured hy 
drawing certam hues m the ;2^-plane which the path traced hy 
IS not allowed to cross, or, as we say, by making cuts along cur¬ 
tain lines These outs are so arianged that closed paths in tliu 
piano which lead to many-valuedness are no longer possible 

For example, tho function logz is mode one-valued by cutting tho 
2 J-plan 6 along the negative loal axis, Tho same applies to I ho function Vz 
Tho function ^(1 — z^) beoomes one valued if wo make a out along the 
real axis between —1 and +1 

Once the plane has been cut in this way, Cauchy*s theorenn 
can at onco be appbed to these functions 

We now give a simple example showing how Cauchy’s theoKUii 
IS applied in a case where many-valued functions oiuso, by 
proving tho formula 

~J~t {x~ kW(l ~V) 

where A. is a coastaut which does not he on tho real axis betwoou 
—1 and -f-1 

We begin by noting that tho function -rr— tt;-k is 

(a — A) V(1 — 

one-valued m the z-plane provided we make a cut along tho real 
axis from. —1 to -f-l If m the complex plane we approach this 
out jS fliat from above and then from below, we obtam egnal and 
opposite values for the square root VO-~ ^*)> ^£^7 positive from 
above and negative from below. We now take the oompilox 
integral 

r d? 

along a path 0 as indicated m fig 9, By Canohy’s theorem wo 
can make this path contract round the out without altermg tho 
value of tho mtegral The mtegral is Iherefore equal to tho 
l inutmg value obtamod when this oontractioa is made, whioh is 
obviously equal to 27 On the other hand, if we take the mtegral 
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ot ilio same integrand along ilxo onouinferonoe of a circle K with 
ladms R and oontio the oiigin, this integral, by our previous 



investigations, tends to zoio * as ^ inoieases By the theorem of 
rosidncs, however, tho sum of the integrals along 0 and K is 
equal to tho residue of tho integrand at the enclosed pole z == h, 
houco 21 is equal to tho resuluo m question This residue is 


2 m lim {z — h) 

tt^h 


1 i 
VU-2®) (2-'/>.) 


27T 

7(^)’ 


wliioh proves our statement 

Example of Amlyko Extension, The Gamma Emction —In 
oonolusion wo give yet another example showing how an analytic 
function, originally defined 111 a part of tho plane only, can be 
extended beyond tho original region of definition. Wo shall 
oxtond tho gamma function, whioh was defined for » > 1 by 
tho equation 

r(») = 

*'0 


analytically for a; ^ 1 also Wo can do this e g by moans of the 

functional equation r(») = - r (2 +1), using this equation to 

z 

doflno r(« — I) when r(j!!) is known. By moans of this equation 
wo can imagine r(2) ns oxtondod fust in tho parallel strip 

* In fftob, Its Vftluo ia noUmlly 7oco, ainoo by Canohy’a theorem it is 
tndopomlonl of the radius JB. piovidod tliat tlio oirolo onoloses the pole z ” h 
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“-1<C5^0 and subsequently extended to the next parnllol 
stop —2 < a? ^ — 1, and so on 

Wo caUj however, adopt another method, of gieator theoretical 
interost, for extending the gamma fimotion Wo consider the 
path 0 in the ^plano indicated in fig 10, which Burroiinds the 


- '— -- 

Fig, 10 —Loop-ifitegrrtl for the gimmn function 




positive real axis of tlie i-plane and approaclies this axis flBynip> 
toiieally on either side Wo easily see fioin Cauchy’s theorem that 
the value of the " loop-integral 

fv^-h-UU, 

'’o 

is unaltered when the loop is made to contract into tlio ic-axis. 
The integrand {»-V* then tends to dillcrcnt values as wo 
approach the jc-axis from above and below, the values differing 
by the factor e®”'. For a; > 0 wo thus obtain tlio formula 

(1 - = f 

''a 

This formula is deduced subject to the assumption that x, tlio 
real part of z, is positive Wo see now, however, that the loop- 
integral has a meaning, no matter what the complex lUimboi' 2 
13, since it avoids the origin < s=- 0 This loop-integral thorotoro 
represents a function which is defined tluoughout the z-plano. 
Wo then define this funotion by stating that it is equal to 
(1 — throughout the z-plaiio. The gamma funotion 

has thus been analytically extended to the whole of the z-plano, 
except the pomts »< 0 for which the factor (1 — vanishes, 
that is, except the pomts z = 0, z = —1, z = ~2, and so on, 
For more detailed and more oxtensivo mvostigalions the 
reader must be rofeired to the literature of tlio theory of funo- 
tions t 

* Tlus ia again an improper mtogial, wlitoh arises by a pasaago to a lirall 
from an Intogrtil along a Bnitc portion of 0» Tho roAtlor mtiy satisfy himsoif 
that it exists, by an arguinont similar to thoao previously oinployed, 

_t® S MaoRobort, Fmchons of a Oomplex Vauable (Maoinillan), Wlilttakor 
and Watson, Modern Analysis (Cambridge University Press), Wataou, Ooimhx 
Integration and Cavchifs Theorem (CambridKo Traota, No 16) 
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MiSOEtit^ANEOus Examples VIII 


1 Wiito clown tho oonclition that tliroo points 2 j, Z 2 t may lio m a 
fltrnight Imo, 

2 *, Wiito down tlio condition that four points z^y may lio on a 
circle 


3* Lot Ay By Of Dm tho ;5-x^lano ho foul points in oidoi on fcho ciroiim 
foronoo of a on do, with co oidmatcs z^y z^y Zi Using thoao oomplox 
GO oidmatcs, show that AB OD H- BO AD ^ AO BD^ 


4 Provo tliat tho Q(j[uation c can bo solvod for all values of c 

5 * Por wliioh values of c has tho oq^natioii tan» = 0 no solution? 

0 Poi which values of z is (a) 00 s(6) mnz real? 

7 Pmd tho radius of oonvoigonoo of tho powoi sorios whore 


(cf) , 8 hoing a complex numhoi witli a positive real part, 

( 6 ) a„ « 

(c) a„ = log» 

8 . Provo tho formula 


= Inn (l -h *)”’ 


wholo z is complex, 

0, Evaluate tho integrals 


(a) (h) rf-^ClTy (0) 

^ ' Jo 1 + ^^ ^ Jo 1 Jo 



(»+!)('«■+ 2) 


d'i? for 1 < a < 2 


by oomplox integration, 

10. Eind tho polos and lOBiduoa of the funetioiia 

1 1 n/ \ I 

Binz OQBz ainJ5 

11 *, Find tho limiting value of tho integral 

f ^<u 

as 00, whore tho path of integration is a sq^uaro 0 ,^ with its slclos imrallol 
to the axes at a distimoo i J fiom the origin, Ilonoo, using tho thoorom 
of rosidues, obtain tho oxpiosslon for ooti:« in paitial fractions. 

12 *. Using tho equation 

log(l -I- *) “ /’*r 

Jq 1 -1- I 
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SUPPLEMENT 


Real Numbers anu the Conokpt op Limit 

In Vol I, 01iai)ter I, it was taken foi gianted that thn real 
numbers form an aggiogatc wiilnu whicli tho oidinary oporations 
of aiitlimotio may be pt^foimccl ns sviih the laiional numbers 
Wo shall investigate this ussumpliou more cloHoly lioio. Wo 
take tho axithmetical oporations on tlio rational luiinbciB as given 
Our object is then to make an absliact aimlytionl oxtonsioti of 
tho class of rational mimbois which shall yield tho wider class of 
real luimbcis, and to do tins wiUiout relying on intuition iu 
our proofs Wc must frame oui dofinitiona in such a way that, 
aa a logical conBcquenco of them, tho ordinary rulos of arithmctio 
a^iply to all leal numbers ]Uflt aa tlioy do to rational miinboifi. 

Tho intioduotioH o[ irrational nninhiua will bo undertaken in 
close conjunction with a thoiough consideiaiiou of the concept 
of limit, in wluoh wo shall lopoat in a roviscd loim tho discussion 
of Vol I, Ohaiitor I, Appendix (p, B8 ei sey,) 

1. Roflnitlon of the Real Numbers by moans of Hosts of 
Intervals, 

Tiio irrational niimborB and, in general, tho real mimbors 
wore defined m Vol I, Oliajitor I, § 1, p, 8, by means of decimals, 
tho lational numbeis being reju'caontod by terminating or 
rocuiring dcoimals By such a dooiinal, say a , 

wc mean that tho number represented, called a, lioa between 
tho rational number a,, — and tho rational number 

a„ + Tho iiumbci a is thus dctorminod by moans of a 
seqiionco or nest of progressively stnallox and Bmallor intervals, 
oaoli maido tho previous one, the n-th interval being of length 

*Tho only diftoioiico in tho point of view will bo tlmt lioro wo filmll abart 
with tho logical aliatiaot oonoopt of real iiumboifl, while on tho fomor oooaslon 
tho proporlioB of real mimbors woro talcon for graniod, 

600 
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REAL NUMBERS 


For our present pmposo it would bo incoiivomont to rostiiot 
ourselves to special nests of intervals whore ilio Icuigth of tho 
w-th interval is 10"” Wc begin with tho following gouozal cloflin- 
tion 

By a rational interval (a|6) wo mean tho aggregate of all tJio 
rational numbers aj which satisfy tho mequtihtios a fC a? g. 
where a<h and a and 6 aio rational mimbois TJio niimbor 
(6— Of) is called the length of tho interval Wo say that the 
interval (c|fQ is contained in tho mtoival {c^\b) it a^odd^b 
An mflnite sequence of rational intervals Kl^i), fe|^a)> • • 
called a nest of intovals if every interval {(tn\bn) contaiiiB tho 
next in order, fon+i|&n+i)j the lengths — a,* tend to zcio. 
That IS, given any positive number e, however small (the niimbor 
e must, of course, be rational, since no other numbcis havo as yet 
been introduced), there is a number N{€) such tlmt tho lengths 
— a„ are less than € for all suffixes n which oxcjeod N 

From the intuitive meaning of a nest of intervals, and re¬ 
membering m particular how we may pick out any ]ioint on tho 
number axis by means of a nest of intoivals, as on p. 9 of Vol I» 
we arrive at the idea that wo may define an arbitrary i oal niimboi 
by a nest of intervals TIus is to bo taken as meaning tlio foliovviiigi 
the real number is given by an unending piocoss of approxima¬ 
tion which IS determined by tho nest of intervals. The nost whoso 
general member is {an\b„) gives us, with regard to tho numbor 
a to be defined, the fact that this ical numbor lios hotweon 
and b^; again, it hes between and 6^, between and fag, and 
BO on The nest of intervals will thus give us two rational num¬ 
bers, as near together as we please, between which tho real 
number hes 

Tho essential step is now that wo abandon tho notion of 
obtammg an objective deiGnition of tho irrational numbers* Wo 
give up the attempt to characterise the irrational iiumbors as 
given mathematical entities with speoiflo properties. Wo do not 
say that an irrational number such and such a mathomatioal 
object, instead, we are content with the process of approximation 
which gives tho nest of intervals and regard each such process 
as defi^g a real number If there is a lational number a con- 
tamed in all the intervals (a„|6„), tho real numbor defined by tho 
nest of intervals {a^\h^ is said to be identical with a By this 
assiunption the rational numbers beoomo real numbers also 
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The woids vtaltonal number or, more gcneiftlly, ical number 
may thus bo regarded merely as a brio! way of leleirmg to a 
nest of intervals *• 

This 18 what is meant by the Btalemont that an irrational 
number is given or defined by a nest of mtoivals In practice it 
comes to this, that every operation with real numbers is an 
operation with nests of intervals This ofCois the possibility of 
making calculations with teal nuraborB depend logically on 
operations with rational numbois 

It 18 necessary to lay down a procedure for defining addition, 
multiplication, &o, of real numbers by nests of intervals. Here 
the rules must bo framed in such a way that tho ordinary laws 
of calculation still apply Moreover, wo must onsiuo that the 
rules of calculation with rational numbers are not contradicted. 

Wo shall begin by showing that our definition implies an 
ordering of tho real numbois by magnitude Tins m itself provides 
a sufficient groundwork for the axiomatic foundation of tho 
concept of lumt and a more thorough understanding of it When 
this has been aoliievcd, wo shall return to the question of tho 
tulea of calculation with real numbers. 

2 The Real Numbers in Ottlet of Magnitude. 

Let two mnnhcis a and y bo given by nests of intervals 
(a„|6„) = 'i„ and {0n\(l„) = 3„, Tho following tlu'oo oases may 
occur. 

(1) From a certain stage n = iio onward every interval hos 
to tho light of the interval t,,*, that is, lor nc= no, and of course 
for oveiy n > »o, wo have b„ < o„. Wo then say that y is greater 
than a, or y > a. 

(2) If, on the othor hand, from a cotlam «(, onward lies to 
tho right of j„, then wo say that a > y. In this oaso for n ^ 
wo have always < a„. 

(3) Neither of the above situations arises. Wo then say that 
the two nests of intervals in and define tho same number: 
a = y Thus two nests of intervals define tho same number if, 
and only it, tho intervals and always overlap; that is, if 

* Somo iiiocoflu of tills Idiul is often oBsontifvl in giving ti prooUo formulation 
to matliomailoal conoopts ]i’or inatanoo, in piojootivo goomotryi when points 
at iullnity aro introduoocl llioso points aro not tioaLod as doilnita matiioTuatloal 
ontllioa in thomsolvoB, wo moioly say that a point at infinity is glvon hj a 
ponoil of pauillol hnos. 
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\\ I' lit liiiA I f liM folliOtlojt J 11^’ f* luf M*ji y| “ y 

tint ho luh’rrnl fioim tio* hoio].* n* !iti Mif^r\ < 4 h hf 

for fi mill for y if wo iioh fh if llifoni n «orKio ?# 

onwonlw fhn iiiMpialif\ hiifihj ^ 

U\ JiHl fho I'iimo WfiV wo iluif !h«^ n^oohMuj* *' for 
nil Int^n vhIk^^h of rr m njiovyih ui t*i n 4-; ^ 
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Ihnlf a* ^ (*^4, f) \W inll iho iuirri^al « rntmioil mf^rvnl if 
witl^pninU’* a iiml ft nro rnlionul innolH^rn Wo Ihnt fh< 
rmil nuiuhor ( lu*»i in Uo* mniioi' of ifo* int^'ninl if iho of 
oqunlity nro m limt n - fi Wo (nl/f) ii;5 

n naqhhurlmd of Uio rc^ml tnutihur y iJ y in iho inh rmr tit 

(a|^). 

Kvnry inU'rvnl \m mlinnni mimlM’m r in inlt tmr, 
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* For If« i«s» y Oii^j fruf^ntiftlliy Un m «r«n im m «Wtd?P+n 
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lliwn eluwp hfi fMr all nmh 4 «* nn^l Urn «y by or 

mst m iKjmo viuun of a, wWnli a c, y. 
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Food (ns) if) of y It is only iieoessiiry to cliooso two lational 
numbers a and b such that a<a<.y <h < ^ It is also easy 
to sec that if a < )3, then rational inughbourhoods (a) h) of o 
and (c| d) of j9 can bo found such that 6 < c, m other words, 
tho two neighbourhoods have no points m common 

"Wo shall not deal with tho fundamental rules of calculation 
until wo come to sub-section 8, p D80 Our next stop la to 
resuino tho analysis of the concept of limit with tho help of tho 
ideas just explained 

3 The Prmoiplo of the Point of Accumulation.* 

Tho determination of real mimbois hy nests of intorvala 
forms tho o&sontial basis of tho proof of tlio piinciplo of the 
point of accumulation, which is duo to Woicistrass A few 
remarks on tho concept of tho point of ncoiimiilation will first 
be made 

Lot M bo an infinite sot of real mimbors m wliioh at is pot- 
miBsiblo lor tho samo number to occur more than onoo, and 
iiidoed an infinity of times (Foi oxamplo, 1,1, i, . . is such a 
set.) If i ts a mniber such that evoy neighbourhood of i contains 
an tnfmtlij of numbeis beloi^mg to M, then i ^s called a 'point of 
accuimlalion of the set M. Tho name of course recalls tho goo- 
metiical connexion hetwoon nunibcis and points. Since oyeiy 
neighhouihood of i contains a rational neighbourhood, it is 
Biiflioiont to formulate tho above rcquiromont m toims of rational 
neighbourhoods only. 

An infinite sot of numbers need not necoasnrily have a point 
of accumulation The sot of lutegors providoa an example. A 
point of acoumulation of a sot need not itself ho a member of 
the set For oxamplo, tho sot 1, , l/n, . has 0 as a point 

of accumulation, but tho definition of tho set shows that 0 is not 
one of its momhors, A sot which contains all its points of aooumu- 
lation 18 said to bo closed Tho sot of all niimbors » such that 
0 < « < 25 is not closed, since tho points of accumulation 0 and 
26 do not belong to it On tho other hand, 0 ^ cb ^ 26 dofines 
a closed sot. A sot « ^ sc ^ 6 18 called a closed inleml, 

A sot may have an infimty of points of acoumulation. For 
example, every real number is a point of acoumulation of the 

* Tho ahovo dtsousslon la oaBonUally n ropoUllon ol Iho i.oxb in Vol h 
Chap I, p Q8 Tho uanio ia kno of Uio uoxl thioo suh aoollona. 
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of I ho Hot 

Wm lirnt oUwvo that U m to}?iliiii<ilo Im «<* ,!imn ih d llm i^ivon 
Hot m nminutoti lu n ndiniml iiiirtViil, foi if iUu^ imt iW 

mm' wo omiM roplm o ihn fijivori intorvul hv n hirf'i r miorvol With 
niilionul oimI ptmttH ^So now divolo flni liinoniit tnlo 
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nuinlK^if uf [HMuIrt nf flm nof Kor if !lu»i iml iho im'h thn onpiinil 
iniorviil milunm unh n liiuU' uuiuhM of jhiuUj^ of ilm m\, mol 
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tainocl in tlm provimm orin nnil the* Imitflh wf thn ntli uifrrval m 
aUR 2 ” 4 !i piutnf (hn lougth nf ihn uhi^muiI inUTval Tlioi 
ot inU'rvnb iloflnoa n roal uuinbt^r ft wiU bo aliown Ihnl i 
ijft fv point of ru^oumiiliilton nf Um aoU 

Oonftifloranymtional riai^lilmurhmKl (r j is) nf m that, r- i - ^ 
Tiion fmin a mrUm mimlipr »r| onward wo m\M bavo r 
tuul finm miotln'r (powhiy fbllmml) lumtbi^r % on ward 
In nny case, it n and n\m n > ihm M 

in (r|«). Tho coni^lruaUan af tmr umt nhnm Uiat parh 

iiilorval of Urn ncut aoniauoii m\ infitiity of \mni% of ibo and 
thoroforo fcbo arbitrary mtional itr'i^ihhourlioo-^l (f[s) nf | aton 
ooutainH an infinity of puinU of Un^ Hut thi^ a^wU prrtiNnly 
Uio fact that ^ ie a point of fioounmlaUon of Urn msb. 
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Upper and Lower Points of Aconmulahon. Upper and Lower 
Limits. 

In tlie construction whioli lias just led us to a point of accu¬ 
mulation of a bounded infimte set, wc might have made the 
lostnctiou that the second interval (that with the larger numbers 
as its end-pomts) should always ho chosen whenever it contained 
ail infinity of points of the sot. If this were done, the nest of 
intervals obtainod would define a perfectly definite pomt of 
accumulation P of tho sot This number j3 is the greatest of 
the mimbciB coriespondmg to points of accumulation of the set 
This follows at onco from the remark that there can only bo 
a finite nninhoi of points of tho set m any interval to the “ right ” 
of each intoival (a„l6„) of tho nest described above 

If y is an aihitiary nmnhoi greater than j3 and if n is sufficiently 
laigp, tho number is less than y Only a finite number of 
memhprs of tho sot can ho greater than !>„ Thus y cannot be a 
point of accumulation, so that j8 is in fact tho greatest numher 
ooriespoiidmg to a point of accumulation It is called the upper 
limit (lim) of tho set. 

If in tho construction we agree to choose the first interval 
of tho two (that with tho smallei mimbors as cnd-pomts) wheu- 
over it contains an infinity of points of the set, we arrive in the 
same way at the lower hml (hin) of tho set 

The upper limit P and tho lower limit o need not belong to 
tlio sot For example, in tho case of the set of numbers aa,, = 1 /ji, 
{n— l)jn, wo have a — 0, ^ = 1, but the numbers 0 
and 1 aio not members of tho given sot 

In tho example just given tho sot contains no number grea,ter 
than 1 We say that in this case i, besides heiug the upper limit, 
m tho upper bound Q of tho set Tlic general definition is as 
follows; the number Qt rs called the upper bou}id of a set of numbers 
if the set contains no number greater than G, and if every number 
less than 0 is exceeded by at least one number helor^ing to the set 
It is important to notice tho distinction between the upper 
limit and the upper bound of a set Take, for example, the set of 
numbers 1, . Tho upper hound is 1 and the upper hmit 

is 0, tho number 0 giving the only point of accumulation of tho 
set. 

Wc shall now show that eoety set of numbers which is bounded 
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above has an vpper bound A sot o£ mambcrs is said to be bounded 
above il tnero is a number M sucb that all mcmbois of the sot 
are smaller than M We first note that tf the set contams a greatest 
member G, then Q %s the %ippe} bound of the set But a set which is 
bounded above need not have a greatest mcmbei, as is seen from 
the example (w ~ [n 1, 2, ) Wo now assort that if Hie 

set has no giealest membe)^ its uppei hmtt is also its uppe^ bound 
Eor suppose the sot contains a number x> ^ Wo consider 
all membcis of the set which are not less than a Tlioio can only 
be a finite number of these, for otliciwiso the interval ( 9 ^\M) 
would contain an infinity o± members of the sot and thus at least 
one pomt of accumulation, contrary to the assumption that ^ 
IS the upper limit Among the finite number of members of the 
set which are not less than x there would be a greatest one, and 
this would at the same time be the greatest member oi the 
whole set. Thus we should be thrown back on the case already 
dealt with Tt follows that if the set contains no greatest member, 
then no member of the set exceeds the upper limit The number 
p also fulfils the second condition that it should bo the upper 
bound. lEoi suppose that y is any numher less than j9, then the 
interval (y\M) la a neighbouihood of jS. But since ^ is a point 
of accumulation the neighbourhood contains an infinity of points 
of the set, all greater than y 

The lower houndg of a set of numbers is correspondingly defined 
as that number which is not greater than any member of the set, 
and which has the property that every number greater than g 
is also greater than at least one member of the set. Every set 
which 18 bounded below has a lower bound, winch is either the 
least member of the set or else the lower limit of the set. 

6. Convergent Sequences, 

We consider sequences of numbers cq, a^, ♦., always assuming 
that they are bouudod. The principle of the point of acoumulatioix 
shows that the set of numbers o^, Ug, . has at least one point 
of acouxQulation A sequence of numbers is called convergent 
if it has only one point of accumulation a This number a is 
then called the hmit of the sequence, and wo write 

lim === a, 

The followmg definition is clearly equivalent to the one just given. 
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A sequence of numbers a 2 , . ♦ . has the hmit a if^ cmd only 
e/very ne^ghhowhQoi of a contains all the members a„ of the sequence, 
with the possible exception of a fimie number of members. 

For if tlie bounded sequence lias only one pomt of accumu¬ 
lation a, then only a finite number of members can lie outside 
any neighbourhood of a; otherwise there would be some othei 
point of acoumulation, Conversely, if dll neighbourhoods of a 
contain all the numbers a„, with only a finite number of excep¬ 
tions, then the sequence is certamly bounded. It can only 
possess the one pomt of acoumulation a For if a' wore another, 
we could choose quite separate neighbourhoods of a and a\ 
and m each of these there would be an mfimty of numbers 
belonging to the sequence. This would contradict the hypothesis 
that only a finite number of members of the sequence lie outside 
any neighbourhood of a. 

A eequonoo whioh does 
not possess a limit should 
nob bo legal ded as any¬ 
thing abnormal On tho 
contrary, tho oxistonoo of a 
limit IS m a sense oxoep- 
tionol, For example, tho 
sequence wlioso members 
are a 2 n ^ ^/n, ®2rt—i 

(n — l)/n, n — 1, 2, • 

has two points of aooumu- 
iation, namely 0 and 1, 

The aggregate of tho positive rational numbers can be regarded 
as a sequence of numbers, though wo must first entirely dislocate 
the ordering by magnitude The simplest way to arrive at such 
a sequence is to order the members by moans of the array m fig 1 
The line drawn in tho figure shows tho order in which tho numbers 
should be taken, any number which has already appeared m tho 
sequence hemg disregarded. As has already been mentioned, tho 
set of all rational numbers has every real numbor as a point of 
acoumulation 

The concept of convergence enables us to make a very useful 
deduction from tho prmoiplo of the point of acoumulation If M 
is a given bounded mfmite set of numbers mth C as point of accumu¬ 
lation, then M contains an infinite sequence * * of numbers 

converging to the Imit 

(B012) 
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To provn tiim tlhil ( h l*y n >t «»{ nil4 tkAh 

(r<„|6„) Wlu'rr ^ - h,, Smuo M [-MMtX nf I MIUMlxitlHh, 

(ri||ft|) runlunm nu uUniil) vi ,1f \S»^ tinr. i»( 

UuTO mA rail it jHMnt ^ m( . 1 / \Vm 

t‘liouaa onr' u( lho««* aiul rail it ihmI «»n *1 t< »iuji ii<m * jpu'iira 
a|x )H IhiuimIihI him) mu\ mm ti»! ^ ninuluiiMii 

ulhi't (him It tliMn Uw yunvi r^u ,i to tin Uuut ( 

W(i IHIW (‘till IlltMlitlnll til th*' ttto fiilliMulM’ IIm \*tt urn nil mil 
vorg{*nt \Umm1m thmiyh import ml in wli il 

fnlllMVH 

// tb^ rnj, rttnint^t^ fn fbt lumi ri rirn/ 

tnJmM mtb Htquttw^ la « Knr imi l«m , 

t‘uuvpr^(‘« In a 

Tiim fulloftrt inmtnilmii^ly frnia llm nWf’nrtUmi Umt any jMrMiifc 
a( HrcmiMulutinit n( a miii aiH|iu«Mrn %nmi Im h pomi nf m rumnlat mn 
of tha nngnial m'fjuMnm An inlimtn rmli iMtipn inmi^l Inna at 
lm«t rma paint of mi iinuilalnm, ami llim i an nuty hn n 

If . . amt /f^, orr fuM iy mifiw 

hmU y, dm tim mw^t /?,»/n y. 

Any UiM^liliirnrhouil of y nMil ium nil flu* nnnilH‘'r^!i ri„ ami nil 
t!io namliMra fif^^ \%ifh Uiu uxruplion of a RihIm miuiUrr 

of momhora of tmh iii‘qu('n(w^ It Umn fnra eonlana^ all nunnlM^ni 
ot tlia inixod aoqucmoo, ojmupt jH^mitily for a Jimto numlmr of 
Ihtmo. 


0» Boundotl Monalonio floaueno^^, 

A Hoquenoo of nninlmrtt uj. . fa murl U> Im moaotonio if 
ctdwr 


for ftU vfthira of n or 


ip * 0 «l| 


for nil vnluria ot n. In Um ftrat oniifi w« imy timl Ui»* miurnro is 
mouolomo non cU'oroiMiiug, and in Uit* ««*«rOud that, il mi inonotonm 
itcmdiitTcuaing 

Wo now [irovo iliB impnrlault nla(«inoni tliatt Pimy bi^ui^M 
tnonoitowK! is eoimrgmt. Wo may W’strirt ourm'lvoiM to 

tho proof for tins nori-dooroaitiuig arquonoo. 'riio atlior oai« la 
oxaoUy aimtlnr, 

Slnoo cvory boundod eoqiionco baa at loaat oiio point of 
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accximulation, we need only show that our monotonio sequence 
cannot possess more than one» Suppose, then, that thero are two 
such, a and a', say, and that a < a' About a and a! we construct 
two quite separate neighbouihoods and V^, Each must 
contain an infinity of members a,, of the sequence* Take one 
of the members contamed m 11^*^ say Now let be the first 
member beyond a,* which lies in There must be such a 
member, since contams an infimty of members Now all the 
membeis in TJ^ are smaller than any in Z7„/ It follows that 
which contradicts the hypothesis that the sequence is 
nomdecreasmg 

Wo may add the following remark* if cq, a^, . * is non- 

decreasing and bounded, then lim aj, for every N Eor only 

^ CO 

a finite number of members a^, that is to say cq, a^, , , 

can be less tban Therefore the limit is not less than ajf 
In the same way, wo sec that the limit of a non-incieasmg sequence 
IS not gi eater than any member of the sequence 

7 Cauchy’s Convergence Test for Seauencos of Eational 
Numbers. 

Before wo can lay the foimdations of calculation with real 
tiumbora wo need a convergence test which is not restricted to 
sequences of rational numbers, but wo cannot formulate this 
until wo have defined subtraction for real numbers We shall 
thoroforo prove the convergence test for rational numbers hero, 
and lelmm to the general case m sub-acotion 9, p 686, 

The tost in question is as follows: 

A sequence of lahondl nxmhcfrs a-i, a^, ♦ ♦. w oomergmt xf and 
only xfy m responding to efoe)y positive number e, however small^ 
we can fund a number N(6) such that for every n > N md m > N 

I fln - Om 1 < €• 

Wo Bhall first sUow that if tMs inequality ia satisfied for all 
sufficiently laigo numtors m and n, then the sequence is con¬ 
vergent * The boundedness of the scqironoo is proved as follows 
Wo take tho special valuo e = 1. Then for a sufficiently large 
value of n and all suffloiontly laigo values of m 

I ®in I ^ 

* Attention must bo drawn to tlio faot that tlio olomonta of tlxo aoquonco 
, ♦, arc asBumod to bo rational, but that this ib not tho oaso with the hunt a, 
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With a finite number of possible exceptions, then, all the 
numbers lie in the interval («„ — 11 a« + 1) Thus a piopcily 
ohosen interval will oontam all the numbers a^n without exception, 
The principle of the point of accumulation shows that the sequence 
has at least one point of accumulation Wo have still to show 
that there cannot be more than one Suppose there are two, 
a and a'. About a and a' we could oonatruot qmte separate 
neighbourhoods (c] d) and (c'| d') so that 

o<.a<d<o'<a'<d', 

where we assume, as we may without restriction of generality, 
that a < a' Since a and a' are assumed to be pomts of aoou- 
mulation, (old) contams an infimte number of points a„ and 
(o' I d') contains an infinite number of pomts a„ Thus, in par¬ 
ticular, for an infinite set of values of n and m we have 

S 0 ' ~ d > 0, 

But this contradicts the hypothesis, which shows that for all 
sufficiently large values of m and n 

\a„ — a„\<e' — d. 

Hence the sequence has one, and only one, point of 
accumulation 

We next show that if the sequence cq, Og, . . oonveigcs to a, 
then for every e > 0 and for all sufficiently large values of n 
and m 

1«»—am|<6- 

We take a neighbouxliood (cjd) of a, whose length (ci — o) is loss 
than or equal to c It N is suitably ohosen, then whenever n 
exceeds N, a„ hes in (c|(Z) Thus 'd n> N and m>N^ both 
and ho in (oj d), ]?xom this it follows that 

I I ^ ® ^ 

8. Calculation with Real Numbers. 

So far our work has given us the definition of real numbers 
by means of nests of intervals, and their ordering by magnitude. 
The theorem last proved provides a simple means of defining the 
rules of arithmetical calculation with real numbers. 
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Let a real number a be given by a nest of intervals 
Since the mtervala form a nest, tbe numbers form a monotonio 
nomdcorcasmg sequence and tbe numbers a monotomo non- 
inoreasing sequence These sequences are bounded, for we may 
note that every is less than or equal to and every greater 
than or equal to % The sequences therefore converge In both 
cases, moreover, the limit is the real number a For every neigh¬ 
bourhood of a contains all the mtervals {an\bt^), except possibly 
for a finite number of these, and thus the neighbourhood contains 
all but a fimte number of members of the and the sequences 
We may therefore say that ev&iy real number can be exhibited as 
the Ivmit of scjwences of national numbers 

If now we wish to define any operation of arithmetic for two 
real numbers a and j3, we choose two sequences a„ and b^ of 
rational numbers with the hunts a and jS respectively We 
perform the operation on the pairs of numbers and and thus 
obtain a new sequence^ When we have proved that this sequence 
has a lunit, we shall say, by way of definition, that it is the result 
of the operation on the two real numbers a and j8 

Let a and ^ bo two arbitrary real numbers and lot lim ^ a 

and lim b„ — jS. We consider the sequences + b„, a„ — b„, 

n —^ 60 

a„6„, and If wo can prove tliat tliese sequences converge, 
we oan set up the defimhons 

a-l-^ = lim (»„ + &„), 
a — jS *= lim (a„ — 

«—>-cO 


= bn {a„b„), 



The convergence of those sequonoos will be proved by means of 
Cauoby’s convorgonoe test 

It follows from the oonvergonoo of a^, a^t . that if e is a given 
positive number and n and m are suffioiently large, say » > IVi 
and m > N^, then 

1 1 
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and, from the convergence of , that if n and m arc 

sufficiently large, say n> and m > N^, then 

I I ^ 

If N{€) denotes the larger of the two numbers and then 
if n>N{e)^ m>N{c), 

I (^n4"^n) ^m) \ ^ 1 | "h | \ ^ 2^ ^ 

and 

I K-K) - K-K) 1 ^ I I + I 6«— 1 + 

By Cauchy’s test both the sequences 4- K an — 
converge. 

To prove that converges, we must first notice that iho 
uumhers and 6 „ form bounded sets. There are thoreforo two 
positive rational numbers A and jB such that for all values of n 

\a„\^A, \b„\^B. 

Now 

I ®ii^n ®w^f» i “ 1 ®n(^n ^»») 4" ^m(®n ®«i) j 

^ I 1 1 6^ — 6nj I 16,n I I ffl„ dm I 

SA\bn~b^\-{-B\a„~a,n\. 

Since the eequeiioes Oi, ,. and b^, . . converge, we oan 
find numbers Ni and ^2 corresponding to any given e > 0 , suoli 
that 

I a„ — I < «/2B when » > and m>Ni 

and 

I I < «/34 when » > Fg and m> 

Thus if n and m are both greater than the larger of the two 
numbers and N^, the above inequalities hold simultaneously. 
We have therefore 

Cauchy’s test shows at once that the sequence a„b„ is convergent. 
We now suppose that a 4 = 0 and bin »« = a We have to 

show that lja„ converges It is first necessary to show that 
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if ft 18 sufficiently largo, [a„| is greater than a positive number p 
independent of ft We take a rational neighbourhood of a which 
does not contain 0 This is possible, since a 4 = 0 From a suitable 
ft = ftj) onward all the members of the sequence Oj, a^, ... he 
in this neighbourhood This shows that, for ft > fto* | «•« 1 ^ 
where p is the absolute value coriespondmg to the eud-pomt of 
the interval that is nearer to 0 The convergence of the sequence 

1 IS not aficcted by the omission of the first members, 

% ^2 

and we may therefore now assume that for all values of n 

\a„\^p>0 

Wo observe that 

^ ^ 1 I _ I ^ | ^ j | 

C^n 1 | | 1 1 j 

Lot 6 > 0 be given. If N is suitably chosen, then, since eg,.. ♦ 
oonvorgcs, n> N and m> N give 

I Om - an t < 

BO that 

1-1 <5^ = ., 

Tins proves the oonvorgonco of l/a„, provided that a 4= 0 
It 18 obvious that any real number may bo exhibited as the 
limit of more than one sequence of rational numbers It might 
ho thought that tho definitions given abovo do not define the 
arithmetical oiierations uniquely. For instance, suppose that 
lim a„= a and lim b„—fi give one representation of the numbers 

n~>» «—>■'» 

a and j9 and lim a and hm 6 „'—j 8 another. Then possibly 

the two sequences -|- b„ and a„' -|- 6/ might have different 
limits. (Wo have proved that they do have limits.) Wo shall 
now provo that this difficulty does not ariso. It will bo shown 
that if 

lim s= lim and hm b„ = lim b„\ 

ri“>«30 fl->eo «->cg 

then 

^ (an ± K) — lim (a,/ ± bn'), 

tt ^ V > «—><0 

lim (a„6„) == lim «&„'). 
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and, if Iim a„ — lun®„' 4 = 0> 

liin i = lim Jl, 

TLe proof is very simple It lias already been shown that if 
hm a„— lim a„'— a, then the mixed sequence a^, a^', .. 

has the limit a In the same way, we see that 6 /, 63 , b^ , * . . 
converges to j 3 = lim 6 ^ — hm ITrom this and the above 

theorems we find that the mixed sequences Oi + 61 , a/ + &/>•*»> 

and <h!Wf * • if a 4= 0, —, —, •, . are convoigent, 

% % 

It has already been proved that every sub-sequence of a given 
convergent sequence converges to the same linnt Fiom this it 
f olloiivs that the sequences 

i ^2 i * * and Or^ ^ ^ i ^2 j • • * > 


which are sub-sequences of a convergent sequence, must convergo 
to the same hmit In the same way, 

Oybiy aj) 2 y * and a^W ci^W • • • 


have the same limit, and the same is true of 


1 1 
;r> * •' 
% % 


and 


1 1 
“> ft 

<h H 


The results ]ust obtained allow us to settle another important 
question which is connected with our definitions of the operations 
of arithmetic 

The class of real numbers oontams the rational numbers. In 
the course of our definitions of operations on the real numbers 
we have thus mcidentally defined these operations for the rational 
numhers. But we began by takmg the operations on rational 
numbers as known We must therefore verify that the now 
definitions do not give rise to any contradiction in the case of 
the rational numbers What we have to show is that if hm a* == 0 
and hm b^^b are rational numbers, then 

H^OO 


hm (a„ ± if,) = d ± 6 , 
hm (d« 6 „) === ab 

pi-^ 
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and, if a =1= 0, 

>-cr d 

It flhonld first bo noticed that a rational miinber a is tbe 
limit of the rational sequence 0, a, . . . For the two sequences 
®a^ * • W> < > we may take the special sequences 
a, a, .., and b,b,,., The above theorems then yield 

lim (a„ + b„) =s lim (a + 6) == ct + b, 
lim (a^hn) — lim (ab) = ab, 

lim i lim 1 


which is the required result 

It need haidly bo mentioned that, as a result of our definitions, 
all the rules of oaloulation that hold for rational numbers also 
hold for all real numbois Wo have only to apply the rules to the 
rational numbers forming the sequences. Let us, for instance, 
prove the distributive law, a(j 3 -|- y) = a /3 + ay. 

Lot a = lim a„, ^ = lim i„, y =1 bm o„. Then the left-hand 

II^CO 

side of tho equality to be proved is lim {a„(6n + o„)}, and the 

(1—>co 

light-hand side is lim (a„&„ -\- o„o„). But since the distributive 

law is true for tho rational numbers, tho two sequences are 
tho same, and tins must also be true of tlieii limits. 


9. The Qouoral Form of Cauchy’s Convergence Test, 

Wo return to Cauchy’s convergence test, which we have 
already proved for rational sequonoos on p 679 Now that the 
operations of arithmotio, m particular subtraction, have been 
established for real numbers, we can formulate the convergence 
lost quite generally for real numbois The sequence o^, oj, ,.. w 
eonvengerU, if, and only if, for any given e> 0 , we can find an 
svffix N(e) such that whenevm m and n are both greatm than N(6) 

I — a». I < «• 

Tho proof is exactly like that given on p. 679 , and need not 
bo repoalod. 
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i> tt>sl (iHit'iiiis m it * riinii) taltoii it iii> iiii't uf i nliiiititiuit 
Ilf (iiiiir, fi'iir if tvf uii’ It iliti M i|ii<'iiMt mill l.itiiw (ii« miiii|i<*r 

i^(c,}, w(i citii hIuIi' nil mill tliiit dill iiiiiiti Ilf du> ll<■|(tll iu*i< lii'H 

liptwrim till' inmiliirK | « mul ft„ « ttlumti'r ii - A'(if) 

Tu lliiH I'cHjM'uli ('iiiiliv'ii 1i >1 ilifiirM friiiii tin' ti’ti fur luiniti 
limiii Mi'ijUi'tiiTit 'I'lii' liilli’i piiiM"! dll' ixnli'iiii* Ilf till' liniii, 
lull- il mvi'H III! ini'jiii'i Ilf I'.liiiiJtlmj{ dm Inml *l’lmn m |ir<itif( 
(if (nmvi'r/j(i'iiiin wlin'li ili-pmiil mi dim Ik.i imy i ilimultmi uf llm 
litiiiti (mill dimiri’lii'iilly it m lUwnyH iii-h > iity In uiu') immt 
ilofuuid on Hi'iiunilc nml I'xlrani'miH cuumUi’nilniiut. 



MISCELLANEOUS EXAMPLES 


1 ♦ Two veotoia x, y (or throo veofcors y, ar) aio said to be linearly 
independent if a linear relation 

ax + by ^0 (or ax + hy+cz^ 0) 


la possible only when h ^ 0 (or a —b = 0) They are said to 

be linearly dependent if suoli rolaliona exist without all the coefficients 
vamahmg. Pxovo the following Blatomonts 

(а) Throo vcotoia x^ y, z such that any two of them aro orthogonal 
to one another aro linearly indopondoni 

(б) The vectors x, y (oi x, y, z) aio liiioaxly independent if, and only if, 

[xy] >1= 0 


(or x[yz] 


H % ^3 
Vi 2/a 2/8 

Zi Zq 


=|3 O), 


(o) If two vooloxs ;v, ^ in a piano axo linearly indopondent, then any 
vector V in thoir piano may ho written in the foi m w = + by Similarly, 

if Xi yt z ore linoaily indoiiendont, then any vcotoi v may bo written m 
the foim w ==» ax + by cz. 


2. Wo know already that if x, y, z mo throo vectors, 

I a?x a?a 

x[yz] ^ y[zx] ^ zlxy] ^ 


n 


(tho common scalar value of those expressions may bo oonveniontly denoted 
by (a;, y, ;«)). Provo tho fuxthor vectorial idontxtios 


(a) (x, y, z){x\ y, z') 


xx' xy' xz' 
yx' yy' yz' . 
zx* zy* zz* 


(h) [xy][xy] - {xx')(yy} - (xy){yx') (of, Kx» 6, p 19). 

(c) [x[yz]] ^ (xz)y - {xy)z 

(d) {[x[yz]l [y[zx]l 0. 


Ubo tho lost result to deduce that if a piano is dxaxvn tlirough each of 
throo oonourient straight linos poipontUowlai to tho piano of tho other two, 
tho ilxrco pianos thus obtained moot hx a straight Uno. 
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3 Lot Ooj, Oy 1)0 a syfitom of rectangular axes in a plane Let Oiw', Oy* 
bo a second Buoh system and lot the angle bo 9 Provo that the 
passage from one system of 00 ordinates to the othoi is given by tho foi- 
mulfio 

^ aj' oos<p — y* Bin 9 , a;' = a; cos 9 + sm 9 , 

PI}' 81119 + y' 00 S 9 , y' == sin 9 4* 2 / ‘P* 

4. Eiom the result of Ex. 3 deduce tho addition formula) 

003(9 + 4 )== ooa4-“8in9 Bm4> fiin(9+ = oo9 4 + <5os9 srn^* 

6 » Let Oxt Oi/y Oz and Ov% Oy\ Oz' be two 00 ordmate eystoms, botli 
havmg the same orientation, the cosmos of tho various angles bomg indi 
oated by the following sohemo* 



x' 

if 


X 


Pi 

Yi 

V 

OCg 

Pa 

Y2 

^ 1 

as 

P. 

Ys 


In Ex 1, p 12 , and Ex. 0, p 88 , tho relations 


+ Pa^ + Ys* = I> 


<5Caa3 + hh + YaYa •=^ 
+ PaPi + YsYi == 
«ia 2 + P1P2 + ^lYa = 


A 


Pi Yi 
0^2 Pa Y 2 
0^8 p8 Ys 


1 


0 , 

0 , 

0 , 


were proved A three rowed determinant A whoso elements satisfy those 
relations is said to be orthogonal 

Provo (a) that to any orthogonal detormmant A equal to +1 theio 
correspond two co ordmato systems Ox^ Oy^ Oz and 0 ^/, Oy\ Oz* with tho 
flame orientation, suoh that the cosines of the angles between the various 
oo-oidinate axes are given by tho elements of A 

(&) That for any orthogonal determmant tho relations 

V + «ii® + «a* = 1. PiYi + P 2 Yi + PsYs “ 0 

Pi'" + Pj* + Pa® — 1> Ya“i + Ya“! + Y>“3 = <> 

Yi® + Ya* + Ys® “ 1* “iPi + “aPa + “sPa *= ® 

ore also satisQod 

6 ** Let OXi Oy, Oz and Ox\ Oy^ Oz* be two oo-ordmato systems as m 
Ex. 5 Assume that Oz and Oz' do not comoide, let the angle zOz' be 0 
(O < 0 < 7 t) Draw the half Ima Ox^ at right angles to both Oz and Oz\ 
and suoh that the system Oo^i, Oz^ Oz* has the same orientation os Ox, 
Oy^ Oz Then Ox^ is the line of mterseotiou of the planes Oxy and Ox*y* 
Let the angle xOx^^ bo 9 and the angle xfix' be 4 and let them be measured 
m the usual positive sense m their respective planes, Oxy and Ox^y*^ 
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Provo that the passage from OXj Oy, Oz to Ox\ Oy\ Oz* la given by the 
sohomo 



X 

y' 

i *' 

X 

cos9 cost); 

— 81119 

— COS 9 smij; 

“ sm9 cos 4^ oosO 

am 9 smO 

y 

sm9 00a 4; 

d“ 0089 am 4^ cos 0 

— Bin 9 sin 41 

d~ cosfp 00a 4; cosO 

— 0039 BmO 

z 

8m 4; smO 

00s 4^ smO 

coaO 


(Noto that this result holds also foi 0 «« 0 or tt, when 9 and become 
indeteiminato with 9 -I-or 9 — i]) iospootivoly» 

Tho angles 9 , 0 aio tho so called ICiUcrmi angles^ and our result, together 

with Example 6 , flhows that tho most general orthogonal doteiminant A 
of value +l may bo expressed “ paramotiicaJly by moans of tho three 
variables 9 > 0 , subjeot to tho mequahtios 

Og9<27C, OStl;<27r) 


7, Lot ABO bo a spherical tiiangle of sides ctr, 6 , 0 and angles A, jB, 0 
on tho unit sphoio (i 0 tho aphoro of radius unity) Eiom Ex. 0 deduce 
tho “ cosine tlieoiom ** 

oosa OOS& ooBC + Bin 6 slno oosil* 


8 * Pmd tho angle 9 hobweon tho piano 


and tho lino 


Ato + By + 


0 


« ao -|“ oc^, j/» J/o + ^ 2o '“h 

9. Solve tho equations 

— Sy + ^ 4 

4.x — dy -h 1035 ==* 10 

8a; — 21y -h ** S4. 


10* Provo tho idontity 

{a^ + h^){o^ + d ^)« («a + bd)^ + {bo - ad)^ 


by forming tho product of tho dotoiminaiits 


a 



0 

d 


11** Provo that tho valuo of tho deloiminant 


JD 


008 (0 + a) 
8ln(0 + ot) 
Bm(p - y) 


008 (0+ P) oos(0 + y) 
sin(0+ p) Bin(0 + y) 
Bln^Y^-a) 8in(a—P) 


is mdepondont of 0 . 
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12. If A = jB = aiy + j /2 + «8, show that 

BAB 

D= B B A = (a-s + + »»- 3*2/»)“. 

ABB 

J13, Show that 


il-\- X 

u “h *c 

4~ 

a + X 

h 'b* ^ 

tz+ X 

a + 'i' 

a + X 

h + X 

6 + a; 

h'\' ^ 

X 

h X 

& 4' ^ 

h + X 

<4+ * 


la of the form A + whore A and B are independent of a?. Honoo by 
giving parbioular values to a;, prove that 

a— 6 * c» — & * 

where 

/(O - (^1- 0(^2-0(^3“ 0(^4-0 

14* Provo that if and v are funotions of x and v =» 1 /«, then , 


whore D is the determinant 



vf" 

3u" 

U' 

U S=s 

2v! 

u 

vf 

u 

0 


15 (a) Show that a function u of the form y) ^ /(a?) Q{y) satisflofl 
the partial differential eq^uation 

(6)* Prove the converge statement 

16 Prove that 

via, y, z) = ± - *j + ~ - rj + 

f f 

satisfies the equation 

Au ^ U(i 

17* Show that a function u satisfies the equation 

if its first derivatives satisfy a relation of the form 

18*« Provo that a surface ^ f(x, y) generated by straight ilnea 
meetmg the w-axis or, what comes to the same thing, a surface out in 

straight Imes by vertical planes | — o, satisfies the equation 

-f 2zyu^i^y + y^u^y « 0, 
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19. iTind a S = S(c, y) for tlio contmiioiis functions (cf pp 44-6) 
(a) y)-^V(l -h -h 27/3), 


20 , Show that tho fiinolions 
/fe V) ’ 


ccY 




V) ^ 


*.j- ^ 


tend to 5iero if {x, y) approaohoa tho ougm along any straight Imo, but that 
/ and g aro diacontmuoua at tho oiigin. 

21. Let (7 bo a smooth ourvo with a oontmuoiisly turning tangent 
Lob d douoto tlio eliorlost distance between two points on tho curve and I 
tho length of arc between tho two points Provo that d — 1===^ o(d) when 
d is small, 


22, Evaluate 

8^1 “ 

d^o i«.o a! b\ x^y^ 

« 1 + i < 1, » > 0, y>0, 

» y 

23. Show by using Eulor’a relation (p. 109) that a homogeneous 
funotlon yt z) of dogioo n which satisfioa Laplace's equation = 0 
also satisfies tho lolation 

2m(2n + 2m + l)r3m-a;Sf„, 

where 

s=3 x^ -h 


24?. Provo that tho omvaiure of tho ourvo x x{t) hoing an arbi 
trary parameter) is given by 


k 


^ {xy 


25*. Lot a tMatod ouivo 0 bo defined by a? £= T(fl), y » y{a), = iw, 
a being tho length of aro of tho piano ourvo x == a:(s), y ^ y[8) Prove that 
tho osculating piano of tho ourvo at a pomb P (of Ex. 1, p. OS) contains 
tlio normal to tlio oylindor x « x{8\ y y{a) at P. Show that tho ourva- 
turo and torsion of 0 aro rospooUvoly given by 

xY' ^ x'Y ^ a(xY' - ix/Y) 

JA SSI , . M . . . fr tez ■»<■■» ■« 

1 + a I+ a^ 


(A ourvo of this kind is called a cimdar hcltx,) 

26. Elnd tho equation of tho osonlating plane (of. Ex. 1, p. 03) at 
tho point 0 of tho ourvo oosO, y^ sinO, »=»/(0) Show that if 

^(0) s=a 1 ooshilO, each osonlating piano iottohoa a sphoio whoso oentre 

is tho origin and whoso radius is V(1 + IjA^). 
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27, A ourvo ifi drawn on the oylinder 4" 2/^ that tho 

angle between the 2-axia and the tangent at any point P of tho ouivo 10 
equal to the angle between the y-axis and tlie tangont piano at P to tho 
cylinder Prove that the co ordinates of any point P of tho oxuvo can bo 
expressed in terms of a paramoter 0 by tlio equations 

a — OOS0, y a sin0, si s=i 0 ± a log sinO, 
and that tho curvature of tho curve is (1/a) sin0(l + sm®0)^. 


28, (a) Provo that the equation of tho plane passing tlirough the 
three points /j, on tlie curve 

gn = \ai\ y == 

IS 

^ %{ti 4" ^3 4“ ^ 3 ) ^ + (^a^a hh ‘h ^i4) •' 9* 

a 0 c 

{b) Show that tho point of intersection of the oaoulatmg planes at 
tij tzi <8 m this plane 

29 Let a, &, c, A, B, Oy he tho sides and angles of a triangle of area 
s, and let i2 be the radius of its oiroumsonbod circle Sliow that 

dfl s=a i2(oos^ da 4- 00 a jS db 4- oos(? dc) 


30, Consider a fixed point A in spaoo and a variable point P whoso 
motion IS given as a function of the time Denoting by P the velocity 
vector of P and by a a unit vector in tho direction from P to A, show that 

li{AP)^~aP 


31 Let A, By 0 be three fixed points and let tho oompononts of tho 
velocity vector P of a movmg point P m tho direotions PAy PBy PO bo 
Uy Vy w Let a, by c be unit vectors in the directions PA* PB, PO Provo 
that 


da 

dt 


'cobAPB oosAPO \ 

.-ta-’’+ -tt-V 



PA 


c. 


32, Prove that the aoooleration vector P of tho point P ia 

P ^ aa + p6 4- yCy 

where 

«««+««. -■^) + uw ^ J_N 

\ PA PB/ ^ \ PA POP 

with two aumlar expressions for p and y. 


33, Pmd tho envelope of a variable oirolo in a plane which posses 
through a fixed point C, and whose centre describes a given conic with 
centre 0, 
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34. If r la a piano ourvo and Q a point m plane, the locus T' of 
tho orthogonal projections of 0 on a vaimblo tangent of V la oalled the 
pedal curve of T with icspcot to tlio point 0 Piovo that if tho point M 
doflonbea tlio curve T, tho pedal oiiivo T' is tho envelope of tho voriablo 
olrolo vnth. the ladius vector OM as diamotor. 

36. What 18 the envelope of tho variable sphere with tho radiua vootoi 
OM (of. Ex 34) as diameter? 

36, What are the onvelopoa of tho variable oiroloa and apheioa of Ex, 34, 
36, if r IB a 01 role and 0 a pomt on its ououmfoionco? 

37. il/JIf' ifl a vaiiablo oliord of an ollipso parallel to tho minor axis 
h’md tho envelope of tho variable ouole with as diamotor, 

38* A plane moves so as to touch tho paiabolae 

2 =5 0, = 4a; and 0, ix* 

Show tliat its envelope consists of two paiahoho oylmdors. 

39 .f Gonoralwo tho investigation of § 1 of tho Appendix to Chap. Ill 
(p 204) to funotions of n vaiiablos, proving tho following results, Let 
/(»!,,.., a„) bo throe times continuously dilToiontiablo m the noighhour- 
liood of a Biaixmary pomt , a;^ as tliat is, a pomt whore 

0. Consider the scoond total difforontial of / 
» 

at tho point a;^, ^ S dXf^i this is a quadratio form in the 

variables ♦, ♦, If this quadratio form is nm degenerate, that is, if 


*0 

• * /Si«n 

'0 

/o 


then d^P may bo (1) posUtvelg dadlmle, (2) negalmly dejlnite or (8) {nd<^niie. 
Provo that thoso possible oases oouospond rospootivoly to tho following 
properties of / at tho point (a;“)* (1) / has a immmum, (2) / has a maximum, 
(8) / has neither a minimum nor a maximum. 

40. Consider tho function of two variables /=» (y--a;*)(y — 2«*), 
which is stationary at tlio origin 0 (a s=i y 0). Piovo (1) that along any 
straight lino thiough 0, / has a minimum at 0, (2) that /, oonflidorod as a 
funotion of (a?, y), has noiUior a minimum nor a maximum at 0. 

41. Lot PjPaPa bo a piano triangle with all throe angles loss than 

120°. Piovo by the outer ion of Ex, 30 that at tho point P iniorior to PiP^P^ 
Buoii that ^.PqPPi^ APiPPij*=120°,tho8umPPi-h PP^+PPa 

is actually a minimum (of Ex. 4, p, 187), 

42. Whore does tho minimum of tho sum PPj + PPa+ PPt occur 
if in tho triangle of Ex. 41 tho angle PuPiP^ is greater than or equal to 120°t 

tPor liiX. 80, 41, 43, and 44, the reader is asBumod to bo familiar with the 
eloniontB of tho theory of quadratio forms, 
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43. To mvesfcigata atationary points of /= /(%... • > *«)i whoro tlw 
variables satisfy the relations 

, ^n) = ^ W 

WO may assume that we have found numerical values for tlio variables and 
the multiphers Xj^*, such that J?’ = / + X|9i + * • » + satisHea tlio 

equations 

dF/dXi ^ 0 , , ,., BF/dx^ ^0, .( 2 ) 

and such that the Jacobian of <pi, ♦ «, 9 ^ with rospeot to the vaiiablos 
« ,x^is not zero To apply tho ciitonon of JSx, 39 wo may proceed 
as follows Kegording 05 ^ 4 , 1 ,, ♦ , a?„ as indopondont vaiiables, by diffoion- 
tiating ( 1 ) wa can obtain the first and second dilTorontialfl of aJi * « a?,it 
as functions of and finally introduce thoso values into 

+ ... 

Prove tho following second rule, not involving tho oomputation of 
the second difiercntiala Regarding Xi,, * , a,, as mdo- 

pendent vanables, consider 

d^F ^ ^ #/+ Xid^9i + . • • + 

compute dxit • *» dx^ from the equations 

^9fc + * • + 9ti<n^^n ===* 0 (p. 1, . • • > ?a) 

and introduce these values into d^Fy thus obtaining a quadratic form 
m the variables dx^^if , dXf^ If this quadratic form is non dogonoi ato, 
then / has respectively a minimum^ a maximum, or noxthoi of ilieso, ac¬ 
cording as IS positively defimte, negatively definite, or indefinite 

44* In the problem of finding the maximum of a?ia?a •«• a?n 
ject to the condition 9 — a^i + — a =« 0 {a > 0 ), tho rule 

of undetermmed multipliers gives a stationary value of / at tho point 
3^1 ~ ^ a/n Apply the rule of Ex 43, instead of tho 

consideration of the absolute maximum, to show that f has a maximum 
value at this point, 

45 Apply the ontenon of Ex, 43 to prove that among all triangles of 
constant perimeter the equilateral triangle has the largest area (of* Ex, 2y 

p 200) 

46, The curve a;^4' =5 Q has a double point at the origin. 

What are its tangents there? 

47. Draw a graph of tho curve (y -- ^ ^ 0, and show that H 

has a cusp at the origm What is the peoulianty of this cusp aa compared 
With the cusp of the curve a;* -- y® =:==; 0? 
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48. (a) Provo Uiafc if all tlio symbols denote positive q^unntitios tho 
statioiiaiy value of fo, 4 my + nr aubjoofc to tho condition a® + j/** -}- ai* 

S=3 10 

c(Z« + 

wlioro q ^ fj{p — 1 ) 

(&) Show that tho vahio ih a maximum or minimum aocoiding as 

p>i. 


40. 3?md tho valucw of % y wliioh make 


fitationary. 


2%^ + {x — y)^ — Qy 


50 Provo that if 23 is a oloscd ooiivox curve and ABO is the oiroum- 
Boiibod triangle of least aroa> then tho points of contact of S with the 
sides of tho timnglo aio tho conirea of tho sides 

51. Show that oaoh of tho ourvos 


{x oosa — sma — c{a} sinot + y oosa)S 
where a is varlahlo, has a onsp, and that all tho cusps he on a on ole 

52» If C? 5=» f{a, h) is a tiuo maximum or minimum of f[x, y) aubjeot 
to tho condition (p(a, y) =» 0\ show that in general (7' (p(a, &) is a true 

maximum or minimum of 9 (a, y) subject to tho condition /(a, y)^0 


53. A oirolo of ladius a rolls on a fixed straight lino, carrying a tan 
gent fixed rolativoly to tho oirolo leaking axes at the point of contact 
whoro tho moving tangent oomoidos with the fixed Ime, show that the 
onvolopo of tlio tangent is given by 

X «=3 fl(0 + oosO sinO — sbO) 
a(oo 8*0 — oosO), 

64. If tho 00 ordmatos (a, y, z) of a point on a sphere are given by 
tho cciuations (of* p. 100 ) 

asinOoosep, a sin Osin 9 , 

show that tho two ourvos of the systems 0 + 9 « 0 — 9 P, 

whioli pass through any point ( 0 , 9 ) out ono another at the angle 
arc 000 {(!**-- Bin^0)/(1 -h sm^O)} (of* p* lOd) 

Show that tho racUus of ourvaturo of oithor curvo is equal to 

a(l + slnaO)V(^ + 8 0«^'’fi)^ 

(of 3i3x, 24). 

66 . If 

f(x)^J log(l - «jnos«0)d0, 

prove that f{x) is flnito if ^ 1 , and that if < 1 

•?" m « r'^r 

dx Jq dx 
and lionoo ovaluato tho intogial. 
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56. Show that tho area S of the right conoid 
iK^srcosO, y—ramO, 

included between two planes through the axis of z and tho oyhndor with 
generating lines parallel to this axis and cross seotion f ^ fWf 
area of its orthogonal projection on>s=: 0 aro in tho ratio 

[V2+Ioga+'\/2)]>l 

67^ Assuming that tho earth is a sphere of radius JR for whioh tho 
density at a distanoo r from the centre is of the foiin 

p = A — Br^ 

and the density at the surface la 2^ times tho density of water, while tho 
mean density is times that of water, show that the attraction at an 
internal pomt is equal to 



where ff is the value of gravity at tho surface* 

58. Let (»|, yj, (ag, ^ 2)1 (®a» t/s) he the vortlcoa of a tilanglo of area 
A (the order of the suffixes giving tho positive onontation) Provo that 
the moment of inertia of the triangle with respect to tlie iU-axis la given hy 

A 

■q (Vi + Vi? + + ViVi + l/al/i)* 


59 A hemisphere of radius a and of uniform density p Is placed with 
its centre at the ongm, so as to he entirely on tho positive sido of tho 
xy plane Show that its potential at the point (0, 0, z) is 

^ [(a» + 8»)5 - «»+ 2 af*] - ! If 0 < a < a 
and 

^ |^(«’ + *’)* + ®’ “ I ~ g «p»'’ if * > a. 

60* Sketch the curve 


*“ 1 +x»’ ^ r+x«' ^^^s1 

and oaloulate the area included by the curve ^ 

61 Prove that the attraction at either polo of a uniform spheroid 
with density p and semi-axes a, a, c is equal to 


where 


fi 2{r 


^(1 —cos 6) dr, 


r = 2a^c COS e/(a=^ cos® 0 + 0 ® sm® 0). 


I 
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62 In the integral 

pi p{ZQ^4x)K6--x) 

1^1 djc {V-4:)/dy 

dz Jllx 

ohango tbo order of integration and evaluate the integral* 

63. (a) By transforming to polar oo ordinates^ show that the value 
of the integral 

^(1 8in^ / .y* \ 

Woot/i + (0<P<2) 

(loga-4) 

(6) Change tho older of integration in tbo original mtegrah 


64, Emd tbo volume V out off from the right cone 
-j- 2 /® s=j — j!)* tan®a, 0 ^z^hp 
by tbo right cylinder whoso boao is tho oiirvo 

(A tana — rp === tan®a sin^O ooa®0, 

whore Zt r, 0 ore oylindiioal polar oo ordmaioa, the volume being outside 
tbo cylinder and insido Uio cone, 


65, Show that for tbo byperbolio paraboloid psy tlio value of 


” f f 

J J (1 + zj 


XU 


dB 


taken over tlio surfaoo bounded by tho gonorators through tho origin and 
tho point (§, 7), 18 

-.aroianUV/W^‘'+ 


66, Provo that for *—1 < a < 1 and ^ < aro sma < ? 

2 2 

K(a) » ato mna. 

Jo 008« 

67, Show that tho aioa In tho positive q^uodrant hounded by the 
curves 9^ « a®y, ft® *=== y® *==5 ou, i/® — dx is 

68** Let r ho a oloaod curve in spaoo on wWoli a doftnlto sense of 
dosoription of tho ourvo has boon assigned Piovo that thoro is a veotor o> 
with tho following oliaiaotoiisUo pioportyj for any unit veotor tho 
scalar product an is equal to tho algebraic value of tho area enolosed by 
tho orthogonal projection of V on tho piano 11 oithogoml to n (Note 
that n gives tho oiiontation of H, and V gives tho oriontation of its 
piojootiou on H ) In particular, tho piojootion of V on any piano parallel 
to a lias tho algebraic aioa zoio, (Tho vector a may bo oallod tho area 
Victor of I'.) 
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69 Prove tliai/ m a central orbit the attraction ^ i>or unit mass is 
given by 

dq 

^ dr 

where q ig the distance of the tangent of the orbit from the polo and h ibo 
area conatant (p 426). 

Hence prove that the cardioid r a(l + cosO) can bo dcsoiibed xmder 
an attraction to the pole equal to por unit mass 

70* Let there be n fixed particles m a piano, all attracting xvith a 

central force of magnitude i Prove that thoro are not more than 71 -- I 
r 

positions of equilibrium for a paxticle m tlio fields 

Calculate these positions for the case of four attracting pai tides with 
00 ordinates (a, 6), {—a, &), {a, —6), (—a, — &), where a> h > 0» 

71* A particle of unit mass moves under the notion of two foiooSj 
of which the first is always towards the origin, and is equal to X® timoa 
the distance of the particle from that point, while the second is aluays 
at right angles to the path of the paitiolo, and is equal to 2|i, times its 
velocity Prove that if the particle is projected fiom the origm along Iho 
axis of ^ with velocity u, its co-ordinates at any subsequent timo t oro 

V( % »\ ft*)' aui[x<. 


72. (a) If w, u ore two independent solutions of the equation 
fW' - f W' + <p(%' + X(!K)y ;=:= 0, 
prove that the complete solution is Axi + jBv + Gw, whore 

nS{?o)dx 

J {uv' — u'v)^ J (uv' — u'v)'^ 

and A, S, C are arbitrary constants 
(6) Solve the equation 

**(** + 6)/" - !e[la? + 2B)y" + (22afl + 40)/ - SOti/ => 0, 
which boa solutions of the form 


73. The tangent at a pomt P of a curve outs tho axis of y at a point 
T below the ongm 0 and the curve is such that OP ==s n. OP. Provo that 
its polar equation is of the form 
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74. Botorimno tUo solutions of the equation 

whioU aio also solutions of 


?-!= 

W>? 


\di) \d»,} 

75» Piovo that if Z is a UomogoncoiiB function of x, y, z the equation 





[k^\ 



0^ 

^ c)^/ 

^ Sy' 

\ dyJ 

dz' 

[ d»J 


has a solution wluoh is a poivor of (^^ + + 5^®)* 

76 * (a) Apply Cauoliy’a theorem to the mtogial 

J (n>m> 0) 

taken along a path consisting of the positive quadrant of the unit cirolo 
I j 51 s=3 1 and tliQ pax ts of tho axes botweou tho origin and this circle^ a 
small oiroulai detoui being mode round Ot and honco deduce that 


i 


.ir/2 


008“ 0 COS nO tfO! 


{n-m)n 

emr(w +1) r \—r') 


2^+1 


.(tti+i) ■ 


(6) Piovo that if « =• m the value of tho latter integral is 7t/2"'+^ 

(In tho oomplox inlogial tho intogiaud may ho takon as real on tho 
positivo half of tho axis) 

77. Piove that if / is analytic ~/(Vai) is equal to tho result ob- 
tainod by putting y and o oaoh equal to V® in tlio expression for 

yf(y) 

f>y” + 

78. Show that if a and y are real 

I Binli(® %y) I S •^(*)» 

ivhoro A(x) la independent of y and tends to co as ® -> ±«o • 


1 


round a suitahlo aoquonoo of oontourflj 


sinhw w ^ w* + !'*»*’ 



SUMMARY OF IMPORTANT THEOREMS 
AND FORMULAE 


1 , Differentiation. 

2 Convergenoe of Double Sec^uenoos. 

3 Uniform Convergenoe and Interchange of Infinite Oporationtf* 

4 Special Definite Integrala 
6 Mean Value Theorems 

6 Vectors, 

7 Multiple Integrals. 

8 Integral Theorems of Gauss, Green, and Stokes. 

9, Maxima and Minima 

10 Curves and Surfaces 

11 Length of Are, Area, Volume. 

12 Calculus of Variations 
13, Analytic I’unotioES 

1. Difpbbentiation 

Glmn Rule for funchom of Several Variables, 

If u =/(^, 7), t,. 0, where i{x, y), t) == y),.. .» 

^01 + • * i 

^ fu^rn^ + ’ * 

+ + • • 

+ * * . 

+ +/t,^a3« +/<faja) + ♦ * t 

With oorresponding formute for and Uyy (p 73)» 

Implmt Functions If F{oo, y) — 0, 

dx Ff 

^3- jz -(P 
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DOUBLE SEQUENCES 


6ot 


JacoUans If ^ == ^(a;, y), ij = >^(aj, y), 

— ii 

0^ D’ 01} D’ 0| F 0^~D 

where 


D = 


== feV'u — 


. 9 (^. i) __ </>« 

3(®. y) i'« 

(Jacobian or Iimotioual dotormmant) (p, 143) 

Rules for Jacohans 

n \ 9(»> y) ^ 1 

9(^. >?) d(i, rj) 

9(1®, y) 

(2) If «= m(^, 1 }), v = «(|, •»}) and f =» ^(ai, y), ij* 15 ( 0 ?, 1 /), 
tton 

9(w> <>) ^ 9(tf, v) 0 (^, rj) , 

dia>,y) 0 (^, 1 ?) 0 (ai.j/) 


(p. 144). 


2 . Convergenob oe Double Sequbnobs 

Convergence Test for Double Sequences (pp. 102-3), The 
aoquence a„„ couvorgos, or, m ajonhols, 

lim — a, 

n~h«> 

m-^<a 

if, and only if, for every positive e there ia an N such that 

1 ®nm — ®n'm' 1 ® 

when n>N,m>N,n'>N,9n/>N. Then 

Im a„„ - lim / lim a„,„\ = Inn / lim a„m\, 

rt-^co «-><* \tt—>00 / 

m“>oo 

provided that lim a„m and lim «„„ rospootively exist. 


3. Uniform Converobnoh abd Ihmrohabob 
OB Iotinitb Operations 

Dini’s Theorem. If a sorioa of positwe continuous functions 
converges to a continuous limit function in a closed region, it 
converges uniforrrikj to that limit (p. 106), 
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SUMMARY OF FORMUL/E 


Interchange of Ihffe) enkaiion and, Inicgt akon, (Diflorontiatiou 
of an integral with respeot to a paiamotor) 

^ jf /(®, y) /«{ y) (^y> 

provided that /(®, y) and /«,(», y) aro continuous in tho interval 
under consideration (p. 218) 

Interclicmge of Differenttahon and IniegiaUon in Improper 
Integrals 

y)^y=^J^ /«(»< y)^y> 

provided that fjix^ y) is continuous in tho interval under con^ 

sideration and the integrals J /(a;, y) dy and J f„{(o, y) dy converge 

imiformly in that interval (p 312), 

Intmhmge of Two Integrations If /(®, y) is continuous and 
a, 6, a, ^ are oonstants, 

^ da jjiic, y) dy = v) ^ (P- 239). 

The order of integration may also be reversed when tho limits 
are not constants, provided that both integrations are porformod 
over the whole of the region concerned and corresponding now 
limits are mtroduced (p 242) 

Interchange of Two Integrations in Improper Integrals. 

y)^y ’=1 y)^^> 

provided that the integral J /(», y)dy converges urdlormly ia tho 
interval a ^ a; ^ /3 (p. 310). 


4 SpbOIAI DeMNITB iNTEOBAia 
f e~*'da!= l-y/ir (pp 262, 661; see also Vol I, p. 496). 

^00 flin /jf> 

j - dcs—^'n (pp. 316, 664; see also Vol. I, pp. 261-3, 

“ ® 418, 460). 
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FresneVs Integrals 

f 8in(T®)c5T~r coa(T®)(iiTs= ./- (p SIT). 

jJi’oMMcr’s Integral Theorem, If f(ps) la Beotionally amootli and 

f l/(®) 1 ^ converges and if/(!c+0)“h/(®~0) = 2/(»), then 
‘'-.00 

where </(t) ^ (?■ 319). 

T/j6 Gemma Function (pp 326-38). If ® > 0, tho gamma 
funotion r(») is defined by tho equation 


r(®) = r6-H’‘-^dl-=> 2 dt, 

Jo Jq 


It satisfies tho functional equation 

r{®+ l)«®r(»); 

hence if ® is a positive intogor n, 

r(«)== (n — l)l 

For all values of ® other than 0, —1, —2,... it may bo expressed 
by tho formulie 


r(®) = lim 


(ti--l)l 


ri*^ w »(® -f-1}... (»-[- 

1 


m 


{Ba7« 


» — 1) ro^-i 1 + ®/»' * 

whore y » Imi f S - — logw ) is Euler’s oonstant. Further, for 
every inlogor m ^ 2, 

i _i_ = 

,I«(»+i.)" (m-l)l*c “ '' 
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SUMMARY OF FORMULA5 


Again, 


r(aj)r(l 


IT 


suiTra? 


extension theorem Hence, m particular, 

‘'Q 

The beta funcUon S{x, y) is defined as follows for positive 
values of x and y 

B{s, y) = fV-Hl ~ 

‘'0 

^ir/2 

== 2 / 008®*'“^^ d(j>, 

*'0 

The beta and gamma functions are connected by the relation 


y) ■■ 


mm 


(p. 337). 


r((B+j/) 

For any complex z, 

(l~e®’'*)r(2)=J‘t*-® e~%, 

where 0 denotes a path which surrounds the positive real axis 
and approaches it asymptotically on either side (p. D66). 


6 Mean Vaito Theorems 

Mean Value Theorem for Functions of Two Vanables (p, 80). 

/(» + A, y + h) —f{z, y) = %(a! -\r &h,y + ffk) 

-f hff^x +e\y+6h), 0 < ^ < 1. 

Taylor's Theorem for Functions of Two Variables (p. 80). 

/(» + A. 1/ + i) - /(®, y) — hf„ + hfy 

+ + 2Ah/*v + ¥f^y} 

+ ♦ • 
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whore tlio remaindor ll„ (m the Bymbolioal notation of p, 79) is 
given by 

Jin = ttttv y+ Ok) + hf„(x+ Oh, J/+ e7(!)}^"+^>, 

' O<0<1. 

If as n raoioasea this remaindor tends to zoio, we have the 
infinite Taylor senes 

/(»-[-A, y+k) 

-/(*. y) + +¥v}+i + 2M/«v + k%,} 

+... 4- ^ +... 4 4. • • • 

Mean Value Theorems for Multiple Integrals (p, 232) 

/ y)^s = 

where AR is the area of R and fi a value mtormodiato betwoou 
the maximum and tho minimum of/(», y) m R, 

Siimlaily, if ^j(a!, y) ^ 0, 

/ y)dS==> II JJp((D, y)d8. 


6 Veotobs 

IPor tho definition of a vector see p. 3 

Let V bo a veotor in throe dimensions with the components 

Vl, % Vg. 

Longlh of a Ycdot. 

|r>l = ^(^4 V4’^8®)* 

Addition of Vcdors, 

z^u-\- V 

moans tho vector which has tho components 

h “ «i + «a “ % 4 %, *8 “ «8 4 % (P b)> 
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SUMMARY OF FORMUL/E 


Scalar Product (mncir produci,) 

UV—juj I O I cosS 

== UiVi + UsVs H- UaVa, 

where S is the angle between u and v (p 7). 
VecUir Product (outer prodrict) 

jz = [uv] 


means the vector which has the components 




% D, 


Za ~ 


«8 % 
«8 


*8 = 


«1 

Vl -Vz 


Sxfferentxation. 

i{u -|- v) 


dt 


du dv . 


d{uv) _ 
dt dt 


v-^u 


dv ^ 


dl^uvl 

dt 



(P. 17). 


(p, 8B). 


If the co-ordinate axes are rotated, the vector components 
are transformed in the same way as oj, j/, z, tho components of 
the position vector (p 84) 

By the derivative of the function f(x, y) in the direction of the 
unit vector n whose components are cos a, sma, we moan tho limit 

lim /(^ + P y + p sma) -/(a;, y) ^ 8/(a?, y) 
p->o p dn 

Hence 

9 d , . d 

In particular, 

dx du 

— =3 cosa, -- sma, 
on on 

and hence in general 
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In the same way, in thrco dimonsiona tko dorivativo in tho 
direction of tlie vector n whoao components are cos a, cosj?, 
cosy 18 


COStt;^4- cosy^ 

9n 03! 9i/ 03 

= ^ ?l! 4. ^ 

dx dn ^ 0^ 0» dz 0n 


{P. «1). 


The Dijferenttal Operations 

With every scalar function/(a^, (Bj, * 3 ) there is associated a 
vootor grad/ with tho components /„,, (p 89) Tho dori- 
V^ative of / in the du’ootion of the unit vector nmn grad/ 

With every vector field «(%, x^, Xq) thoio is associated a 
vector curl u with tho components 


0 M 3 _ 0 M 3 0 Mi _ 01*3 Duj _ dUi 
dx^ 9®#' 0>»a 0a5x 9aJa’ 

and a scalar fimction 

div« = ?HiH-^ + ^ 

0a?x 0«3^ 0a?3 


(P 92) 


(P 91). 


Using tho syinbolio vootor V {mbh) with “ oompononts 


L 1 A 

0aJi’ dx^ dxa 


wo have 




giad/=! V/, omiw =s [V«#], div« 5 = 5 Vm 
IT urther, 


curl grad/ = 0 , div eiiil w = 0 , 
cl.vgr«d/-V-^^,+ g^ + 


9a!8®’ 


(p. 92). 


7. Multiplb IntboraI/S 

For tho definition of a multijilo integral see p. 224. 

Tho rules for tho addition of integrands and oomhinabion of 
regions of integration are tho same aa for ordinary integrals 
(p. 231). 



6o8 SUMMARY OF FORMUL/E 


Transformation of a MuUtple Integral, If tho oriontod rogioa 
R of the (Bj-plano is mapped on a ooriospondmglY'Oi’ionlod region 
jffi' of the Mii-plane by moans of a reversible one-to-one trans¬ 
formation whose Jacobian 

d{u, i>) 

does not vanish anywhere, then 

JJj(x,y)d!>}dy==Jj'^f[x,y)Ddud» (pp. 2B3, 377). 

An analogous formula holds for any number of dimensions (p 2Bd), 
In paitioular, transformation to pohr oo-ordinatea 

a)=3rcos6, y=3rsm0 
or 

a)=s f ooB^sind, y = fsm^8ind, z=rooaO 
gives the formulae 


J Jf(as, y)dxdy 6m.6)rdrd0, 

(Vol. I, p. 49d). 

J f J /(®) t/y z)dxdydas=s J J J /(®, y, ^r^ BmOd/rdOdij) (p. 264). 

Redmtion of a MuUtple Int^al to Ordinary Integrals (p. 243). 
Let a ^ y ^ j8 m B, and for every j/ lot a = a{y) ^ ® ^ Hv) => 6} 
then 

f f^f{<B,y)da>dy==J^ dijJ}{x, y)da). 


8. iNTEaRAL Theorems oe Gatjss, Green, and Stokes 

For the definition of a ourvilmear integral (line integral), boo 
pp 344 et seq 


1. Two Dimensions. 


If the region B is simply oonneotod, the line integral 


f {ada -f hdy) ~ fAdx 

Jg Jg 


is independent of the path 0 joining two points m jf2 if, and only 
if, the condition of integrability 

Oy — 



THEOREMS OF GAUSS, GREEN AND STOKES 609 

holds at every point of U In this case, if the initial point is fixed, 
the integral is a function ?7(^, 7 ;) of the end-point, such that the 
vectoL A with oompononts a, h satisfies the relation 

^=-gradZ7 (p 362), 


Qauss^s Theorem. Lot J? be a simply-oonneoted region and 0 
its boundary. Then 

/X{/»(*» y) + 9v{^> y)}dxAy == /'{/(a;, y)dy — g{x, y)d3)}, 

+ 0 (p. 360) 


or, in vector notation, 

J J divAdxdy = JAnds = JA„ds, (p, 364) 


where ft is the unit vector in the direction of the outward-drawn 
normal, A„ the normal component of the vector A with com¬ 
ponents/, g, and ds the element of arc of the boimdary curve. 


Green’s Theorem (p 366) 

J J {Ug%-\-u^,v„)da!dy = — JJuAvdxdy-i- ^{—uVvdx-jr uv^dy) 


+ 0 


= —ff'oA.uda>dy+Jv^ds, 

J J {uAv—vAu)d!tidy=J{{mf~uvy)dx— (dm,,—■!«>«) dy} 
+0 

r { 9i> 9 m\ , 


In vector notation the first form of the theorem is 


J J (gradii gradD)daJ% ^ gradwttody ^ 


whore 

Alt = div grad^ == 

and djdn denotes difierentiation m the duection of the outward- 
drawn normal, 

(BOia) 21 



SUMMARY OF FORMUL/E 


6io 


2 Three Dimensions* 

The necessary and sufficient condition that tho lino integral 

/ (ack + hdy + odz) ^ [Adx 
*>0 Jo 

Bhall be mdependont of tho path G loining two points in a simply- 
connocted legion R is 

oorl^ — 0, 

oi, in full, 

dy 6^., ctjj (p 358)* 

Surface Integral (p 381) This is given by 
JJ {a(aj, y, z)dydz + b(x, y, z)dzdx+ c(a?, y, z)dxdy} 
ox 

II {«(*• V ’') ?•') ^+«(»• »■ *> Slh*’ 

if 1^), y = y(t^, v), 2 ; = z{Uy v) and the oriented region 

B in tho w-plano corresponds to the surface iS* 

Gausses Tlieoiem Let n be the unit vector in tho direction of 
the outward-drawn normal and the normal component of tho 
vector A with components a, b, c; further, lot djdn denote 
difEoientiation m tho direction of the outward-drawn normal* 
Then 

K + “/X(“ S + ‘ I + “ I) 

(p 38C) 

or, m vector notation, 


f f fdivAdxdyda — f f AndS ~ f [AndS, (p. 388) 
J J Jj{ J Js J Ja 

the integrals on the right being taken over the closed Burfaoo S 

bounding the region B 

Green’s Theorem (p 390) 

III ^»%)dxdydz 

y yy(ttAD— vLu)da)dydz =JJ^^^~v dS, 
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whoxo djdn and S have the same meamugs as beloie and 

Aw ==: + llyy + 

Stolces^s Thmem (p 393) Let the oriented surface 8 bo 
bounded by the coiieBpondingly-oiiontcd ourvo 0 Then 

In vector notation lot At bo tbo tangential component of tho 
vector A = {<!>, >jj, x) ^>11® direction in wlucb the cm'vo G 
18 described, (curl A)„ tbo component of curl A in tho diieotion 
of tho outwaid-drawn noimal, and ds tho olomont of aio on G 
measured in tho diicction in which tho cuivo is dcsoiibod: then 

f I (cuil-<4)„(7;S = f Aids, 

J Js ^0 

9. Maxima Ann Minima 

Tho following rules hold only for maxima and minima in tho 
mfmor of tho region under consideration. 

free Mcmtm and Mimma of a Function of Two Vat tables 
Tho necessary conditions for an extreme value of tho function 

w =/(«» y) aw 

/«-0, A=0 (p.lSd). 

If those conditions oro satisfied and if 

/»»/ VU /fflV ^ d> 

* 

there is an extreme value at tho pomt in question It is a maxi¬ 
mum or a minimum according as/a,® (and bonce also/yy) is negative 
or positive. If 

fxufvv “ /»|1 d, 

tho point is a saddle point (p 207). 

Maxima and Minima subject to Stibstdmy Conditions {Met?iod 
of Undetermined MultifUors) (pp 188-99). 
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SUMMARY OF FORMULA 


If in the function u —/(tCi,,. , *«) tlio n variabloB aro con¬ 
nected by the m subsidiary conditions {m < n) 

< • ' > ®n) ~ 0, • • • f • • • > ®n) ~ 0, 

WO introduce m multiplieis A^,..., A„ and form the function 
Ai<^i + Aa^2 + • • • + 


Then the n conditions and the n additional equations 




give (m + «) necessary conditions for the extreme points. 


10 . Corves* Aim Soreaoes 

In what follows {^, ij), or (^, ij, J), aro oinrent co-ordinatoa. 

1. Plane Curves. 

Equation of the curve: 

{«) y=/(®). (&) y) = 0. (o) IB == ^{t), y “ 

Equation of the tangent at the point (a), y) (Vol, I, p. 263; 
Vol 11, p 122)- 

{<*) 1? - y - (f - (6) {! - + (i, - y)F, « 0, 

(c) {f- (0 - {ij - - 0. 

Equation of the normal at the pomt (», y) (Vol. I, p. 263; 
Vol. n, p, 123) 

(O) - y)m - 0, (6) (f- x)V, -{r,- y)F„ = 0. 

(0) {$ - + {i, - = 0. 

Curvature (Vol I, p. 281; Vol II, p, 126) 

W iii= ^ — U 

♦ Some formulsa disouaeed In Vol I haye been repeated here for oonvenionco 
of reference 
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Bftdiua of omvaturo (Vol I, p. 282; Vol II, p. 126); 

Evoluto (loous of contro of cmvatiixo) (Vol I, pp. 283,307'-311); 



^ JP F 2 — 

1 

F,^~VFy^ 

''f„a^- 



1 , 1 <j)^-]r tji^ 


Involute (Vol. I, p. 809): 

i'«a!+(a-s)sS, •»?=y+(«-s)i/, 

wLoro a is an aibitiaiy constant and s the longtli of arc mcosurod 
fiom a given point (a being tbo paTamotor) 

Point of inflection (Vol. I, pp. 169, 266; Vol II, p. 125). 

The necessary condition for a point of inflection is 

(«) V" = 0, ( 6 ) ~ -f F,,F„^ = 0, 

Anglo between two curves (Vol. I, p. 264; Vol. II, p. 126): 
{h\ 008w =5 + F^Q^ 


(o) OOSOJI 


-I- tk 


In particular, the curves are orthogonal if 

(6) FA + fa “ 0, (0) + #1 -= Oj 

the ourvos touch if 

(6) FA - J^A - 0, (c) = 0. 



6i4 summary of FORMUL/E 

Two cmvcs i/=/(®), y = g{x) Lave coutaoi. of ordoi w u-t a 
point K, if 

m = m =.... 

y(n+l)(a5) =j= 

(Vol. I, pp. 331-3) 

2 Curves m Space, 

Equation of the ciuvo* 

»==^ W . y =#). *==?(:(0 

Dtceotion cosmcs of the tangent (p 86)* 

X y __ 

V(a.® + J/® + H" 

Curvature (p 86) 

where ds is the element of aro. 

3 Surfaces. 

Equation of the surface, 

(a) « = f{x, y), {b) F{x, y, z) = 0, 

(o) cc = d>(u, ti), y = i/r(w, u), z = xi^> »)• 

Equation of the tangent plane (p 130): 

{«) S-2-(^-ai)/„+(i?-f/)/., 

(6) a - x)F, + ( 1 , - y)F, + (S - z)F, - 0, 

(o) - x){ili„xv — ^«x«) + (»? — y)ixu<l>v —X A) 

+ (C - 2)('^uV'^« ~ -^A) - 0. 

Direction oosmes of the normal (Vol II, pp, 130, 163): 

(a) oos a = 003^ = - 
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(6) cos a: 




COS^: 


K 


I- i'7+j’?)’ \/w+■?''/ -h 

J?,. 


cosy 


(c) C03a = 


ffhoro 


VW + ^'VM--?'V)’ 

A ^ B 


C03P = 


-h + 02)’ ^ V(^a + + 02)’ 

0 


cosy: 




A — 'A,x« — ® = Xnh ~ Xv<l>u> 0 = 

Anglo between two surfaces (Vol II, p 130) 

COSO) = cosoj COSO 2 + cos)3i cos/Sj -}- cosy^ coay^; 
b particular, the condition that tlio surfaces nio orthogonal is 
costtj. costta + cos)3x cosjSa -|- cosy^ cosya = 0. 


1. Envelopes (Vol, II, pp, 171-83) 

To obtain the onvolopo of the family of plane oinvoa 
f{ic, ?/, 0) = 0 


or of the family of surfaces 

/(», y, «. 0 ) = 0 , 

we oaloulato the “ disorimmant ” by oliminaling 0 from the 
equations 

/=0, /o-O 


The discriminant contains the onvolopo and also the goometriool 
loouB of the singular points 

If the family of ourvos is given by the paramotrio equations 
X — 0 ), y =! i/i(t, 0 ), the discriminant is obtamod by oliroinatbg 

c and t from the equations 


»=#,o), j/=</i(i,c). 


90 00 00 90 Q 

dt do do dj 


(p. 174). 


The onvolopo of a two-parameter family of surfaoos 
/(», y, z, Cl, oa) => 0 
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IS contained m the equation obtained by eliminating the two 
parameters ©i, from tbo equations 

/-O. /<,. = o, /..-o 

11 Length oe Aro, Area, Volume 

Lmgth of Aro(yQ\ I, pp 276-80). Let a plane curve bo given 
by tbo equations 

(«) y =/(»)> (&) ^'(®. y) == 0, (c) !K = fAW. y — 

(d) (polar co-ordinates) r—i(,0) 

The length of are is 

(«)« = /’ V(1 + 2/'®)<fe, \o) s=f V'(»“ + 

(b) a = -1- Ff^) d®, (d) s = f''V(r^ + r'^) 

-Pv *^^>0 

The length of aro of the three-dimenBional ourvo 

« = #), &- = #), *=x{0 

IS 

« —f y'( a;* + + iSf*) (P* ®®)‘ 

u 

Area of Plane Surface The area boimded by the curve 
r=r(0) 

and two radu veotores 6^ where r, 0 are polar co-ordinates, 
18 given by 

^ (Vol I, p. 276). 

The area enclosed by the curve 

y^f{«>)> 

the two ordinates x = (Bq, x= Xi, and the aj-axis, is 
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Lot 2? to a positivoly-oiiontod piano srafaco and 0 its boundary 
(for tho orientation and sign of an area of Chap V, section 4, 
p. 376). Then tho aioa of tho surface is 

JJdxdy — —JydO) = hjjs^dy — ydx) 

(pp 347, 376-6). 

Area of Curved Surface (pp 268-74). Let tho equation of 
tho surface bo 

(*) *==/(«, y), (b) F{3), y, z) = 0, 

(0) « = ^(m, v), y == ili(u, v), z= x(«> <')• 


In case (c) let E, F, G bo tho so-oallod fundamental quantities 
of tho Buifaoo, 1.0 lot 


F ~ 'H "4" XmX»> 


(pp. 162, 273) 


Thou 

g(?~ Jfa = +(i/'uXv- !/'vXu)H {x«'^»-'X«'^u)® 

(P 273) 

Tho length of aro of tho curve 

u = u(«)* «=«(«) 

drawn on tho surface is then 

9 = f ‘ + ^Eui + W) £» (P 162) 

Tho area of tlio curved surface lying vertically above tho 
region R m tho a;i/-plauo is 

A^fjda-. 


{a)A^f ^V(l +/»' +fv^)^^y> 

{b)A^f f~ VW + + Ef)dxdy, 

J JrM^ 

{6)Ar=:j jy{EG-P')duh, 

tho last intogial being taken over the region B of tho wu-plane 
which oorrospouds to tho region R, 

(II012) 
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SUMMARY OF FORMUL/E 


Tlie area of the swface of revolution 

a? = w cosi;, y=^u z 

which IS produced when the ourvo 

z = c[){x) 

is rotated about the is-axis, is 

= 27r f Uy/\X + = Stt T uds^ 

where 5 is the arc of the meridian curve z = (Vol. II, p. 274; 
cf, also Vol I, p 285) 

The surface of the unit sphere in n dimensions, 

+ 072^ 4“ * *4^ 

IS given by 

_ 2(V^)« 


o>«= - 


V{nl2y 

Volumes The volume boimded below by the region R and 
above by the surface jS with the equation 

*=/(». 2 /) 

IS given by 

V^Jfnx,y)dxdy (p 226). 

(for the sign see CShap V, section 4, p 380) 

If the surface 8 is closed and forms the whole boundary of 
the region F, the volume of this region is given by 

y=fff dxdydz^-- f fzdxdy^-- f fxdydz^ ^ f f 

J J Jy ^ *' •'B ^ 

(p. 387). 

In ’polar co-ordmttes the same volume is given by 
^-IfL Bm9d/rd6d^> 

where B is the region of r0</)-spac6 corresponding to the region V 
(P 254) 

The volume of the 5^^rjfece of revohUion 

x^uooaVf y^u smu, z = <^{u\ 
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which 18 pioducod when the ciiivo 

z = 4(x) 

IS rotated about tho i&-axi8, la 

V — nf M®(Zz 

(Vol II, p 2G7, of also Vol I, p 28D) 

Tho volume of tho unit spheio in n diinonsions, 

"h "h • • > H~ = 1, 

13 given by 

« _ (V’’’)” 


(p 304). 


Tho volume swept out hy a moving plane area P of area A 

where dn/dt is tho component of tho velocity of tho racan contro 
of P porpondioular to tho piano of P (p 295). 

12 Oaloulus of Variations 
Tho necessary and siifiioiont condition that tho integral 

I{u) — /'*'P(®, «, u')do) 
shall 1)0 stationary is Euler's equatwn 

or 

E + E p;„i « 0 (p 498)* 

If F involvos sovoral fimotions %(^), ttgCa?), • . • , and 
tlioir dorivativoB, then a necessary and siiflloiont condition that 
the integral 

/(w) f F{iX>, Uif * • • f ^n» • • • > ^ ti) 

diall ho stationary is that u„ satisfy tho Byaiom of 

Edor^s equations 

P«, “ 2) ® (* ==» !• • • ♦ > «)> (P- B08). 



6*0 SUMMARY OF FORMULi® 

If F depends on », u{x), u'{x), u"{x), Euler’s equation is 

If J F(Xf Zy ibi y, b)dt is to be made stationary subject to 

the subsidiary condition 0{Xy y, z) = 0, then a necessary con¬ 
dition la 

^ ^a> ^ 

^ -^y ^ A(?y, 

where A denotes Lagrange’s multiplier (p. 617). 


13 Analytic Functions 

For definition, see p 532 

The necessary and sufficient condition that 

f{z) =/(» + %y) == u{x, y) + y) 

shall be analytic m a region J? is that m R the Gamhy-Rtemmn 
d/yfferenUal equations 

hold (p. 632). 

Gatcchy^s theorem* If f{t) is analytic in a simply-connected 
region 2J, then 


if 0 la a closed curve m the interior of B (p B39), 

Cauchy's formula. Under the same condition as Cauchy’s 
theorem the formula 


fiz)==~ f Adt 

2^rl Jot — Z 


holds if 25 is a point in the mterior of 0. 
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If j {%) is analTtio in the interior and on the boundary of a 
oircle \ ^ li^ it can bo expanded in a power Bones 

/(«)-/(2o)H- 2 C,(z~2fl)’' 

V=1 

which converges in the interior of the circle Hero 

^=£1!%)= 1 /„ M i, ,pp.5n-9). 

1^1 27nJoU~<^)^ 
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CHAPTER I 

§ 1 , P 12 . 

3 T^t tho vcotorB joining 0 to the P, Q, P, S Ido rknoicd by 

(/t 5 Then tho vector fiom 0 to tho contro of mass of tlio In angle PQIi 

la givon by -f- ^ H ^), and (of Ex. 2) tho vcotor joining 0 to Lho oeiitio 
of mass of tlie tetrahedron by J \{P -h + ^) + *== HP H- <7+^4 

this expression is mdepondont of the ordoi m whwh tho vorticoa aio taken 

4:, At A'i * * t O' aio tho final points of tho veolois HP (i)f 
J(^4- 5), . » ^ 4((7+ ^)i and tho three lines AA\ BB\ CO' all luivo tho 
eamo mid point, tho final point of tho vootor HP d" (? + ^ winch ia 
blio oontio of mass of tho totrahodion 


S 2, p. 18 

1* Tho distanoo is given by tho length of tho veotor pioduot of a unit 
vector lying along I and any vootoi joining P to a point A (6, d, J) ui Z 


VWW+c^) 


VI 


*0—2’ yo—<^ 
a c 


+ 


y,r~d a#-/! 


-I- 


*0“/ 

a 


a?o*-b 

a 


n- 


2. Tho shoitoat distanoo li botwoon I and two straight linos in spaoo, 
IS porpomlioular to both I and l\ i o is painllol to tlio vcotor pioduot of 
two arbibraiy vectors lying along L and I' rospoctlvoly Also, tho Bhoitcat 
distance between Z and V is obtained by projecting a lino joining any two 
pomts on I and V on to tho lino h 

I 

V\{aof — a'o)^ -I" K®' — + (os' — e'e)®) 

3, Tho left-hand side may bo intorprotod as tho vohiino of a totra- 
hcdion. 


a c c 
a' o' o' 
h--h' d--d' y- 


4. Tlio length of tho vootoi product of tho vootora (oocj cep, coy) and 
(a?, y, z). o V{((53 yy)^ + (yiw - <xz)^ + Wy — Pw)®}. 

6, It is sufilolont to prove tho atatomonl for tlio oivso whoio tho orlgh^ 
is insido tho polygon, os tho sum of tho dotoiminants \s unaltoiod by irans- 
lation of tlio CO ordmato system If tho origin is insido iho polygon, all the 

628 
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dotermmantfl havo tho samo sign and givo th© aroa© of the tnangtes 
iP 2, OP 2^3* * * * 

§ 3, p ^0. 

2n If we write —d X —1, e X —1, —/=/ X ^1, tho 

tlrreo cq[iiatioti8 may be regarded aa three liomogenoons oq[uations m 
w, t/, 1, the necessary condition for the existence of a solution la thorefoio 

0. If i)=0 and eg 1^ =♦= 0, then tho third eq[nation la 

I Ol "2 

a oonsequonce of tho first two, and tho first two equations in «3 and y 
have a solution, as their determinant does nob vanish. 

3. The hues mtorseot if the three equations 

«!< + fcl “ CjT + di 
+ &a = CaT + 

(l^i + &3 = CgT + d^ 

for tt T have a solution (of. Ex. 2) Tho condition is 

Oi Cl di-&i| 

ag Cz da — &2 "=== 

Cs da — 

5, Subtract the last row of the determinant fiom the first tliroo. 

§ 4 p. 37 

1. (a) 0, (h) 2, (c) 12, [d) {x y){t/ «)(« - x){x + y+z). 

2m Cl -f- 0 =5 26 

3. (a) Introduce the three veotors x ^ {a, 6, c), y = b\ 0^)$ 
Z = (a", 6", c") Then D = [xy^Z Now for any two veotois a and b 
we have 

\[ab}\^\a\\b\tmd\ab\^\a\\b\ Hence D^\x\\y\\z\^ 

(6) If, and only if, the veotors represented by the^ columns of 
are mutually orthogonal 

4, fl6 + cd 5= 0, = 6® + d® — 1 

6. It IS sujBftoient to show that there is one pomt (a5o, Zq) which re¬ 
mains on the same ray through the origin, i o, that there are four quanliLioa 

Vo} X (tho first toee of which do not all vanish) such that the equations 

^0 = + ^yo + GZo 

Xyo = d;«o + % + fh 

Xsjq (/a^o + H 

are satisfied, Now we have only to ohoose X so that the determinant of those 
three homogeneous equations in a?o» 2/o» vanishes, this gives an equation 
of the thud degree m X, which can always he satisfied, os an equation of 
the third degree always baa a real root. 



ANSWERS AND HINTS 


6zs 

7 . w' = i(l H“ oos(())a! — ^V'2 Bin9.2? — 4(1 — 0039)2. 

j/'= 4 '^ 2 Bin 9 » + COS 9 J/+ irV28ia9. 2 
2' = 4(0039 — 1)1! — 4V231119 • y + 4(0039 + l)a 
9. By Ex 1, p 12, and tlio rulo for tho nraltiplioation of dotorminanta, 

the aquaro of tlio dotoimmant is equal to +1, 


CIIABTER II 

§§ 1. 2, p, 49. 

2. 4(«+I)0H-2). 4. |®J|>0. 

5. (a) No (b) No ( 0 ) No (d) No. (e> Yos. (/) No. (ff) Yea, 
(h) No. 

§ 3, p es. 

1. Cf. Ex. 2, p 40 4(m + 1)(» + 2). 

3. Du -h 2(a + e + k) 

§§ 4. 6, p. 77. 

2. Wo may tolm tho origin at tlio vortox of Iho oono, Its equation, is 
then of tho form « » 9^^^* 

4. (a) grf + ; (7r* 5 • On + Or- 

T f 

6. Cf. p. 801. 


§ 0, p. 81. 

1. xg, 

2, Ubo Taylor’s thoorom, expressing /(2A, e~*f®^') and /(O, 0) in terms 
of / and its llrst and second doiivablvea m (A, e~*f*)i add and divide by A®, 

(t) s X all 


4. ( 0 ) ^ x”>y»t i (»1 + ! p I <1. 


tt-a 

values of u> and y. 


§ V, p. 03. 

1, tJso Tayloi's thoorom to oxpicsa tho qo ordinates of a point on tho 
our VO in terms of /, (/, h and thoir fliat and eooond donvativos in tlion 
apply Ex, 8, p. 19 




/'(<») 

rw 


y 

- i?(W 

oVf>) 

o’%) 

#=* Os 

z 

- A(<,) 


h'%) 



3, If y la tho oontro of tho sphoro, tho oxpiession A *=« V"{A?(e) — yf 
must ho 08 stationary os possible, that is, 4, 4, A must vonlsh (the dote 
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denoting differentiation with respect to 9 ) Using tlie lolations A?® «=* I» 

Ot we obtain the equations (3;— 0 , (31 — Ii 

[xxl 

(y X)x = 0 Honoo wo have j; — =5 _-L- 

5 Of Rt 3 and also Ex 6 , p 19 

7 * From the definitions of %2> wo have =» 1 » 

= x/L, g, - ± = 1 /t Obviously ^, = To doloimino 

5 si ? 3 > oaloulato thoir oomponents with reapeot to a lootangular oo 
oidinate system O^j, 0?2> From the lelations 

- 1 , ^ 3 =* = h - ?2?3 - 53?i - 0 
we obtain by diffoientiation 

?3?3=-0; 

honoo ^3 la perpendicular both to and to ^ 3 , and theroforo 

?S= db V(i7')|8 == ± 52 /T. 

Wo define the sign of t so as to give ^ — ^ 2 /'^ ^his implies that t Is 

positive or negative accoidmg as the screw defined by the motion of tho 
osculating plane m the direction of moreasing 8 ifl right-handed or lofl- 
handed To prove the second formula, note that 

8 . Uao Ex. 8 and Ex St (a) - A’?, + ( 6 ) i ^ 

9 1/1 T [ = — 0 » hence is a constant vector y), say; r n ?i '0 

= 90 ^hat x‘0 ^ const, where yj is a fixed vector That is, tho 

curve lies in a fixed plane, 

10 (6) If the curve is given by ij = g{t)f z =« h{l), the sur¬ 

face has tho parametric equations 

y = 9{i) + 

«=« h{i) + 

bH bH 

then express —,- 1 terms of the derivatives with respect to i 

and*. ^ 

Appendix, § 1, p, 100 

1 (a) As i2 IS closed, there is a point B m It whoso distonoo from 
A IS less than that of any other point m B Lot n bo the normal to AB 
at B Then no pomt 0 m iJ lies on tho same side of w as A, for othorwiso 
not only B and 0, but tho whole segment BO^ would belong to i?, and on 
this segment there would be pomts nearer to A than B is Honoo the parallel 
to n through A cannot meot 
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(b) Theio 18 a scquonco of points Pj, P^, , not m P, converging 

to P Lot h* etiaight lines passing tlirough Pj, P^,, respectively 
and dividing tho iilano into two half planes, one of which contains no 
pomt of li (of (a)) Eiom these stiaight hnoa wo can choose a sub sequence 
for wliioh tho ducctions also coiivorgo Tho limiting straight hno is then 
a lino of Buppoit Ihiough P 

(c) If A weio not m P, thon by tho proof of (a) a line of support n 
flopaiatmg A fiom 11 would exist 

((Z) Let Q bo tho contro of mass of 11 and g any hno of support, which 
wo talco 03 a axis Thon tho y co ordinates of all points in P have tho 
same sign By tho doftnition of tho centre of mass (of Vol I, p 284), tho 
y 00 oidmato of G also has this sign, that is, Q and P aro on tho same side 
of tho aibitraiy lino of suppoit Now apply (c), 

(/) Tho ourvatiiro is equal to d(^jd3y whoio 9 is tho angle which the 
tangent makes with tho a? a\ia, 5 the length of aro, 9 is a continuous func¬ 
tion of s* IIouoo 9 inoroasos monotonically from 9 ( 0 ) to 9 ( 0 ) d- 2k, that 
18 , 9 cannot have tho same value for two different points of the curve 

If tho ouivo woio out ut tin 00 points Sq, Ji, ^2 by a stiaight Ime I 
(cwj •*(- by = c), thon tho function 

P(a) + hy{d) — 0 

would havo tlirco / 010 s, m this case F{3) would also have at least three 
zeros, 1.0 thoio would bo tlueo tangents parallel to I In addition, two of 
theso would ooilainly have tho same sense, i.o, they would have the same 
value of 9 , wliioh oontradiois tho statomont above, 

2 . (a) Tlio sot oonsiabing of tho points which ho m all convex regions 
oontaimng B lioa tho properties (1), (2), (3) 

( 6 ) If P IS in P, thoro can bo no straight Imo I soparatmg P from B, 
for othorwiBO ono could take 0 g, a laigo square Q AVith one side on I and 
oontainuig P, Q would thon bo a oonvox region containing B but not P 
If P IB not in P, thoio is at least ono convex region Q contaming B but 
notP, thon (of. Ex 1 (a)) thoio is a straight lino separating Q from P, and 
thoioforo, os Q contains B, also sopaiating B from P. 

( 0 ) Of. Ex 1(d) 

Appondix, § 2 (p. 107) 

1 , (a) No. (b) No. ( 0 ) Yoa (of Vol I, p 43Q). 


CHAPTER m 

§ 1, P 122. 

2 . («) (&) ( 0 ) -i; W - 1 * 

3. (a) (6) (*) 2, {<«) -j' 
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4. Max value +6, min value —6« 

5 . ^ 1 , d^jdy ^ — 1 » 

§ 2 ,p. m, 

1 (o) 5 tj + 7y — 21^: -f- 9 == 0; ( 6 ) 20a? + I3y + 32? 30, 

(c) a? — y — 2 ! + 7u/6 == 0 
2 * 1 

3« Use the fnofc tliafc the tangents at the origin aio given hy y^O and 

003 + ^ 0, 2o/a, 2{a^g — a^bf + ahh — h^c)la{a^ + 

4, Write eq[iiation m foim 0 == jP ^ tan^/as)i 

!!;:- -o;"+^ f e 

6 , 0 ?^+ i:)=^oy 
8 « (a) Double point 

(&) Two biauohes touching one another, 

(o) Corner, 

(ii) Cusp, 

(e) Cusp 

9* Differentiate the oq^uation 0 twice with respect to x and ubo 
the faot that « 0 

9 = aio ton 2 'v/V - (a) njZ, { 6 ) rtA 

10 , 0 =a 1 , & s= —J 

12, The oirolos Kf K% may be denoted hy the equations 

K s=5 oj^ + 2^® + + 0 =5 0, 

K' jsa 03* + + a'x + b^y + c' «=« 0 , 

K^' s=j «;» -|~ ys ^ ^ ^ o'*' = 0 

Then any oirole paeamg through A and B is given by 0» 

The conditions that tlie oirole K should be orthogonal to and K'* tuo 
aa^ + 66 ' — 2(o + c') = 0, aa" + 66 " — 2(o + c") «= 0, From those con¬ 
ditions the corresponding relation expressing the orthogonality of K and 
Jf' + XK" readily follows 


yz — 

2 j* — xy 


z^—xy 


§ 3, p, 167, 


>)). 


3, Take O as the origin and invert; then the ourvjlmear triangle ia 
transformed into an ordinary triangle with the same angles, 

6 (6) If we denote the left-hand side of the equation deflnmg o-nd 
by F{x^ y^ t)^ two curves s=» const and = const, arc given implicitly 
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by the cqimtiom F(x, y, <,)= 1 and P(x, y, 1 respeotively. The 
oonuition that these ehotUd be orthogonal is therefore 

0 = y, y, <») + F^x, y, y, (») 

^_, 4^^ 

but this relation is an immediate oonacquenco of y, fj) — = o* 

(g) The ooolTioionta of tlio quadiaiio equation dofimng and are 
rospeotively equal to “*(^1 -f" ^a)* Wo thus obtam two linear equa¬ 

tions m 9.^ and whence 


/ (ct ^i)(^ — 4 ) 

I ' 


± 


k) 

I 


^ 2 ) _ 


4^y{a —• h) 


y) V{(a -h h)^ ^ 2(a - h)(x^ - y^) + {x^ + 

(g) 5^:5 /aW 

6 i (ft) Let F{t) bo the left-hand side of the equation defining U F ib 
ft continuous funobion of t m — 00 <f<c, for which w)=0, 
i?'(o — 0) «=! +00, honoo F^ I Q,t one pomt at least of that mtorval 
Similar oonolusians apply to the otlior mtorvals, 

(6) Of Ex 6 (h), 

(0) Of. Ex. 6(0) *« ± 

\ (ft — b)(a — 0 ) 
with similar formuloe for y and z 

7* (6) Let «J« f co^O, 2/ ==“ ^8^0 Then the straight Imo G ^=3 const 
is transformed mto the oonio ^^=31 oos^O and the circle rs=s const 

Into the oonio =» -■ 


9. ^ 2 “» «v „ 0 


H,p. 107. 

t. (Zi) A oiiolo on the sphere is given by s linear equation in te, y, 2 . 
du^ -h dv^ 


21 (ft) da^ ^ Bbi^vdu^ + 

(h) d$^ =3 d** (1 + 28inh®v)dt>®; 

( 0 ) d8^^{l+P)dz^-\-Pd0\ 

(d) da^ = "" * -*- 


(tt — <iK4 - ft) 


4(a-<i){b-<,)(«-<i) 4(a-(,)(6-y(6-<,) 


««i* + 
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3 ~ J’» = h'" ** -h 

Ij/t 

foinxula for Jaoobiaiia 




H" 


Vu 

Vv 


mo tlio Uamfoimation 


4 Introduoo co ordmatea z such that P becomes the origin, tlio 
tangent plane at P the xy plane, and t the x axis Tlio equation of S thon 
takes the form z — /(sJ, y), where /(O, 0) — /JO, 0) = /^(O, 0) == 0« A 
plane S through t is giv on by the equation (yy Wo now introduce 
r = and x as co ordinates m S, then the intersection of S and 

S IS givon implicitly by the equation 


m _ J r 

V(1 + ««) l'*’ V(1 + a^) 


The Qurvatiiro of the ourvo of intorseotion at the pomt x= 0,T ^ 0 is 
thoiofore (of p. 126) given by 


V(l + a«) 

« — /axB-:-♦ 


Thus the centre of ourvaturo of this section boa the co ordmatea 

““ ' + *“*V(H-^) /«,(! + «»)’ 

that la, it Lea on the oirolo 


+ 2 ®) — - 0 . 

5^ Tolie the tangent piano at P os the xy plane Then the equation 
of S may bo tal«n to bo « = /(a?, y) A noimal piano is given by the 
equation x = ay* Take f V(a^ + y^) ond 55 as co ordmatea m tbo plane; 
then tbo ourvo of intersection is given by 

*“'^{v(l + a“)’ V(1 + a*))’ 


and its curvature at f » 0 by 

‘Uo,o).. 


i + «« 


+ 2/«v(0.0) + /^(0,0) 


the final pomt of the veotoi of length 1/Vfe along the Ime t then haa Uio 
00 ordinates 


I 


7 ^ y- 


V'(l + a») W 


V(l + a’*) W 
that is, it lies on the oonio 

**/(M + 


0 } 
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6. (a) By dirtoientiafcing the two ec^uations with logpeot to a para 
inotoi t of tho omwo, wo obtain 

+ VV' + ^ 0, ax:k/ H- -f ^ 0 

J?iom thcso rolatioiifl wo can find tho latio jc' y' 2 ^, i c tho direotion of 
tho tangent If C) aio ouucnt co ordmates, the eftnations of the 

tangent aio 

X y z 


(f>) By dilToiontiatiiig tho cqnationa of the curve a second tune and 
using tho result of (a), wo obtain 


+Vtl^' (aj'^ + y '^+^ X 

and 


(c- W . (a-c)° , (6-0)’\ 


'+ 


y- 


+ ^yy" -h c**" “ ^ 


0 ( 0 —5)» ^ 6(«_c)* ^ c{&—a)*\ 

. u? ■*' r 


whoro X 18 a factor of proportionality Eliminating X, wo have 


(as#" -I- yy" -h z»") 


i«\ [ ”(° ~ ^ — g)* j_ 6(^ - 0 )“ 




+ ■ 


(a**" + hyy" + czz") 


, {b~a? 




This linear equation in a", 1/", z*' romams valid if wo siibatituto a/, t/, z* 
for x*\ y*', z”z Ilonoo it is still satisfied if wo loplaoo a/', z** by some 

linear oombmation Xai^ + Xi/' + {iy'% Xs' + p" lespcotlvely Now 
if (5, /), ifl in tho osculating piano, 5 — — 2010 ]usfc suoh 

a Imoar eombination (of* Ex* G, p 94)* 

Tho equation of tho osculating piano is honco found to bo 


0—6 




hif 

(a^c) 


iq-y) + 


cz^ 

h-- a 




0 . 


§ 6 , p. 182, 

1, Lot V[Xj y, ») bo a point on tho tube surface S, and let S be the 
ephoro of tho family wbioh has tho point P m common with S Then 3 
and S have tho samo tangent piano at P, 1 e the same valiioa of z, 

z^ at that point* It is thoroforo Builloient to prove that tho relation is 
true for any splioio ol unit radius wluoh has its centre m the tcy plane, 
i,o. for p) =» V{1 — (sJ -- a)* + (V ^ 2>)“} 

2* (a) Vx d- Vy + Vz^ 1; [h) x^ + y^ + z^^ h 

4 , Wo may lutrodnoo i as paxamotor on tho curve, so that tho latter is 
given by ai >=* a(0, y ^ y(t), z z{i) and tho tangent at tho pomt with 
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paramotor t lies in tho tvfo plauoa ooriespondmg to this gives tlie 
iatjonfl 

ax' + &y' + ez' :=s 0, dx' + ey' + /«'« 0* 

By differontiaiing tlio equations of the stiaight lines with roapeot to ^ 
Wo thus obtain 

a'x + b'y + o'z ^ 0 , d'x + e'y + fz « 0 . 

With the relation 

ax-i-by + cz^ dx+ ey + fz 

wo then havo three homogoneous equations in a, ?/, z, and the dotorminant 
must vanish, 

6 , For tho envelope ^Y 0 have the two equations 

X ooaf + 2 /sm< + z^i 
*^xBmt + y cos^ = 1, 

These two equations give a family of straight lines with poiamotor i\ if 
a curve having those lines as tangents exists, it must also satisfy tho 
equations obtained by cblforontiating once again 

(a) fsm{«+I)-e)+ 1 « 0 , ( 6 ) the ouiv© is given hy 
« ss 0 — 7r/2 , f ^ le 

7 , Use inversion, Smoo 8^ 8^ pass through tho origin, they aio 
transformed into planes, we have then merely to find the onvelopo of 
the spheres touohmg three planes, i o a oertam ciroular cone, which wo 
remvert: 

+ J/® + ~ + y + ^) 

— 3(a;® + y® + ;&* — 2ay — 2a» — 2yz) — 0. 

8 (b) 5®(1 - a^) + yf{l - 6«) - 2ab5vj + 2a^+2b ii=^ li 
(c) + 6 ^/)® =s 1 , 

J 6 , p 202 

1. (4 + V6)/V2, (4-^V6)/V2 

2 e a/ 20 , a/ 10 , a/ 10 , 

3. Maxima for fl? «= 0, y = ±1, mmimum for « »= y 0, 

4 • The maximum value is tho same as for the expression + 2bxy 4* oy* 

aubjeofc to the subsidiary oonchtion + 2fxy + gy^ « 1 * 

14 2V67 

5. a Ex. 4, (a) ^ + —. 

(b) the function has an improper maximum (p 184) equal to 1 95^ 
when y/aj = 0 64, 
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6. Sadrllo points' ^ 0, a; = 7t/3, Vtc/S, 137 c/ 3 , . • • • 

Mnumn 2 / — 0, « = 6k/3, IItc/S, 17tc/3, «, . 

7* Tho olIipSD obviously touches tho on do, lO the two equations 
must give a doublo root in a, honco tho condition for contact is 
1) == 6*' a ==. 3/V2, h V(3/2) 

8, Introduoo tho angles botweon a, b and c* d oa variables the oyoho 
qtiadiilatoial 

9. (-11VU, ^2/VU, -3/VU) 


10. Of tho Biinilar proof for tiianglea on p 187 A mimmuin point 
0 docs exist, h'liflt show that if 0 is not one of tho vertices, then it can 
only bo tho point of intoisootion of the diagonals Use the fact that the 
final points of four unit vootora whoso veotor sum is zero form a reotongle 
Then prove that tho sum of tho dislanoos from the vertices is less for the 
point of mtoiaootion of the diagonals than for any of tho vertices 


11, A « a^/x, B^h^lyt 0^ c^/z, togothor with the subsidiary con¬ 
dition 


^ I ^ 


It 


4 qS 

V(«+F+T)’*“* 

12. Tho vorlioos are given by oj ± V3, db « 5 = ± c/ V3. 

13, Tho voitiooa are given by » a^lV(a^ + y « h^lV(a^ + 


14, 1, y « 1. 

15, Tho greatest axis is given by tho maximum of V(x^ + + z^)t 

with tho subsidiary condition that (a:, y, z) hes on tho ellipsoid, Hence 
wo have the thieo equations 

—5\ ^ dy + ez)^ &o, 

d- y^ + z^) I 

Multiplying those by (a, y, z) respectively and adding, we have 
X » V(x^ + -H z^) I On the other hand, wo may regard the 
equations as tluco linear homogeneous equations m x, y, z, whose 
determinant must vanish. 


Appendix, p, 208, 


!*/(«) +/(!/) +/W 
+ {(«; 


«= Sf(a) 

— a) H- (y—a)+(z — a)}f(a) + Jp®{f'(») + 


s)i 


whoro p»« (* - a)* -I- (j/ - a)’ + (* - »)’. 0“ 

Bubsidiary condition gives 


*534 


ANSWERS AND HINTS 


(»- 


«) + (y - a) + (a - a) = p»(- ^ -I- 

- {(■» - ®)(y - o) + (-8 - a)(a - 


a ).[- (j/ — a){z — a) I 


I rw , 

I 2f(a) 
whoro lim e — 0. 


a^{a) 


+ e) 


P“. 


CnAPTEB IV 

§ 1 , p, 222 . 

1 , J' ^ 0 for y > O 4 

2. Use tlie relation 

; Ua 0039 + /„ 8in9) = 8m*(p — 2/^ rin^ 0039 + C08“<p 

+ “ ^ (/« 8in<P - fv 008 <p)’ 

■> 

3* Integrate by pnrts twice (special precautions neoesaaxy m the 
case where < 6/2) 

4* Intograte by parts. 


§ 2, 3, p 247. 

1. 7c/24 2 0, 3. 0 

4, «/8 li region of integration is restricted by the condition z > 0; 
otherwise zero 

5. 1/60400 6 * tc(2 ---1 logS) 

7. IntroduGO polar co-ordinates and integrate first with respeofc to 
<p and 0. k(2 + | log 3) 

8. 41og(l+ V2) 

9 Divide up the interval of integration into the segments 
— 1 g a? ^ ^ oJ g ^ a; ^ li and find the limits of 

the integrals along each segment. 


§ 4, p 266 

1, Apply the substitution » + y a? — y if) 1 

2 Introduce polar oo ordinates {a) 7 ( 6 ) arc tan 

4 2 2 2 

3 Substitute a? == y =: &>), z « cij* 
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7. Introdueo now rectangular cooidinatea (5', such that 

5' (*? -I- 1/0 + — di,'dr{dV (of Ex, 0, p 38), and 


■= j' y’y’co3(»r)d?'dl'd?' 


throughout iho sphere + 7 \'^ -h S 1. Honco, i£ '\vo poiform tho 
mtegratioufl with respeofc to rf and 

Answer, ~ ~ oosj^, where r® = a* + j/® H- a® 

8. Substitnto = (a? + yT))/f, o'"(J/? + and intograto 

with respect to 

§ 6, p. 276. 

1* Apply Guldm'a iiilo» using tho faot that tho contro of an olhpse is 
also Its conlro of mass. 2Tx^ab 

2 . 7ra6/iV2, 

3, Substitute a; sw eijj 


V (aH^ -j- 






4, (a) Compare corresponding olomonta of area. 

(h) a« - ooB/(<p)}dcp, (c) 2 k( 1 - i V21tt^ 

‘'O 

I ar tanbci 

1 "1-* (1 — e®) — 2 —whoro 2a is tho major axis. 

6, Volume — ^ncp\ surface aroasa T^{a + h)p, whoio a> h, c aro the 
aides of tho trianglo and p tho poi'pondioiilai from 0 to ill?. 

7e !Fioiri iho diflorontial equation (of. Ex. 1, p. 182) saliaGed by tho 
tube surfaoo u ^ u{% y) wo have 

f V(1 + n» -1- u*)dccdy ^2 j 

If WO introdueo ns paramotora tho longlU of aro a on L and tho distanoo i 
along tho normal to Xj, then (of. Ex 22, Vol I, p. 291, and Ex. 8, Vol. 11, 

p. 182) 

. „ r.,. r"* Mh- u) 




; cU *=» 2iT i 


whoro h denotes the oiuvaturc of Ij 


8. Integrate first with roapoot to a and (a) ICr^/O; (t) 8f*. 
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9. I (rV(2J« + A») - rV{r^ + P) + 

10. Introduoo polar co ordinates* 


§7, p 286 

1* On the axis of the oonot two4hirda of the way from the voitoX to 
the centre of the base. 


2, XI/ =s 2a;o/3, 

3* Of Ex 7> p 276, and Ex, 1, p 182* 

4* (a) v:h(R^ ^ M'*), (6) 2v:h(Ji^ + i?'^) + 

6 . ITor example, A -{- JS 0 2 J' J dxdydz, whioh is positive 

6 Substitute «== a^y cC expressions for the 

momenta of inertia given m the text and the pioporties of symmetry of 
the ellipsoid 

(a) 4 nabc(o? + ¥), (5) 4 ’to6c{{l “ «*)«* + (1 “ P“)6’' + (1 -Y®)o®}* 
io iO 


7 * The distance of the point («, y, z) from the plane wovy wz ^ —1 
LB given by 

va; + uy + tag + 1 

~y/(u^ ^ tjS + 

The moment of inertia of the eUipsoid with respeot to this plane is thero-' 
fore given by 

Au^ + 4 Oui^ + 7 

ti* 4* V* + ' 


where Ay By 0 denote the moments of inertia with respeofc to tho co 
ordinate planes and F is the volume of the ellipsoid, i.o A s= 4a®6(3/16/ 
B = 4a&V/16, 0 = Aahc^jl^y and F == 4a&c/8 We have now to find the 
envelope of the planes for which this expression is equal to h The envelopo 
is given by the equations 

{A — A)m = Xa?, (.B — /t)t; =5 Xy, (0 — h)to — X«, 

where X denotes a common multiplier, which from the expression for tho 
moment of mertia and the equation of tho plane is found to be V By 
squonng the three equations we obtain the equation of the envelope# 
namely, 

ic* y® z« 1 

F’ 


9. a\c» - 5)* 4 6% - - Kf 

-{a» + + + \?)} {{X - 5 )> + (y- +{z-K)^). 
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10 . (i. 0 , 0 ). 


6ft2a*-l-6»+(V< 
10 a“ + 6= + c“* 




14. lutograte fliat with roapcot to 'C and y: 

2n r Vi!» + {/(«)?<?« - n I 6« T a* I, 

whore the upper or lower aign la to bo taken aeeording aa the origin U 
inside the body or not 

Appendix, § 2, p. 298. 

1. 8 consists of unit oholos orthogonal to 0 and horVing thoir controa 
on 0 (of. p. 20C). 


Appendix, § 3, p. 307. 

1. Substitute Xx ai5i, . . • > 


2. By p. 801, 




{VnT 


/ 


f f + /<--%> 

J ‘ ' J V(1 ~ !»„®) 


db 2 






taken tliroughout tho interior of the {n ^ 1) dimonsional imil epliore in 
Introducing polar oo-ordlnaloa, wo obtain 


^ 0 






da^ 


whore fif(f) denotes tho splioio of radius r and coniro 0 In ,, , tii^-spaoe. 
As the integrand depends on r only, 

«“Vo Vl - r« 

Putting j/ =3 '\/l “ r®, ■ffo have 

d ■= w„_, — y*)^dy. 


Appendix, § 4, p. 817. 

/ .OQ 

then whore dosbee 

0 

denote diffoientiation with lospcot to a, Altornativoly, integrate by part^. 


1 

2 \ 2 ) 


1 when n is odd, V 


1 .3. • •» - 1 ) 

—^ 


when n is even, 
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2 Subalituto 5 — aa-+ Py, ()“= Y**+ "here «, p, Y> S nro chosen 
80 tliaii 

4- Yjs -- + 2bx^ + cij\ 

Then (aS *— Py)^ = ac — and tho integral is fcranafoimod into 

00 — a > 0« 


3 Make tho samo substitution os in Ex 2 and ovahiato tho rosultiiig 
mtegrals, (a) using the result of Ex 1> (6) introducing polar oo ordmatoa, 

^ ^ n{aQ + 0A 2hB) 27T 


4* (a) Eormmg K'{a), where the dash denotes difforontlaiion with 
respect to a, and integrating by parts twice (taking as one faotor), 

we have *=! -^K{a)l2a + ^(a)/4a^ i e 

—i 

K((i) = Oa 

whore 0 is given by 0 = lim y a K{a) = lim / e”' * coa dl^ i ^/tx* 


(6) Integrate the formula -— f «”'•* oos'B<f^ with respeofc to f 
frpmotob ^ + * -^0 

(o) Substituting a? *= 1/^ m tho expression for /'(a), prove tliat 1^ 
-27, i e 

/«(7e-2a^ 

-CO 

where 0 == hm 7 = / e“®*<7a? 

‘'0 


4'\AEe“ 


2a 


(<7) Substitute the integral expression for i7o and change tho order of 
integration, Use the formula 2 smo^r ooshxt s=3 sm(a + 2>/)» + Bin(o — 

of, the expression for J dy on pp, 307-8, 


7t/2 when a > 6, arc sina/6 when a <h 
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6 There exists an e > 0 suoli that for every A there la an A' > ^ 
juoh that 


ir 


/(•V. y) dy 




lor some value of oc 


Appendix, § 0, p» 338 
1, Substitute 

3 * integrate Inst with lospeot to y and zi 

*= 3„rj2«)r(3«) 

^ 'r{7»)r'{4fi)* 

6 . Show that 

then let n 00 and apply Wallis’s formula {VoU I, p* 225)« 


OiIAPTJ3R V 


S 1, p. 359 
t Bin rj, 

e» 

2. Lot w ==» (x ooBy + y Biny), 

” '2 ‘(—a 
X* -j- j/* 


and lot «i and Vi bo defined by the equations 


14 C3 


0,3 + 


+ Wj, — tl • 


V 
+ y 


ra jrvra + 


Then and Vi are twice oonUniioualy dilfoionliablo (and that at the 
origin also), and Ilonoo J Uidx + V|dy «»» 0 and 

p,- 2 „. 

by the footnote on p. 369, 
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S 6 , p. 392. 

1 , (o) Of Bx 3, p 37 

(c) Let B bo an aibitrary region and v an cirbilrary function vaniahing 
on tlie boundary of R. Then by Gioon’s first foimula 




= -// jvL.udxidXidXi’^ ~ JJ 


Now 


% — “i>i + a»j 

^il » t ^j[5 

= + “naT + ’ a’s 


and 


Hence 


?i5 


»'b.~ H* + *'3 


//***“”*" 

“///(^ “».'». + «“ •* 1 ’^ ^ ^ “•■’■*) *'■*'*> 


where we write 17^ = 


V ^ 2^8 




Applying Gauss’s theorem to the vector (Z/jV, CZ^v, we ohtom 

-///(S+S S) 

Thus ior an arbitrary v vanishing on the boundary of M we have 

J J J vAtt V^fla 

“///*’ 
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ftnd lionoo (of lomma I, p 499). 



(d) Uso Ex e(o), p. 158 

J('a - <i)(<8 - <i)(fa - «,) Au = (/, _ (t)VvM ^ 

wLoio (p(a!) = (ft _ __ 

§7, p 401. 

1 . ff^dS^(l + l + fJzdxAydx. 

whoro the volume integnvl la to be extended throughout the upper half of 
the eihpsoida (The baee of this hal|*ellipsoid contributea nothmg to the 

7t/ 1 1 

surface Integral), -7 ( ^ + « + ^) 

4 \ a* 0 ^ c*/ 

2. Since if is a homogeneous function of the fourth degree, we have 

+ yH^ + zH,)d3 

J y'[a'^(2ai+^4+o^6) + S/®(2a3+a^+a6) + a»(2a3+a5+a6)]dadj/cfe» 
4:7C 

— (rti + ajj + a3 + + a* + 

Ai^poufUx, § 2, p 406 

1» The two equations u ^ v = can be solved for x and y, since 
=i- 0 Let a; «= cj(u, v), v = t(w, w), aince Uju»have (of p 143) 

d{v, y) 

— T^, Hence a function g exists such that x = u), 

V ^ 

yz _ ^ 

” ■” (a-’ + y^)V{x'‘ + + z»)’ " {?? + !/*)V(-«? + 1/ + *»)’ 


w== 0 

UOU) 


22 
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MiscoHaneoua Examples V, p 407 

2 If (^, V)) and (a;, y) are reofcangnlar co ordinates in II and P roapco* 
tively, then the motion of the point y) can bo deaoubed by the 
equations 5 a: 00S9 y sin<p + a* /j = a; am 9 'f oos 9 -f- 6 (1 e« by a 
rotation and a translation) Then 

8(M) « A(x^ + y*) ^ Gy D 

(«) If A ^ niz + 0, we have iS^(jlf) nn[{x — Xof + ^ l/o)^] T ^(^)» 

whore G is the point 5= — ^/2?^TC, y ^ yo = -^0^2nnt hoiioo A, 

0, D have the values m E\ 1 (p^) If A = nK 5 == 0» but 'jr ^ 

Ss, = -v/^~+Qr +£ij :, P .^ u(.m), 

^/WT^ 

where \ = + 0^ and A js the lino 5«? -p + D = 0 (pg) If 

4 ^ i? =S5 C a=5 0, we have jS^(ilI} =5 D — constant 

3, Eor the motion of the plane P rigidly attached to the oonnooting- 

rod AB we Jiave rt = 0, 0, S{B) = itGB^ — ny^ Hence A poesefl 

through Ai and by symmetry A is porpondioulai to AB at A Ilonco 
^(if) ^ n'^H~^d{M)y where I = AB 

4, Eor the motion of the plane P rigidly attached to the ohoid AB wo 
have n 5ss= 1 , jS'(^) =s S{B) ^ 8 ^ area of V The point 0 of Steiner’s 
theorem ifl therefore equidistant from A and B and = txOA^ + ^(^)i 

7cm^ + 8(0), hence 8(A) - 8(M) « area of T - area of F' ^ 
_ OM^) - Ttah 

5, If I is the length of T, the Frenet formiilee (p 04) give 

/ p * ■=/“ °’ 

= [x%{i 1 jMda 

= - f[%i%i]d3 =. 0 (of. p 86) 

6 Let ft' = (oc, p. y)* ^ ~ y* ^ Gauss’s formula 

//<““ + = -///(£ + I + 


we substitute a = 1, h sss 0 = 0, and a = 0, & = —z, c=i y, we get 


J Juda 5 = 0 and f ^ ^ 0 respeotJvely 


7 Take rectangular oo^ordmates (a?, y, z) suoh that 2 ^ 0 is the free 
horizontal surface of the fluid and Oz points downwards The presauro 
on da IS nzda, where z is the depth of da. By repeated applications of 
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Gaus^^s foimula in tlixeo dimonsiona, with obvious olioicoa of the limotaons 
a, bj Ct wo find for Iho compononta of tho loaultant of tho fluid presBiiro 

j JoLzda ^ Of J J P^dcr =0, J Jyzda —J Jdvdydz — F. 

Fur tho components of tho resultant moment with lespeot to tho origin 0 
wo find, again by Gausses foimula, 

J J =// Jydxdydz «= Vt/g, J" J(z’‘a. — taiy)aa ~ 

~JfI °° “ f f ~ y^ct.)d<t == Oj 

(a-o* Vq* h oo-ordmato3 of tho centroid 0), 

Now wo note that tho oompononts of the foioo/nre 0, 0, —F, and tho 
oompononts of ifca moment with rospoot to 0 aro Fg/g, —*Fao, 0, 

8 Fiom tho pammoiiio equations 

» » a oosu 003 V, y — 6 sin it cosv, e = c einv 

(og«<2rr. 

of tho ellipsoid wo roadily obtain tho tforinul® 

pd8 ^ aba oosv dudv^ dSJp *= D^dudv/{aho cos y), 

where 

=« 6®o* oos^t^ oos^v + sin^i* oos^v + aW siii^v 

10. Thointogial ropiosonts tho fiat solid angle which the piano «=s0 
siibtonda at iho point if » (0, 0, 1). For a diioot analytical proof uae 
piano polar oo ordmatoa. 

12 , Voiify tho identity 

L{“ 7 ) 

for all points (oj, y, «) difleront from (a, &, o), Fiom Gauss’'8 formula in thioo 
dimensions wo oonoludo (i) that O ==! 0 if S is a olosed surface siioli that 
A » (a, h, o) 18 outsido iho volume bounded by S, (li) that if A is ^viblun 
S, tho value of tho integral is indepondont of tho sliapo of S I'alcing 
for S a sphero with oonlro A, wo easily aeo that Cl ^ 

13. Tlio integral 

r r t(^r/)dydz + l(irAdzdx-\^ I 

da J .k8a\ Y® / y® / Y® / 

is indopondont, of S and dopondfi only on blio boundary P of S, for the 
identity given in tho answer to Fx. 12 implies that 

a r ? /«- A]ir 0 (fL-P\\ -I- 9 r ^ ^ 0. 
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^ n »i — 


0 

y—b 



U, V — 

Y® 

' 

y3 



t\ 

dw __ 

a /6 - 

1 ^ ^ 


b (c-z\ 

A ^ 

dx 

a»\ Y’ ^ 


^y~ 

Ba\ y“ / 


By Stokes’s theorem and tho discussion of Cliap V, Appendix, § 2 (pp. 393, 
404), the surface integral exxireasion for dO^jda may ho oxpicsBcd as a huo 
mtegral ^udx -f vdy + wdz along T, Veufy that tho functions 


satisfy the identities 


14. Note the following faots (1) tho value of tlio lino integral 0 
remains unchanged if P is dofoimed in such a way that V never sircops 
over any of the points (—1, 0) or (1,0) during its dofoiraation, (2) 0 ^ 2n 
if r IS a smaU oiiole around (1, 0) oriented oountei olookwise; (3) 0=>2tr 
if r 18 a small ouole around 0) oriented olookwiso 

15 Thinlc of (? os being a iigid oirolo made of wiro and of P as being 
a string Now deform the string P to a new position P' lying entiioly 
witlim the plane y = 0 Tho numbers p and aio not changed during this 
deformation, and tho flrat formula now follows diicotly if Ex. 14 la applied 
to tho curve P' withm the plane y 0 and the Imo segment — 1 < fti < 1> 
y «= 0> «s= 0 of this plane The factor dTV (instead of 2 tv, os in tho previous 
example) is duo to the fact that the solid angle Q moi eases by dw along a 
closed path for which ^ l, n = 0 

One way of carrying out tho above defoimaiion of P into P' analyti 
oally IS as follows Assume that P does not meet tho z axis and lot 

X «= y( 0 oos9(0, y s=« y(0 8ui-9(0> ^ (0 ^ ^ ^ Stt) 

be tho parametric equations of P. Consider now tho family of ouivofl 

P(t) t X y(0 V == y(0 » *= z{t) 

dependmg on the parameter v which deoioases from t = 1 to r = 0. 
Note that r(l)«« P and that P' = P(0) is a closed curve which lies in tho 
plane y = 0. Note also that (for a fixed value of z) each pouit P of P(t) 
rotates about the z axis as t vanes, hence tho solid angle H which O sub- 
tends at P does not vary ^nth r, Tins implies that Dj — Do will have 
the same value for r(0) as for r(l) == P To prove the second foimula, 
note that 


Hi - Do = fdD fgradn dP^^ fdP.f 
Jv dv Jr Jq 

„ f [PP'vdP'] _ r fPP\ 

JJo l?P'i* Ji'Jp N 


[PF'dP'] 


IPF’.ldP dP'] 
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OIIAPTEB VI 

§ 2. p 428 

1. Uso Uio tlicoiom of the oonservation of energy, anti prove that 
r "V 00 tis i> 00 

2» If (^, /)) aio the 00 oidinatos witli respGot to tho axes of the ellipse, 
tlion 

5 == a oos(i> a? 4- ea 
^ 6 sin 6) == y 

glvo tho equation of the ellipse, and by the law of areas 

^ ab I (1 — e cos6))ffc«i* 

Jo 

[Note that tho question ought to read ** the angle P'MP^t 
whoio P' is tho point on the auxiliary on ole corresponding to P, the 
position of the planet ♦ ] 

3| 4* Use the theorem of the conservation of energy and tho law of 
areas, 

§ 8, p, 432 

1« (a) y «=< tan logc/V(l + ic*) (&) ^ — cV(l + e®®) 

2 , (a) 1 / «= (b) y\^x^ + y^) ^ 

(c) ^ 2 o 9 i+y^^O (oiroles) 

{(1) are tan{ylx) + 0 == log + y^), or, m polar 00 ordmatec, 
r 5=* c'H <5 (logaiitlimio spirals) 

(e) 0 4- log I aJ I ^ aio Bm{ylx) - - V(x^ - 

3* If abi - afi 4^ 0, wo have 

dfi a-^hy' _ 

75 aj + ^iV' + ^9(^/5)' 

which is a homogeneous equation* 

If abi — ai& — 0 or ajd = bjb = ft, then 



and the variables are separated* 

4, (a) 4 <u + 8y + 6 = 

{h)x^G- i(3y 7aJ) - 4 \og(^y - 7'c)^ 



ANSWERS AND HINTS 


646 

6, (a) y ^ -f’ Binoa— 1. (h) ^ s= (a; 4- iy*{e^ + 0) 

(c) y = cx(^ — 1 ) + a? (d) y^ j'c® + 

c 1 

^ ^ (1 + 4" it®) 

6 » IntroducG 1/^ os new unknown function, fcho equation then bo 
oomos homogoneous 

1 

aj (i - J 

§ 4, p 444 

1, TJsemduofciou Suppose that a lineai’rohtion 4* .,. -h <^k9K^^ 
holds Divide by and differentiate (?ij^ + 1 ) times, if l 8 of degree 
The degree of the ooeffioients of the otlior la unoliangod, so that 
they remain different from zero 

2 Multiply both aides of the equation by (1 — 

3a® 

(a) = cx 4 - logaj + 1 , ( 6 ) ca?-^ + 

(c) + 1 ) 


3 If we put y — ^1 4* equation reduces to the linear equation 

u'-(2Py^ + Q)u^P 






04*/' 

do 


4, By equating the right-hand sides of (a) and (&), we obtain the 
common mtegral y^x^ 


5 


V 

e» 


O'h f dx 


o)y 


To draw the graphs of the corresponding family of curves, first plot the 
two branches of the curve 

4- 2a; — jc* s= 0 (j/ =* ± — 2)a;), 

which divides the plane into two regions wheio < 0 and one region 
where y' > 0 The two mffnite branches of this curve are asymptotic to 
the two parabolas y ^ Show that all the mtegral curves aro asymp^ 
totio to these parabolas by proving the two relations 

f{Xj c) = 4 - 0 ( 1 ) as a?-> 4 -oo(— oo<c<a>) 

and 

f(x, c) = pi® 4 - 0 ( 1 ) 03 a; 00 (0 4 = 0 ), 
where o{l) denotes a function whioh tends to zero* 
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Tiion 
no iUab 

or 


Vi — !/s-a, yj-2/j=a(!, y^-y^==>i, 

«' + Pa(yj + jij) -)- 0^ 

P(yi + Vs) = ~ 

a 

Pivi ~ Va) = aP, 

2Py,^aP~Q~<£. 


Simllnxly, 

Ilonoe 

and fjiinllaily^ 
by aubtraotion^ 

7. Of, the relation 


0 








= oonst. 


in the proof of the preoedxng example 

PaiUoular aolntiona of the special equation are «= -i— and 

,p3«5 COS® 






I + re®' 


GOB® (1 — 008® 


8, The common aoluUon e® of (a) and (6) is obtained by eliminating 
y'' from tiio two equations 

{a) c^e® + o^a;, 

(&) Cje^+OjV®, 


§ 4, p. 440. 

1. ITrom the fundamental theorem of algebra it follows that /(a) may 
bo ^yTitt6n J(z) ai)H^ - afiK>. [z ~ at)^k (of Vol I, p 230), 
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where fche (jt/e are positive lutegora suoli that (ij < H* mid 

/(ff.) - /'(«.) =...=/(“.- «(«.) - 0 . 

Now 

7,(6>i®) =s /(X)e^® 

On differentiating this relation ((*,, — 1) times and putting X = in 
the result, we got (of Loibmta’a rule, Vol. I, p, 202) 

i(eV)=/(a>V=0 
i(ii;e».-») = [/'(a„) + */(«, )]e«.® = 0 
livW) « [/•"(«„) + 2aj/'(aJ + «■“/(«.)]«“-" « 0 

So we have » partlnular solutions 

* f • s • 

which are linearly independent, by Ex 1, p 4<I4 
2, (a,) ^ -j- oog—^ + o^e***^ sm 

(6) ^ ==r + Czxe^ *f Oge^® 

(o) y = (Jifi® + Ca^e® H- C3^%®s 

(d) y = Cifi® + + OgeVao) ^ 

(e) Substitute ^ ^ e^ 

y o^jc + Oa/» 

3» On substituting in the differential equation, wo got 
(uo^o — l)i^W + (agbi + ai5o)P'(a) + (aobg -f + ag&Q)P''(aj) , bm 0, 

this IS an identity if a^bo^ 1, Uobi d- Oi6qs= 0 , *. ♦, fiom the expansions 
The second oaae reduces to the first if we substitute y' for y* 

->> heno6ys=P(i»)-F'((t!)=.8!i!*-Ba~fl. 

/M 1 1 . 

^ I + + honoe 

j/ = JP(«)<te - P(a) + P'(») _ p"(»)j 4. „ ^ 

6 (o) g = |e®, (J) y » j^se®. 
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^5. p 406 

1 (a) Uae the faot that the oumlmear integral 

+ <^vtf)dx + (Oa?*/ + 4y»)% 

IB mdopondont of the patlu Integrating between (0, 0) and (x, y) along the 
biokou lino (0, 0). .(*,0) .. (a., y), we get 

fX,v 

Jo 0 + 03^“)^® + (6®’*y + 4y»)dy « *« + Sx^y^ + y< = 0 . 

(6) By iruapeotion we find the general mtogral 

V(1 + a? + y*) ~ are tnn(y/») = « 

2. Hero dyjdx is a function of y/x alone 

31 x^y— 2a!y* — 2cy —2=0 (utegratuig factor (a = 1 /y*) 

4. The equation is linear m x and its general integral is (ay* +1)* = cy. 
The Identity 

<^-0 - - ■ w 


cH8])layB an integrating factor of tbo oq^uation 


5. (a) a.® + ^2 + ea.’*hl — 0(— QO<c< co) and the line x^Q 

( 6 ) ^ 

(0) The differential equation of this family of confooal conics (of 
168) Is found to be 


y'^ + 


ci;g yg ga ^ 


y'- 


1 - 0 , 


V 


wliioh is uualtoied if is replaced by — 1/y'} the family of ellipsBs 
< 0 < 00) la orthogonal to the family of hyperbolas (—< o < — 6*) 
(c^) y log I tan(a:/2) | + c and the vertical lines x= Lth {L an integer), 
(e) The family of curves (traotnx) 

aj — 0 = ±( V(a* ~ y®) — a ar ooah(g/y)) 
and the same family reflected in the x axis, 

6. (a) The family of parabolas y^ca^ 

(^) The family of hyperbolas jcy — c, 

7. (g) 2/ = x\ (h) y^--x + x log(-’a;) (0 > rr > -»)* 

8. y==r £1^ -f aVl + —oparsmh?? 

(e 012) 


22 * 
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9 a? = 


! ce' 


rP/a 




y^c{p + a)a + ip{p + a) — iip + a)^ 


Note that for 0 == 0 this gives tho parabola 3/ = ^ What is the 

geometnoal meaning of tins result? 

10 (a) 3/ sm('B -h 0), Brngulor solutions y = ± 1» 

(6) ± ^(aro sinj^ + ja/I V^) + ^ _ 

(C) x= =F y)y — 2 a aro tan ^ + 0, 

which 18 a family of oyoloids and can bo expressed m the paiumotrio form 
£g = c + «(<p Sin 9), 2/ = a(l — 0039) Singular solution y ^ 2 a 


(d) O' = i 




dy^c (^1 ^ y ^ 1); singular solutions 


y = d: 1 (The reader should prove that these curves aro not erne ourvos,) 

11 MN^yVl+H^, and tlio diflfoiontwl 

equation is ^ 

{l + 2/Ty+%"=0* 


By the general method this is easily reduced to 
\dx) if ^ 0 


(0 an arbitrary constant)# 


The various coses, all of importance m the differential geometry of Bin* 
faces,* are as follows 

( 1 ) fc=: /f^(> 0), c=! — Y^< The curve is ever ywhero 

smooth, and oscillates, alternately touching the Imes y = ?*•- 

It looks like a sine curve, but is not one 

(2) k ~ k\ c = 0. Tho curve la a oirole of radius k with oentio on tho 
X axis 

( 3 ) o=f{> 0 ) Tho curve consists of a sequence of iden¬ 
tical arcs, joined by cusps lymg on the hue y = y> “'ll touoliocl by 
yt=^'\/K^^y^ It looks lilce a cycloid, but is not one 

( 4 ) ^ s= — K®(< 0 ), c — Y^ > The ourve consists of a sequonoo oi 
identical arcs upside doTO, with their cusps on y =» y touched by 
j, = y'Y® — «« 

(6) (j -a Y^ — /r® The ouive is a traotnx 

(6) k — ^k\ c = f < The curve has an infinity of cusps, 
perpendicular to the Imes y ^ y y = — y alternatively, 

12 Bbmmate b from the equations oh tamed by dlffeiontiatmg the 
equation of the oirole twice and thrice, (I 4 * y'^)y^" ^ 3 yV"^ = 0 , 


* Bee Eisenhart, Differenital Oeometry, pp 270-4 (Princeton Press), 
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13 * on sina'^i singular solutions y^x and y === —a;* 
14. If y{on) ^ thon 







and Co = 1, c^ — 0, 




If wo subatltuto tlio power sonoa for ooaa;^ m the expression for e7o{'*^) ^ 
lUx. 4* p, 223, and interchange summation and integration (why is tins 
poriniasiblo?), wo get 

1 ^ r'f’^ 


dl, 


, (2v)l IT i t t 

tlio value of j ^ dt is ^ is lound by putting t shit 

and referring to VoL I, p« 223 The power senes for y[x) and Jq(x) axe 
thoioforo identical. 


§ 6, p 481. 

pQisaon^B formula gives a potential funotion ii(r, 6) mside the unit 


oirolo, with boundary values/(6) Now 0^ is also a potentaa] funotion 

(of. Vol. 1 , p. 470 . Ex- 3 ) with the same boundary values, and it la bounded 
in the region outside tho unit oirole, thus the expression 


y» -1 
27? 



dx __ 

1 — 2r 009(0 — a) + r* 


is a solution of the pioblem, 

2. The potential is 

, s4-f+ Vits+ l^ + i^Tf 


Since on the ellipsoid 
pOtonilal 18 


1 « 00S(p, = i-vv^ sin9. the 


tilog 


a -j-1 

7^’ 


the oonfooal ellipsoids 


iJV 


T)‘ 


si (] ^ ^ ce) 


aro oquipotontml surfaces The lines of force are '’f 

and houL (of. Ex 6o, p 406) are the oonfocal hyperbolas ^ven by t 

equation when 0 ^ g I and the ratio of !c to y is constant 
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3. Lefc S be a epliere of raclma p and oeniro (rt?> Vt lying inside ;S^, 
Smee A = 0 and Aii = 0 m tho legion bounded by S and /Sf, by Qioon*8 
theorem (of p 390) wo have 


whoFo m the first integral n is the outward noimal to 8 and m tho Booond 

the outward normal to S Now on the aphoro D wo have 

2 On 

=5-a> ^ Qonst = p, thoioforo 

J Jx^ dil pj J^dn 

since w IS a harmonic funotion (of p 476); m addition> 


and 08 p -V 0 this expression obviously tends to «(*, y, z), for it la tho mean 
value of u on S. 


§ 7, p 489 

1 («) « = /(«) + g(y) {f and g are arbitrary fimotiona), 

(6) u s =2 /(a?, y) + g{x, z) 4* Hyt z) (/> p, h are ai'bitrojpy funotiona) 

(c) The most geneial solution is obtained fiom a particular sohitiou 
by adding the general solution of the homogeneous equation « (^, 
raf rV 

^ Jq ^ ^ wholo/ and g are oibitiaiy, 

2« Apply the lineai transformation 

y-3? + 2r). 

tt =/(y - 2a;) + p(3a! - y) + 4 e“ I V. 

12 

3 *•(*,• +V+l)=l. 

4, ^l{x, I) = f(x - at) + g(» + ai), thou for a; ^ 0 

0 >= «(*, 0) = /(») -1- g(») 

0 = Uf(x, 0) = ~af'{z) + «y'(a:)j 

by dlfferentiatmg the first equation and ooinparmg with the second, we 
have * 

/'(as) = 0, g'{x) = 0, 
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or 

f(z) ^ const 5=» 0 , g(x) ^ —0 for jk S 0. 

J?or f 0 , moroovor, 

9(0 14(0> 0 == f{—at) 4* g(ai) *== -- c, 

that IS, /(5) =5 0 + 9 ^—^ if5<0. AsoJ + ai^O always, and henoo 
+ at) == — 0 , it follows that 

10 for a; — af ^ 0 

’*(=*> (^£^) ^ 0 

If both 06 and i aro non nogative* 

5. If «(a, 2 /) s= Sa,,|la5^y^ then 

m addition, 

= floir ==* 0 for V ^ 1 and ^oo ^ !• 

Hence 

to wy4tv , __ 

«(»•> y) = S —^ = J’o(2»'\/*y). 
where cTq la the Bessel funotion of Bx 4, p 223« 

6, (a) Biom the differential equation wo got 

(m)“+(ff'(tf))>=i 

or 

(/'(*))»= i-(ffW). 

As the left-hand side does not depend on y, nor the right hand Bide on 
X, both sides are equal to a oonstant (which has to bo positive or zero), say 
o^t thatia, 

Henoe 

«•=«» + V(i — 

18 a Bolutjon, wUere o and 5 am arbitrary and o* 6 1. 

(6) u =a /{*) + g{y) gives 



oonsb =< Ut 
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ax-\-^y 

a 

(where a and b are constants) 

If w = then 

^ (/{*))* = ^ Wy))® “ ““ 

so m this case 

tt= V|(2c'(! + <»)(?y4-6)|, 
where a, 6, c are arbitrary constants 

7 A one-parameter family is obtained from tho two paramotoi family 
of solutions z = ij, a, h) by makmg a and h depend in some way on 
a parameter t 

a^S(il h^g{t\ 
z = «(», y, f(t), g{t)). 

Tho envelope of this one parameter family is obtained by liudmg i from the 
equation 

0 “ 

and substituting this expression for t\nz= u{x, y> f{t), g{t)). Tho result U 
agam a solution of 1^(0?, y, z, Zy) = 0, as 

z ^ u{x, y, a, 6) 

=5 = Wjujfaj, y, a, &) 

y, h) 

and z = iL(x, y, a, &) satisfies tho equation F{Xi y, 2^, z^) = 0, 

®* u=^J^+yJl±I+kJ-JL~. 

Va + l V y ya!-|-h 


CHAPTER Vn 

§ 1, p 497. 

1 -L,IEEI^±MEM 

Vi-Va 

2 'f{r)Vr^ H.>6» + H sm«ei)*de. 

*'(Tt 

§ 2, p 606 

1 Parabolas y =s c® + 

4c* 
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3. OIrole with centre on a-axis. 


3 . 


— a 

V = OBm-* 

0 


A ^ 1 

b foe » > 1 andy = ftlogr + 6 for n= 1. 

5, y==.a{v- 6)»/(n+i») if n + m =t= 0, = ae»» if n = -m. 

6i. ay" + a'y' H- (b' — c)j/ = 0 

(for b = const, / bytj' cf-u = 5 (i/j» ~ y.^) 
only dopouds on the ond-pointn of the curve y — y{x)), 

7« 2fi “ Vo < 

8 Considoi F{as, y) for fixed a as a function of y, let tlm function of y 
have a mnnmum for y = 3?. Then F{x, y) g F{x, S) for a certain neigh¬ 
bourhood of H and F y) = 0 y will depend on the parameter », T e, 
fj == ^{x) Then foi any neighbouring function y we have 

f F(x, y{x))d% ^ f 'f(x, y{io))dx, 

whoro y(i») satisflos the equation y{x)) ^ 0. 

9 . (e) j/« 0 . 

(&) TJb 6 Sohwaiz*8 inequality For any admiaaible tj, 

1=1/(1) -1/(0) =j^Vd* ^ A/^v<^^),y(J^V»fo)=vzT 

and the equality sign holds iov x 


§ 3y p* 610 

1 s If i; ^ 


l//(r), then T is given by Ex 2, p 497’ 


Euler’s equation for the variable 9 gives 






along a ray !Now let the polar 00 ordinates be chosen m such a v^ay that 
the piano 9 = 0 passes through the initial point and the end point, 
sinoQ (p = 0 at both these points we have 9 = 0 for some intermediate 
point, by the mean value theorem, that is, 0 ^ 0, but then 9 === 0 for the 
whole ray, 1 e 9 ^ 0 » Hence the whole ray must ho m the plane 9—6 
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§ 3, p 618 


TI 10 Jaw of oonsorvation of energy gives 

_ _ ^ I /ds\^ 1 

-oomt.»=2®S 

ds 

henoe ^ =3 const »=3 <7 initial velocity. 


TJion Hamilton's prmoiplo assorts the stationary oliaraofcer of 



stationary ohniaoter of Hamilton's integral implies that the length of 
path 13 stationary 

MisGollanQOus Examples VII, p. 520 

1. Ij^om the differential equations for geodesics (p 518) wo And that 
for a oylindor, 1 e if 0 does not depend on ^ — const, honoo the 
geodesies on a cylinder make a oonstant angle with the ay-plane. 

2- 


(6) o(-«) - 


O/V'^ + W") ' V” 

(1 + (1 + yT 


(1 + y'=)' 


(c) v + v" + y*” 

(f?) (2-y%"«0. 


0 . 


3 . (») <fa = (dj, + \)% + (6* + < 5 „)(p„ + dfa* + 2b(fxv + ^vv' 

(6) A®<p = 0 

(0) A^<i> =» 0. 


^ ait" -\r aV + «(6' — c) . . 

4 ^ -!-i—-i =a X s= const 

u 

5# {a} Eulor’s equation gives 

0 , 

hxDJn tins equation and / 5 = K^, we have 


Xc= 


2K 


u 


±KS 


(&) Eoi any oontmuons adnussible 9 wa have 

' -r'*'*' ^ VO-V*) 4i‘■>'•"■) - * vu w 

the equality sign holding for 9 =* u 
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CHAPTER vm 


H 1. p. 629. 


1 * For D ^ 0« 

2 * Use the prinoiple of oompariaon 

3* The cooffioiontj of m the expansion of 008*» + forn > 0 la 

It 


n n (—1/ 

(-1)5 s : 


n\ 


5(-0- 


(of Vol T, p 28, Ex 2(h)). 

4. The soriea 13 convergent if, and only if, | z | < 1 For if | z | = 0 < 1, 
then 




0" 


and we may compare with the geometric aeries If [ z | > 1, thou - - 

1 ^ 

tends to — I 03 V inoreaaos, whereas m a oonvocgent serioa the terms must 
tend to 0 If | z | = 1, either there are terms in the series which are nob 
defined, or at least its terms are nob hounded, sinoo «*' may approach 1 os 
closely as wo please 


§ 2, p 636 

Lot /(z) = « + tv, g(z) = u' + tv', fg=^p + t<f, where ^ wu' — w\ 
j »3 uv' 4* Assume that «, v and also tt', v' satisfy the Cauohy-Riemann 
equations, and prove that the same is true of p, q 


§ 2, p. 636 

1 The functions (a), (6), (c) are continuous evorywherej (d) is discon¬ 
tinuous at z =3 0 

2. None 

I ^ 13 ^ yy ccazg + pp + (gpg + gp) 

' ^ + cca + (ocpz + 

iTow for aa — PP =a 1 the difference between the numerator and the 
denominator is 

zz — 1, 

so that the numerator is greater than the denominator for \z\> 1, and 
smaller for | z [ < If pp — (/a = 1, the oonveise is the oasoi 
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4 If « = C = 5 + then 

Ur^ const =5= 0, tlion 






if <5> = const = Ct then 


. + 


003^0 OOS^C-~“ 1 

(of Ex 6, p 168). 

6 First transform, by putting ^ -f- &, into tlio unit oirolo^ then 

1 + C 

apply the tranefoimation ^ % - -n 

1 — ^ 

7. The eciuation of a ouole or straight lino m tlio t-plano is of tlio form 

«??+PC + K+y-o, 


where a and y are real; if wo here substitute the expression for C we got 
an eq[uation of the same foim for z 

For a fixed point zwe have the quadratic equation 

cz^ dz-- azb ^ 0, 

winch boa m general two different solutions A circle thiough the fixed 
points is, 03 we have ]ust shown, transformed into a oirolo and must again 
pass through the fixed points, the family of orthogonal oirolca transforms 
into itself, beoauBO circles become oirolea and the transformation is con¬ 
formal. 


§ 3. P 6^5 

2* The senes is absolutely convergent, by Vol I, p 382 
§ 3, p 661 

1 • By the Oauohy Biomaiin equations the partial derivatives and 
of V arc given; a function v with those derivatives does exist, since the eon 
dition of inbegrobility d- 0 is satisfied (of, p. 363), v is uniquely 
determined, apart from an additive constant c, and is given by the ourvi 
linear integral 

Mx, y) = / (Vydy + v„(kc) + 0 . 
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It also follows from the Cauchy Riomann eqiiatious that v la a potential 
function. 


§ 4, p 663 

1 ♦ It 19 easily seen that 




mi 

X-zK” 


dX 


13 an analytic function of z. By difforontialing under the integral sign and 
using XoibnitK’s lulo (of Vol I, p 202), wo find that h^Xz) is 


f(K) 

- 2)’'+^ 


dX 


= s ^ f dc. 

Sttz V v/J — 

Only the ioims with (x — v diffoi fiom zoro, os othonviso ^ ^ 

vaniahoa On the other hand, a term with — v < vanishoa foi » = 0, 
if (X < iij thoio aio no other terms, so that 7^h*)(0) «« 0. If fx ^ 7^, there 
romaina only the term with p. — v n, bo that 


2. I 


-f 

2m Jo 


M 


dt\^ 


I M 
2k 


2kp, whoro 0 is the oircle of 


radius p about the oiigm. 

3 . vdz 19 equal to the sum of the losiduos of m the lutonor of O. 

JoM / 

Now if / has a aoxo of oulor 71, at 2 =» j?o> 

/(*)=(»- *»)"<?(*). 

where <p(«(,) d= 0 > 

m ruf{z)-h{z~z,)V{x) 

f{z) (* - *o)<p(*) ' 


SO the residue of at =» Zq jb 2Ttin* 

M 

4. (a) The number of loots of the oq[imfcion P{z) 4- 0 *=* ^ hy 

Ex. 3, IS 

1 rP'{z)+0Q'(z) 

2m Jo P{^)-\^0Qiz) • 

The denominator di flora from 7010 for every 0 for wldoh 0 ^ 0 ^ 1 at any 
point of 0, the wholo integral is tiioiofore a oontlnuons function of 0. 
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As its valuo IS always an mteger» it is oonatant, and honoo the samo for 
6 0 and 6 = 1* 

(6) If t a I < then r > 1, so the equation + 1 = 0 has five 

roots inside tJio circle \z\^ if we put P{z) = ;?* + I, Q{z) ~ az wo 
havQ on the oirolo \z\^r^ 

I Q(^) I—|a|r<r®—l<|a;®d*l| = | P(z) |« 

6 ♦ Of, the proof of Ex 3. 


§ 5, 3, p m. 

1, The left-hand aide of tlio formula is the sum of the losidiios of the 

I f 

function z^/f{z)t and is therefore equal to — / 77- dz round a oirolo 

2m J f{z) 

enclosing all the roots But this integral tends to zero as tho radius of 
the oirole tends to infinity (tho centre remaining fi\cd)» 


Misoellanoous Examples VIII (p 667), 


X , -luuab bo real 

2, A = - - - I -—must be real Tor if 0 is tho circle thiough 

^ 553 / ^ -j_ 0 

nifl-y transfoim O by a linear transfoimation K -,-5 

bto the real axis (of E\ 6, p 637), by Ex 6, p 637, A is unohangedi 
tlion a necessary condition that tho imago of shall he on tlio same ciiclo aa 
the images of ^ which is equivalent to A being real 


3. The equality to bo proved is 

V W- i + VR - I ] <g| ~ ^1 

= V I «1 - I I *4 - *1 I 


or 


1 + 


/ 1 (^1 — ^ 4 ) __ 

I (h ^s)(^a “ 

/ 1 (*a - - * 4 ) 

' (H - *a)(*i — *i) 


Now the expressions under tho square roots are mvariant in a linear trans 
formation (of Ex 6, 6, p 637), If by a suitable linear transformation we 
transform the oirolo Into the real axis, we have only to prove tho relation 
AB OJ) 4- BO AD AO, BD for four points on a straight lino, where 
it is trivial 


4^ takes every value except ^ s= 0, as is easily seen from the 

relation z** ~ e”^(ooai» 4- ♦ Bm'i?) Now wo have to choose C bo that 




008 j 5 
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(bia quadialio oquatiou always has a solution 

^ 0 j. Ve’ — i> 

and this solution is not aoro, so that a ooiicsponding z exists. 
6. Cf Ex. 4. If < = e", then 


or 




' r^z 

/r+ic 


tliGto IB a flnitG ^ only when c ^ hence tan 2 == o only ho^ a 
solution if 6 la neither +t noi — t 

6. If z^i»+ ty, oofljS 18 real if a; Tcn. or y — 0, and sin® = 0 if 
a;K=7crt + ^ory=0 (whore n is an integer)* 

7» (a) ^ «=s 1 (for I ® I > 1 the individual terms tend to «, for [ »( < 1 
oompaio with the goometrio series)* 

(6) r = 0 (c) r === 1* ' 

8e Gf Vol I, p 17iS 

^iz 

9* (a) Intogiato ~—i over upper semioirole* 

1 + 


V2 r- 

^ fsm + 003 - 
4 \ 2 2 


(6) Integrate semloirolej 

008 - Bln A 

4 \ 2 2 / 


(o) Integrate OTsr upper semloirole- ^e «. 

about the origin and slit along the positive real axisi “ “• 


10. (a) +2iTt at « « 2»ff. -Stm at «>= (2n. +' I)Jt. 


(6) "4“2 k 1' at z 


= 2jw + at * = 2»jr -f- 


I 
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(c) Use the funotional equation r(«)= V{z + v+ !)/«(*+ 1) ■ (*"l' '>) 

("I)". 


n\ 


' StUZ' 71 


(d) %m Vi\j nni 

COf/TT^ ootre^ , «COfcK^ 


11 * Write 


t^z 


t 

ooinl 


i{t - z) 


, cot7t< IS bounded on tho squares 


and tho integials of -over opposite sides of tho sqiiaio nlinost 

t 

cancel ono another, lienco 

cotiri 

I 

«-J9^Q0 


I -^Qo i z «—>co Jof^ 


If we put together residues of opposite poles, tho sum of tho residues 


converges and wo obtain ootTTo? 
(cf Vol I, p 444), 




^ +. ^ 


12 , 


llonco 


wlioio 






1 -i- t 


== 1 _ / ^ ^2 _ + , ^ ^ tn-l ^ 


1 + t 


i-3 jf8 

iog(i + *) = ^-i + i. 


«« 

± " + 
n 


iVi'“ 


If WO take z ~ e*^ and tlio straight lino from 0 to as path of integration, 
wo have, for 4= —1, 




1 j»_ 


Ir 


dt\^ 


-f 

wfc Jo 


V^dt s 


m(n + 1) 


whoTo m denotes the mimmum of 1 + e*^forO ^ i g L Hence if 
^ =1= tends to 0 




nOAV 


1 1 ^ „ 
- 1 )» (2v)* X-t ^ 


(3v 


and tho soriea S 


(2v --1)1 


^ 1 (2v - i)«+‘ 1 (2v - 1)1+“’ 

IS ftbsolutoly convergent foi a? > 0 
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(b) 


1 - 1 - i -j- A + _l 4 . , 
2* 3« ft* 

i-A-i-i-A4. 

2* 3* ft* 


A -1- i. 

2* 4* 6* 


(fl) 

vrliote 


t~ 1 


_/(l) , 
^ 1 , 


lun (»-!)!:(*) =/(I) hm 
g(z} ^ I- 


MISCELLANEOUS EXAMPLES 


1 ♦ (a) If thoio woio a linear 1 elation ax + hy + oz^ 0 , where e^g 
a 4 0, then by scalar mulUpIioaiion of this relation by x we should get 
axx d- hyx + czx » = 0} hence a = 0, since 4 : 0 

(b) Tho i elation ax + cjsr = 0 is equivalent to the system of 
linear equations for a, h, c, 

axx -h = 0 

+ 0^2 — 0 
«'^a + czd=0 

Those equations iiavo tho unique solution a^h=^6^0y unless tho deter¬ 
minant vanishes. 

( 0 ) Tlio vector equation v ^ axbycz corresponds to three 
oidmsiy Hncai equations for a, b, c which certainly have a solution, since, 
by (^), tho dotormmant is not zoio, 

2» ^'aho a 00 oidjnato system Ox* Oy, Oz Then {a) icdiicea to the 
muHipboatiou thooiom foi dotoimlnonts, (h) lodiioos to the identity, 


4" "“I* 

MV\ 4- 4- W 

_ ®a*> 

X 


y\«!i 4- W 4- y»H' 

yiVx -H Ma' + VtUt 

Ma 





X 


+ 

dlXi 

X 


Ml 


VaVi 


ViVi 


vM 


+ 

which is easily voriaod by splitting up the left hand determinant Into a 
sum of nine clolorminanis, (c) may bo verified by calculating tho com 
pononta of x, |/, z*, {d) is nn immediate oonsequonoo of ( 0 ) and 1(6), since 

by ( 0 ) 

4 - [^[i^y]] ^ o, 

Finally, if x^ y, z are vectors lying rospeotivoly in the three conourront 
straight linos, then tlio piano through a; which is perponcUoular to y and^ 
passes through x and lyz]t i»G its normal has the direction of 
the threo normals lie in one plane, hence tho planes pass through one hno. 
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4 A rotation of Oxfy^ through tho anglo 4^ leads to a new system 
A direot passage from 0%y to 0\/^y** gives tho dosucd losult. 

6 (a) In the 00 ordinate system (?a.» Oy, Oz tcho ilio vcotois («p Pji» Yi)> 
(«2* Pa* Y2)> (^3» P3» Ys) R dotoiminant is orthogonal, the vootoi^ will 
form a new orthogonal 00 ordinate system 0%\ Oy\ Oz^ 

(i) Tho passage from the system Oy\ Oz' to tho system Ox, Oy, Oz 
IB given by the determinant 

oCx I 

Pi Pa Pa » 

Yi Yfi Ya I 

which again must be orthogonal* 

6 Pass fiom Or, Oy, Oz to Ox% Oy\ Oz* by tho following tluco rota¬ 

tions (1) Rotate Ox, Oy, Oz through the anglo 9 Orboiit Oz, so as to foim tho 
new system 0%^, Oyi, Oz^ (Oz^ Ozi), ( 2 ) Rotate Ox^, Oyi, Ozi tluongh 0 
about Oiit obtaining Oxz, Oy^, Oz^ {Ox^ ^ Ox^, Oz^ — Oz^) ( 3 ) Rotate 
Ox^i Oyz, Ozz through about Oz^, obtaining Ox*, Oy\ Oz*t In oaoh of 
these slops the change of variables is to bo porfoimcd aooordmg to ISx:. 8, 
Pmally, ehmmate the intermediate variables rj, yi, Zi, a?a» t/a* ^ 

best done by multiplying, m tho corroot older, tliQ throe doiormiuanta 
corresponding to the above rotations 

7 Note that cos xOx *« cos 9 cos 4 ^ — sin 9 sin 4 ^ oos 0 . 

8, If a IS a unit veotor in the direction of tho normal to the piano and 
d a unit veotor lying in the straight Imo, then f •— 9 la tho angle botwoon 
a and 6 It follows that 

Acc -f* ifp 'I’ Oy 

^ Via* + b^ + + p« + Y*) 

9 . 3 , 2 , 1 



eosO 

—smO 

0 


ooscc 

oosp 

COSY 

11* 

smO 

00s 0 

0 

X 

sma 

sin p 

SIDY 



0 

1 


8m(p -- y) 

am(Y — oc) 

sin(ot p) 


the first factor is equal to unity 

12 , Adding the third and sooond column to tho first, di opping tho 
factor A 4 * 2B, and subtraoting the first row f\om tho sooond and thiid 
row, wo have D = (A + 2B)(B — Af 

|(a + y + + y^ + xy --- xzr^ yz)j^ 

13 In order to seo that the determinant ropiosonta a hnonr ftnic(*ion, 
subtract tho first column from tho other ooliimus* By substituting a a=r — a 
or » = —h m A, we got A and J 5 * 

14 * As wv =s= 1, Loibnit^’s rule (of, Vol I, p* 202 ) givoa 

u*v ^ uv* =* 0 

u**v + 2u'v* + uv*' ^ 0 
vf"v + 3w'V 8vfv** ^ ‘^uv*'** 
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These equations, oonBidorod as linear equationa for v, t;', hare the 
determinant •“!). If wo solve the equations for v by the rule given on 
p 25, we have 

0 u 0 
0 u 

-uv'^' 3w" Su' 

I 

I 0. v'" ^ Dy/n» =:= Dlu^ 

15, (6) Put z log«, for z we then have the equation ^ 0, i.o, 
does not depend on y. Let *=* (p(a;), then 


V « ^ 

J) 


If we put 
then 


g= J’°(p{te)dx '^{y) 


It as fi« X g[y)* 

17, Differentiate %) =« 0 with respect to a and y, 

18, « IS of the form 

19, («) \ f{x+h,y+h)~f(x,y)\ 

2hx + + 2^’ 


1 V{1 + (» + A)* + 2(y + ;«)»} + V{1 + *» + 2j/*} 

^ I 21ix -f" Ahy -f- A* I 

g 21 + 2ft» + 2% I 

^ 2(A> + ft* + 2 ^{A* + »») V{»» + j/»)) 

g 2V(/** + ft*) {1 + 2Va:» + jT*} 

if wo assume that 7^® + ^ < 1* Thus e g 

\f{{C -\rh,y+ ^ —/(a?, y) I < ft 

for g ■••••- , -r-* 

2 + 4y + y^) 

20 . Let 9 v=atyy^ bt*, then 

lUn w) =« lim a^b^ ^ ^ 

^0 ' (a«+6^is)8 

O'®/® 

Im 9{«. y) ~ litti -- = 0» 

1^0 Prlr -h — at 

but if (a, y) approaches the origin along the parabola «= x, f(x, y) =» 

cf{». y) = 1 

21 Lot 0 be given by the equations as = a5(t), y = y{f), -wbero as(t) anii 
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Lave oontmuous derivatives Let two points on 0 ooinsijmwj Wi Ij 
and Applying the mean value theorem, we ^t 

I = / + y^dt = (<2 — 

•^*1 

i =- <^h)r+u/ih) - ym* 

= (<2 - 

where Tj, Tg, Ts lie between ti and 

d ^ I o(^2 — ^l)i 

BOnOB _ 

+ y{Ti)® — V “-{ts)® + y(T 3 )“->0 as <a“ <1 >-r* 


22, As the series has positive tormst it is sulBoiont to iius 
vorgono© and find its sum for any order of the terms Put a \ b ^ 


^ ni\ a ^ I 

s s ( ) —— = s — 


« a lUnf 


i+tir\ 



smc© the relation 




holds 


Thus 


(Tlua may be proved by dilforentlating the identity 


AC)”" -I' +“>■>■ 



24 If dots denote differentiation with rospeot to tho length 0 I ^1 
we have 

Now 


a; ^ x% 

ds (a;'®)* 


a;'' _ (a; V') 
(x'^f 




{X^^f 


hence 
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26. By definition 

aj'a + y'2=.l, 

lionoo^ by differentiating, wg get 

® V' + vY = 0 . , 

If we put 
wo havo 
and lienoo 

aj"a y"i ^ y2 

Now ae ^ a* »= 0, the osoulatmg plane (of Ex I, p, 93) is given by 




-ay"(^ - a,) + (y, y)a^' 4 . (j; _ = 0 

Ifc obvloualy oontains the normal of the cylinder, given by 
(5 — ic)af + (y) y)y' =» 0, 1 ; « 

35y (c*-) tho ourvature (of Ex 24) is given by 

(»'«+ y'^ + (1 + 


(W 




(b) tho hinormal vector (of Ex 7, p 94) Is given by 


-a y" _ Y V 

Va“(a-''“ + V'*) + Y®' V«V'*"+/'*V+y'’ V^^+!?'*)+V/ 


or 


or 


ax _ 

vT+^’ yVI + a*’ VTT< 


its). 

^ —gy" 1 ^ 

\vT+7«’ vT^«’ -s/T+Tv’ 


Since 'C IS tho length of the derivative of this vector with respect to the 
length of arc (the element- of which is {1 + a*)dj), we have 

^ te! (»"» + y"*) a= ,.. J-?.*- 

(,!+«•)* (! + «’)’ 

26. Of. Kx 1, p 03, The equation of the ownUtlng pUntt fa' , 

/ 4- /" = 5(/" 008 0+ f sfa6) + tti 

tie diatanoo of the plane from the origin fa 

(/ + r)/V(l'+/'» + /"»). 

wbioh reduces to V(H- 1/4*) b the Bpemal ooae, 

27. 01 Ex. 24 
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(tt) Aooorcling to 3, p. 10, Iho piano is givon by 


— x 

— * 
jalj* — * 


i6<i“ - y 

iK^~y 

W - y 


C/i — Z 
c/a— z 
cIq z 


^ 0, 


(6) By Ex 1, p» 93, the osoulatmg piano at tho point t is tlio limit of 
the plane thiough three points which tend tOA\ards tho aanio point, and is 
ther&fore given by 




c b a 


At tho point of mtorsootion (t, j/, z) of the osculating planes at ^ 2 > ^ 
tins equation must bo satisBed for ii and and t =s Hence 

ii> h* h three roots of the equation above. B'hoioforo 


^ ^1 + 


6Z/ 


= + tits 4* 


3a: 


a 




Those eJcproBBions for x, y, z satisfy the equation of tho piano In (a). 

29. If h, c aie kept fixed and a alono varica, wo have a ^ ibo&VD.A, 
da ^ Ji&c ooaAdA Jhom b^ + — 2bc oosA, wo have by dilTeren- 

tiation ada^ boamAdA^ hence 


d$ 1 


' Gos-d da^ R cos^ da 


2 am A 

30. Denote the components of tho veotor by a?, y, z* Then 

asdu 4* Vd>y 4* 


+ d{AP)^ 


V(a® d- -h z^) 


i dP* 


3i ♦ Using a self-evident notation^ wo have 


d d 

Psss^^p^ a,P^ — PA^a — -^(PA) a, orP/1 ^^ {PA)^a—F 


dr 


By Ex 30, 
d 

—(P-4) == = — a(w + + cw) ^ w — {ab)v — (ac}ia. 

Now 

PAct = cw -h (ab)va -\- (ac)wa -- au — bv — cu) 

= [(abjv 4- (ac)tv]a — — 200, 

32. P=^ au+ 6v+ GWf honoe P ^ cm-T bv + QV)'\- a%i+ + ci& 
Introducing the expression for a from tho previous example and tho similar 
oxpreflsions for b and c, we got the required expression for P. 
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33 * If ± — 1 IS the eqiuation of the conio, then 

h^y^) is the equation of the envelope Note that 
if t)io Gomo IS a rootanguiar hj^perbola this envelope is an ordinary lemnia 
onto - 1 ^ j/a)a ==, ^ if), 

35 ♦ If P dosoiibos tliG pedal ouivo of T, construct on OP os diameter 
a oil do in the piano perpondionlar to the plane of T, the envelope is the 
eiii/aco gouoratod by this variable oirolo 

37. An oUipao 

38. A piano touching the paiabola« has an equation of the form 

+ cz sw 1 or + ey c« == 1 
^J’'ho coi responding envelopes are 

(y -f zp =: 4 a 5 and {y zf =5 4a; 

39* The proof resembles that for 2 (Appendix to Chap HI, § 1, 
p. 20d) A positively dodmto quadratio form can ho brought hy a 

amt able transformation 1 , * ♦ ♦, ») with a non vanishing de 

toi minfinti into the form =« + J/s* + +^ + ♦ d- 

''vhoro fit iB a, suitable positive constant. For the applications it is 
important to lomombor that a necesaorv and sufficient condition that a 
foim O ^ ahnU he positively definite is that its principal first 

mmol's of order 1 , 2 , ♦ .,as mdioaled below, 


an 

(ht 

%8 


On 

^22 



(^91 

aaa 



^nl 



^nn 


shall nil be positive ^ to negatively deamte « -® w positively deftnlte 
4=0. Skotoh the oum /== 0 and investigate the sign of / throughout 
the plane. 

41, If P, - («!. yi)> n = 

ds/ = SdV. >= S rj--»[(y — I/<)d* — (» — *<)%]’• 

'' 1 

wlifoU fs positively definite. 

42 * At the point Note i 
tinuous in the whole plane, but i 
where ii has conical points (like 
which geometrically repreaenta a 
of / at Pi in oil direotlonfl round this point. 

43. According to the dret rule w have to oompnle cPf bom (9). '«»»h 


,afi the function /« n + fj + r, b 0 ^' 
St differontiaWe at the pomta f i, f» f a 
he function a =» 

«..Ur oonel luvesVigato the dcrivattw 



ANSWERS AND HINTS 


670 

dxij . * *, dhiy ♦ •, cl\n siibsUtiilcd horn (1) Note fchiii (1) implies 
that 

d\ ^ 4* ~ 0 (|J ^ 1, . . * j m); 

if t\m IS multiplied by and added to (J) foi all valiioH oi |i, 'WO liftY5 
d^f=(PF = beoaiise * , . , diuii uuL on noooifcnt 

of the relations (2), 

44 ]?or F^f+ X<p (disregarding a posiUvo factor) wo got 

1 , n 

d^F = S dVjd'Vjft with — d^x + • ♦. + d'lu — 0. 

Eliminating we have to show that tho qimdiatio foim 

—d^F s= [dnj, + *. • + =3 S 4 “ S dr. ffa?* 

h* I, A 

13 positively definite 

46 The CO ordinate axes 

4:7 ^2(1 bianohoa of tlio oiirvo ffmning tho oiiap 

at the origin he on tho same side of tlioii common tangonl 

48. (a)Eweput/ = fo, + w2^ + wj!, 
then the conditions for stationary values aio 

m^XpyP-i, n=^y,pzv-K . , (^f) 
Jlultiplying these equations by a;, y, respoolivoly and adding, wo havo 

h + mij+^iz— 'Xpo^ . (JJ) 

Calculating a?, y, z from (.4) and substituting m <p « 0, wo got 

\p = (/<? 4- jjiQ 

Substitttbon of this axprossion for \p m (B) gives tho alntioiinvy valuou 
(&) Cf Ex. 43 Here we have 


= -yp{p — -I- 

M Xp > 0. this quadratic form is positively or nogativoly clolhiito aoooicUa# 

49 Mmimum foi v - 1. y = 4, sacWlo point for « « -1, y « 2 

50 Let ^5 touoli S at P Lot^'P' ho another tangent, and lot tl.d 

and ^ A™ °i *’® f ‘*9 •‘ho angle bolwcon ^J7f «.nfl A'S', 

^WaSTois™" of tho wone of 

AS = (Zp» - BP^) 

Pot the triangle of least area A,S = 0, that Is, AP =. BP. 




ANSWERS AND HINTS 


671 


61* Apply fcho liansformation 

u oosot — y sln«» y* sma + y oosa. 

52 Lot S (lonolo Iho o\uvo /(a, y)^ 0 and tho oiirve qj(a;, y) C' 
S nnd S* havo a point of contact in («, &) In general, /('c, y) — C? is positive 
on ono side of ^Sf and nogativo on tlio other side m some neighbourhood, 
einnlarly witli ^({c, y) ^ O' and If 0 g f(a, h) la a maximum of /, then 
/(a?, j/) — 0 g 0 on 1 , 0 , 8* is wholly on one side of 8, then 8 is also on 
one aido of S' Tliat ig, <p(a, y) — O' has a constant sign on 8 and ns it 
is equal to zero at (n, &), it has either a maximum or a minimum there 

53, Tho equation of tho gonoratmg tangent is 

cs smO 'h y oosO = a(0 smO -f oosO — 1)* 


65.|/M- 

2f(i 

1 — oos*o) 


Bmoo 

1 

1 

tran—**—t 1 

f tanO ^ 


oos^O 

■VI”*’ ' 

^^/l-W' 

m have 






imd thoroforo 

/(«) = VI log(l + VT^O) - «log2. 

66* Aooojxllng to p, 278, 

S/ JaO-F» dr dO 

/'Cl /•/'(») ,_ 

= / do yi^TT^dr 

*'«, ■'o 

« [v'2 + log(l+v'2)]r‘i/'*fl!0 (oi.Vol I,p 216), 

whloU la [^2 + log(l + V2)] Umca the area of the projection 

OiSO^O,, O^r£f'(0). 

S7. Ab A- M» = 1,4- f = V*. we have A = 10, -By ¥/■«“• 
Tho attraotlon at an Internal point la equal to the attraction of tho totoi 
maas of tho points insiflo of the sphere of rodiua r oonoontrated at the 
eontio of tho sphere. 




A\-UI H * Wit iU\l ^ 


0/4 


ft Idv u ttir 1 lU rifcj "! 1** ll'r i ? v t 

l^tlf j.t nu I ItJf u t!<f m H)f ?ji' ^ I s U t » jju >i* * 

^ i f<*‘> ^ * 1 

tvlulft ' */jti *f'‘ n*li* it< f ^ i)} 

vilfli xrrliti ii fill i-j < 1 ^ r I i ! Ji l> . ^ 

Pi "a* i Ilf H "jIi < « f fi 4? 


fll n XI |«« Uf ^ M I r -Ctf ^ C j ^ " r^ nl 

.4 i< s 

llj. / / (y ii.l‘,1 ,,*. |y Kti .,' 

*^1 I - It 

|C» 

^1 < Ui\ h - I |0»^ r iff 

ii 1 

^0? A —< i I / f. ff 1 

Vi * 

wApr*- 

VI ^ 41^ t Iil4 'j ^Mt M ^ !f - J M » H la if i K> 41^ 

fa I ^ 

b,.,V_j/.,-, j/(, 

4f>Kt« iitlit^l MOf f|in jr<^»i4fl< 

AI Ml 71 fliia’'N K-* n" ^rii r 1, 

/ > . ^ I'Att) A ^ ^ 

ifO I f A 

SlVl.tl »)«* Vi 

<" A* Uli* I ^ 4 ’*•** 'll J«|*'<||M A*lai,*»^ I .•I'-iXII .'11»*||I fra 

U tiruWUl'UKim - */ ifl jfW k^Mrfftr i! iiftf «rti 

«w ■/!} Mil*'<|i-■' Aw, 

tthwi' w hftvii nw<|n um <4 i|«i> «>xb»«N>o'n iJUwjm tar »!•,» |<mi. U'm 

(til ftjt 3311 nn*t Smj, 




\ U^-itlM iU*r JlJ(>i « Urtl^ f| 

ita < a 
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65. The gensiatora are the hnea of the surface given by »!= oons6„ 
or by y = const Thus, as dS = (1 -|- + z^)^l^dvdy, 

I 

(I + -V 5“ +W^ 




i —aro tan • 


( 1+^2 ^^ 2 ) 1 / 2 * 

66 1 jr(^) :^r± ^ f ^ 

da da\ cos{t / yQl-faco3^ y i ^ ^^2 

tliUB IC(a) « K aro sin a + const, the constant is doloi mined fiom the 
condition K(0) ^ 0 

67* Intiodnoe new variables u and v by the oauations 
V =: y'^jXi The area then booomes 


rd 


a 

n* 


d{x, y) 


dv,dv 


nb^ pd 

= dul dv 


d{n, v) 

(of p 268), 

68, Take a oo ordinate system Ox^ Ox^, Ovg, and denote the position 
vector of a variable point on V by x. Then ^ = x x dx has the re 

quired properties, for ij (aJid'Ca— XzdXi) is the aiea of the projection 

of r on the plane 0 ^^'r 2 

69 The motion takes place m a plane, since is a central force proved 
for the case p =: 1/r^ on pp 423-4) Honoe 

X 


1/- - “3?. 
r 


It follows that 


Hence 


xy — xy!=i const = h, 
^x£—yy 

3 ——— • 

r 

d 


(Six+i 




-Ip. 


The distance of the tangent from the origin is 
[ xy — xy I _ h 




+ 3/^ + f 


(f013) 


23 
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therefor© 

or 


^dt g>’ 


dr 
^ dt 


, d /»“ 

ij, ?=~^’ 


which pi 0768 fclio first statement For tho oardioiil we have ^ ^ r*IV2af** 

70 Let ({Cl, i/i), , , («?„, ijJ bo tho atfciaofcing pai'Lioloa, Tlion tho 
resultant force at a point (ft?, y) has the aompononts 


X 


sa — Xu 






y- Vv 


H we introduce tho complex quantities »i = *1 + rf/i 
*=*+ty. 2s=X + *y, wo have 


. V{(a-<e.,)»+(y-y,)»}’ 

, -I- ty„. 


Z^S. 


, z — 


m 
■ M 


where /(*) denotes the polynomiol (* - /,) (* _ imd «the ooinplox 

quantity conjugate to 2 Tho positions of oqnilibrmm oorrosponcl to Z 0, 
I e, to the zeros of the polynomial J'(z), of wliioh thoro aro w — 1 ali most. 

Positions of equihbnum in tho partioiilnr oaso (0, 0), ( V(a^ — i«). 0). 
(_V(oa_6»), 0) h\ o;,u;. 


7i. By definition 


— 2[i,y 

2 / — + 2pL3ii 


(A) 


Or difierontiatmg the two equations twioo and oombining thorn wo not 

an eq^uation involving a? only, ^ 

a+ (2X“ + 4(i,»)i! + X<!i;= 0, 

and a corresponding equation Involving y only, 

y 4-(2X* + 4p“)y + X»jr=0. 

Thus « and y ate I mear oom binationa of e±*b'±''7T7?<) fof. Ex. 1 n 
or of cosJ^JjAs+p»)j, ooa((2~V^+P»)l. 8ln(pi + v/3^'^X 

S “’'.f• 

«jtj ,<o) _ fioi - s(0) - 0 , ^b, _ V, obw,, S. 
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72 (6) The equation bcoomcfj of the form Uoalod hi (a) if \yo mul< 
tiply it by 0 *^ It has the paitioulai solutions and benco> 

by (a), a thud solution is givon hy I the genero-l solutionla thou 

^i(l + £t^) + 3x^ W 

73, The omvo aatisfioa the difloiontial equation 


41 - 2 ')=’'- 


or in polar 00 oidinates r, 0, with 0 os mdopondont variable, 


df 

OQsO-t;: — J BinO 

do 


that is, 


wlionoo 


dlogf 

dO 


tanO, 


r 555 a 


[tan(5 + ?) ' 


oosO 


(1 + smQ)^ 
oos'^+^O 


(of. Vol I, pp 214-6). 


74, Aooordmg to p, 482, a solution of the fiist equation la of the form 
z^f(x + at) -h ^/(^ — at) 

On substituting this expression in the second equation we have 

/V-0, 

1 . 0 , either / const, or j? = oonat Honoo z = f(x-{- ai) ov /(cc — aO 
IS tho most general solution of both equations 

76, Put u=: and let K ho of degree h Then 

n—a 

Aw « + Uyy + ^ n[n + l)({c2 + j/® + 2 ®) ^ , 

+ (of. p 109). 

r-i h 

Honoe w = (a;^ 4 V® “h ^5^®) ^ is a solution. 

76, (a) The value of the integral round tho small oiioular detour 
tends to zero aa the oirole becomes smaller If wo put z ^ e*® on tho 

(t012) 23# 
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unit oirolo and * = «, * = »J rospootivoly on tlio axes, Cauoliy’s thooiom 
givea 

‘-)’V>dx+ 

=j^iv + + % 2”'jf ^ oo8"'0«<'"’rf0 

“'0 ^ r 


1«) y»l J 


2 


by equating the imaginary paifcs of this equation, wo got 
2'«f^cos«>ecos?i0i?0==8in^i^lZ-^^ Z'^ M 

Jq 2 ^ 

= i sin -(« — m) bCm + 1, (of. p 837). 

2 ' 2 *' 


{h) Use the relation 

(71 — 7n)n^/7i - 7n\ 


F^i”) 


» - »i\ (of p 33i3). 
2 


77 s If 4= 0 and if C' la a oontoui m tlio logion m whioJi / la regular, 
and oontaina y but not 0, then, by p 649, 


^df(y) — 


_ 7tl ^ 

2v:{Jn, 


m 


dif {y -h a}«+i 27 rtV^. + «)« 

If wo pub y = Vic the latter integral booomos 


dU 


2m (t^ - 


V(0 


. dl. 


2m Jo' ^ 

If we then substitute = t, the integral beooinei! 




L 


/(Vt) 




4:m Jo (t - a:)« »1 
where ^7 la a contour containing x but not 0, Una inlogral la equal to 
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78. I ainh(a3 + ly) == ^-j -_!-j 

5!=: f (cosh2t: — cos2i/) 

^ J (cosh2'i3 — 1) 

InLogiato along tho boundary of a square with aides + i) 

and y === i)> whoro n is an integer. As w ^ co the integral tends 

to y 010 , honoo the sum of tho residues tends to zero. 
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Abell’s iniegral equation, 340-1 
Accelcinlicm vector, 87 
Accumiilution, point of, qs, S73« 

Alfino tinnaformation, aV'-aS) 74 j 78,133 
Algebraic function, 44> 118 
Amslcr’a pin ni meter, 207"8 
Annlylic cxtcn'uon, 363 et seq 

— function, 532, 3316 

Anglo between two curves, ia6 

— •“two cutves on suiface, 164 

— — two planes, X x 

— — two Burfnees, 130 
Arc, length of, 86, 162 

Area m jnorc than three (limenalons, 

— oi? cu^cd surface, 26S-74, 34^ 

— of piano region, 347 

— of polygon, 19 

— of region bounded by straight lines, 

294 et seq 

— of sphere, 270-1, 27^, 302-3 

— of surfaco or lovoUuion, 274 

— of triangle, 13 
Aicaa, orientation of, 375 

— Jaw of, 425 
Astroid, 17b, 339 

Beam, 280, 435 
Bernoulli's equation, 444 
Bernoulli's numbers, 550 
Bessel functions, 223, 255, 408 
Beta function, 335“° 

Binomial senes, 549 
Bmoimal vcctoi, 94 
Bohr’s thooicm, 324-30 . 

Boundary of a set of points, 98 
Boundary-value problem, 433 

-for I a place’s equation, 478 

Brachisloch 10110 problem, 49^1 505 > S*® 


Cable, loaded, 434 
Cardioid, 179 
Catenary, 493» 

Cauchy's convergence test, 90, 102, 523 
Cauthy'e formula, 545 
Cauchy's theorem, 539-4*1 55* 
Cauchy-Blcinann equations, rwo» 53* 

„ S3S, S36 
CauBtfc, 179 
Cavalicrra piinciplo, 260 
Centro of curvature, 87, 

— of mass (centroid), *2 381 »77 
Chain rule, 71. 


Circulation of fluid, 37 i- 2 » 396 
Clairaiit’s differential equation, 466. 
Closed regions, 42, 97 

— sets, 97, 98 
Complex functions, 531 

— numbers, 522 
Compound functions, 69 et seq 
Confocal conics, 158, 537 

— parabolas, 127, i 39 i 457 

— quadrics, 158, 168 

Conformal representation, iS 7 j *58, 
166-7, 535-6 

Conservative nelds of force, 415 
Content, 235. 287 

Continuity 01 function, 40, 44 et seq 

— of integral with respect to para 

meter, 217 

— uniform, 97 

Convergence of double sequence, loi 
et seq . . 

— of integrals, as7» «S9* 260, 2O3 

— of power series, 526 

— test Cauchy’s, 96, loa, 579, 585 

;-for complex senes, 523 

— uniform See Umfom convergence 
Convex functions, 325 et seq 

— regions, loo-i 

Co ordinates, change of, s, 0 

— curvilinear, 138 

— cylindrical, 142 

— orientation of, 2 

— polar See PoJar co ordutates 
Coulomb’s law, 469 

Curl of vector field, 92 et seq , 393 , 4^4 
Curvature, 86, 125 

— centre of, 87 

— of surface, 168 

— vector, 86, 93 ^ , 

Curves, families of, 124, 169 

— in implicit form, 122-9 

— in space, 86-8 

— on surface, 162 et seq 

— singular points of, 127-9, 209-*** 
Curvifinear co-ordinates, 138 

— net, 135 
Cusp, 128, 210 
Cylindrical co ordinates, 142 


Definite quadratic form, 205 
Density, 235-6 „ _ , . 

Derivative See DtfferenttaUon 
Determinants, 14 , *8, ^9-22 
— differentiation of, 58, 59 


07P 
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Determinants^ functional Secyacohian 

— multiplication theorem for, 36 
Differentiability, 60, 65 

— of complex function, 530-3 
Differential, 59 et seg , 67, 73-3, 193 
Differential equations, existence theorem 

for, 451,450763 

— Clairnut s, 466 

— Euler’s, 497 et seq , 502-4, 508, 513 

— homogeneous, 431,438, 44^, 445^1 

, 449 „ 

— linear, 438-42, S59^6o 

-of first order, 429, 45o-'4 

-of second order, 442-3, 463 

-with constant coemcients, 440 

— non homogeneous, 431, 438, 442 

— partial, 468, 481 

— Uiccati’a, 443-5 

— systems of, 462-3 
DjfFerenti Uion and continuity, 54 

— change of order of, 55, 57, 218 
m given direction, 02 

— of complex function, 531 

— of compound function, 71 

— of determinants, 58, 59 

— of integral, 219, 2 jo 

-with respect to parameter, 218- 

22, 312 

— of power senes, 526-8 

— of vectoia, 85 

— space, 235 

— to fractional order, 340-r 
Dim’s theorem, 106 
Dipole, 471 

Direction cosines, 6, 124 
Dinchlct’s discontinuous factor, 320 
Dinchlet’s formula, 321 
Discriminant, 172, iBo, 2io 
Divergence of flow, 371, 389 

— of vector field, et seq , 404 
Domnin See Uegiou 
Double integral See Integral 
Double layer, potential of, 472-7 
Double limit, 46, loi 

Double point, 210 

Du Bois Reymond’s proof of Euler’s 
equation, 499 

Ellipse^ 127 

Ellipsoid, 131, 264-5, 285-6 
Elliptic integral, azi 
Energy, kinetic, 280, 416, 511 

— law of conservation of, 281, 416, 512 

— potential, 41 Si 5 n 

Envelopes of families of curves, 171-4 

— of families of surfaces, 179-81 
Epicycloid, 179 
Equilibrium, 416 et seq 
Equipotential surfaces, 470 
Errors, calculus of, 68 

Euler's differential equation, 497 et seq , 
502-4, 508, 513 

— integrals, 323-38 

— multiplier, 457-9 

— relation for homogeneous functions, 

109 

— representation of motion of fluid, 212 
Exponential function, 534. 544 


Extremals, 501 
Extienievaluca, 183-6 
-‘SiiiTicicnl conclUiona for, 207* 

— — with subsidiary conditions, 188- 

199 

Falling body, 418 
Families of ciirvca, 124, 169^ 

-differential equation of, 45 M 

— of surfaces, 130, 170 

Fermat’s principle of least time, 495 

Field of vectors, 8a 

Flow of fluid, 370, 384, 388, 39h' 

Focal co-ordinates, 158, 392, 

Folium of Descai tes, 117, 132, 

Force, field of, 372, 38*1 

— lines of, 384, 470 
Forces, space and siiifncc, 391 
Fourier integral, 3*8-23 
Fresnel’s iniegrala, 317 
Function^ algebraic, ^14, n8, 

— analytic, 532, 536 

— complex, 531 

— compound, 69 ot seq 

— differentiable, 60 

—* homoj^cncous, 108-10. 

— implicit, 111-21 

— many-valued, 563 

— of function, 494 

— of several variables, 39, 43* 

—■lationnl, A4,4S, ss<j „ „ , 

Functional detciminant Sec yacohimt 

Gamma function, 323-38, 545, 565-6 

— —-extension tneorem foi, 335 

-infinite product foi, 333 

Gauss's funclamontnl quntuities, 162, 

168 

Gauss's pioduct for gamma function, 
330 

Gauss a theorem, 360, 364, 370, 384 ei 
seq ,401, 402--I 
Geodesies, 493, 517-8 
Geometric scries, 524 
Gradient, 89, 02, lat, 131 
Gravitation, 282-5 

Giavitntional liclcls, 83,90,351,407, .113, 
Green's theorems* 366, 390 
Guldin's rule, 274, 294 ct seq 


Hamilton’s principle, 510-2 
Ileme-Borcl thcoicm, 99, 

Ildidci's Inequality, 201 
Homogeneous function, loH-lo 
— diffcrcnlml equation, 431, 438, *H2 


44 S- 7 * 449 

Hyperboloid, 161, i68 


Implicit functions, cxistonco and con 
timiiiy of, n4, 117 
Inertia, moment qf, 278-80, 386 
Inflection, point of, 125* 

Inner product, 7, 85 
Integral as function of pnrnmcicr, 2i6'« 
21 

— convergence of, 257, 259, 260, 263 

— curves, A51 

— difFcrentlation of, 219, 235, 340, 
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£mcgral, evaluation of delnnte, 554-6 

— improper, ^56-64> '507-13 

-convergent, 257 

^line, 343 et seg 

— mean value theorem, 232 

— multmlo, 21 s e/ seq 

-reduction to repeated Integrals, 

237-8, 241-6, 266-7 

— of product of functions, 228 

— over surface, 3Q0-7, 374-84* 

-in more than 3 dimensions, 301 

ct seq 

— transformntion of, 247^*54, 368, 373 
Integrating fnctoi, 457-9 
Integration, change of order of, 239, 

310-2 

— of analytic functions, 537-41 

— ot power series, 526-8, 

—- of rational functions, 556^, 

— to fi actional order, 339-40 
Intensity of flow, 371, 389 

Inverse functions, derivatives of, 142-5 
Inversion, 135,153,157, 168 

— in space, 159 
Irrotnttonal, 372, 397 
Isoclines, 4 M 
Isolated pomt, 2x0 

Isopcnmctrical problem, 214, 493) 
518-20 

Jacobian, i43-4i 147» 'S4) 

aS 3 i 307 '»» 377 * 

Kepler’s laws, 42a et seq 

Lagrange’s dllFerciitinl equation, 466, 

— dynamical equations, 51a 
'^identity, 19 

— multiplier, 190-7, 516-8 

— representation of motion of fluid, 212 
Laplace’s equation, 76, 93, 307 » 47 ^ 

-boundary value problem, 478 

-from variation problem. 515 

-m polar co ordinates, 70,3O9, 39 ^ 

Lcmniacate, 116, iz8, 132, 210, 

Length of arc, 86, 162 

Level lines, 90, 

—* surfaces, 90, 131, 470 
Limit of double sequence, 46, 101 
Line element, 163, 273 
Line integrals, 343 et seg 

-mam theorem on, 1^52, 358, 3 ^ 

Linear didcrcntial equation Bee D»/- 
feieuUal equattam 

— equation, 23-6 

I incarly dependent functions, 439 ^ 4 ® 
Lines of force, 384, 470 
Lisaajous figures, 422 
Logarithm, 54i-4> 5^4* 5^7 

Many-valued functions, 563 
Mappings, 133 £t seq 

— of surfaces, 161-2 
Mass, 235-6, 276 

— centre of, 12, 38, 277 

— moment of, 276-7 
Maxima* See Extreme values 
Moxwell^s equations, 485^8 


Mean value theorem, 80 

-for potential functions, 477 

-of integral calcuJu^s, 232 

Minunn See fJvfreHje values 
Minimal surfaces, 515 
Mobius band, 379* 

Moment of inertia, 278-80, 286 

— of mass, 276-7 
Momental ellipsoid, 286 
Multiple integrals See JutegraU 
Multiple point, 128 
Multiplier, Euler’s, 457-9 

— Lagrange's, igo-'9, 516-8 


Nahla. 92 
Neighbourhood, 42, 99 
Newton’s fundamental 
mechanics, 413 
— law of attraction, 413 
Node, 210 

Normal, 124, 130* 163-4, 
•—vector, 86* 


equations of 


0, 0 notation, 48 

Open rcGiom, 42 

Order of vanishing, 47-9* 55 * 

Orientation of co ordinate axes, 2* 

— of surfaces, 375-81 
Orthogonal curve^ 126 

— trajectories, 450 
Oscillations, small, 419 
Osculating plane, 93, 94, 518. 

Outer product, 13 sea » ^*5 

Parabolas, confocnl, 126* 137, I39» 

Parabolic co-ordinates, 139 

Parametric curves, 165 

Partial derivatives, 51 e( seq 

Partial differential equations, 468, 481* 

Pendulum, 280-2 

Planes, angle between, xi 

— equation of^ 8, 9 
Planetary motion, 422 et seq 
Plammeter, 297-8, 

Plateau’s problem, 515* 

Poisson's integral, 479 

Polar co-ordmates, 138, 143-4 

— — derivatives in, 75-6 
-in space, 141, 254 

--integrals in, 254 

— —Laplace’s equation 111,76,369)3911 

— — volume in, 267 
Poles, 469, 

Polynomiala, 43, 45, 

<— llermiCe, 82* 

— multiple integrals of, 228 
Potential energy, 415, 511 

— function, 91, 550 

— of double layer, 472-7 

— of torce, 283, 350* 

— of mass distribution, 4^69 /«< seq 

— of spherical surface, 284-5 

--mean value theorem for, 477 

Power function, 544-5 

Power series, 525 et seq , 547 ''9» 553 

Pressure, 392 

Primitive transformations, 3*1 3^ 149 
etseq 
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Qaadrutic formSj 204'-7 

Rational functions, 44, 45, 5 S<> 

Real numbers, 569 et seq 
Regions, 4,1 et seq ^ ^ 

Regular function See Analytic junc¬ 
tion 

Residues, 552 

— theorem of, 553, 

Revolution, area of surface of, 274 

— potential of solid of, 286 

— volume of solid of, 266-7 
Riccati's differential equation, 4«*'5. 
Riemann’a zeta function, 545, 568 
Rotation, s, 12, 19, 38, 83, 88 

— vector, 93 

Saddle point, iSg, 207, 2II* 

Scalar, 84, 88 
Scalar product, y, 85 
Schuler's pendulum, 282 
Screw, orientation of, 2 

— surface, 276 
Separation of variables, 431 
Seta of points, 96 et seq 

Singular points of analytic functions, 
552 

-of curves, 127-9, 209-11 

-of surfaces, 2ii“'2 

Sinks, 370 

Solid angle, 408, 474 
Source-free vector field, 404 
Sources, 370, 37^1 4^9 
Space differentiation, 235 
Sphere, area of, 270-1, 273 

— centre of mass of, 278 

— line element on, 168 

— moment of mertm of, 280 

— n-dimensional, 302-4 

— parametric representation of, 160 

— potential of, 283, 284-5* 

— tangent plane to, 131 j 

— volume of, 267 

Spheroid, 275 , 

Stationary character of integral, 497 
et seq , 507 

— values, 1S6 
Steiner's theorem, 279-80 
Stereographic projection, r6o, i67« 

Stokes 8 theorem, 365, 393, 402-4 
Straight lines, equation of, 8, 9 

-shortest distance between, TQ 

Strophoid, 177, 210 
Superposition, principle of, 438, 480 
Surfaces, angle between, 130 

— area of, 268-74, 300-7 

— element of, 270 

— family of, 130, 170 

— Gauss's fundamental quantities of, 

162, 168 

— m implicit form, 129-31 

— integration over, 300-7, 374-84 

— normals of, 130, 163, 164 

— parametric represcntotion of, 159 
'—singular points of, 211-2* 

— tangent plane of, 64, 130 


Tangent line, 65* 124 
plane, 64 et seq^ 130 
— of quadric, 77 

— vectoi, 86 , 93 
Tnngtnhnl equation, 213 

— function, 213 
Taylor's st-nca, 5 ^ 8 , 549 

— theoicm, 80 

Tetiahedion, centre of mass of, 12. 

— volume of, 18j 27 * 

Toision, 94 
Toms, 165-6, 

Total differential, 66, 351 
Tiajectorica, 456, 465 
Trnnacendcntfll funcUon, 119 
Tranaformatioiis, nnnic, 27-33, 74, 78, 

— comijinntion of, 146 ot seq 

— determinant of, 28, 33 et seq , 1*17 

— general, 133 

— of CO ordinates, 5 

— of doiivativoB, 75~6 

— of integrals, 247-5/1, 368, 373. 

— primitivo, 3<, 32, i /|9 el seq 
Tubc-sutfaco, 179 , 182, 275, 285, 208 


Undetermined cocfiicicnls, method of, 

463^4 

Uniform continuity, 97. 

Uniform convcigoncc, Dim's theorem 
on* 106 

-ot double sequence, 104 ot seq 

— — of mipiopor Integrals, 308 cl seq* 


Variation of function, 49O, 508 

— of paiameius, /I30, *145 
Vector field, 82* 

Vectors, 3 et seq 

— components of, 5 

— curl of, 92, 303 i 404 

— divcigenco of, 91 seq , 404, 

— families of, 85 

— field of, 8z 

■— scalar product of* 7, 85 

— vector product of, 13 seq , 85 
Velocity field, 371, 

— vector, 87 
Vibrations, forced, 448-g 
Volume, 223 et seq , 266, 387 

— in polar co-orcfinates, 267 

—> of w-dinicnaional sphere, 300-7 

— of region bounded by planes, 291 

et seq 

— of solid of revolution 266-7 

— of tetrahedion, 18* 27 

— orientation of, 380 


Wave equation, 481-51 
Waves, 484-5, 

Weierstrass’s infinite product for gamma 
function, 333 
Work, 343, 350, 373, 414, 

Wronskian, 440, 442 

Zeros of analytic function, 551, 553, 559, 
Zeta function, 545, 568 




